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PREFACE 
I. GENERAL OUTLINE 

In Appendix II to his last book (6) l Einstein proposed a new 
unified field theory that would include both gravitation and electro- 
magnetism. Although the intent of this theory is physical, its ex- 
position is mainly geometrical. It may be characterized as a set of 
geometrical post^llates for the space-time X. The geometrical conse- 
quences of these postulates are not developed very far by Einstein. 

Successful physical application of this theory will be engendered 
by a complete knowledge of the geometrical structure of the space- 
time implied by the postulates. The main purpose of this book is to 
provide a detailed geometrical background for physical applications of 
the theory. It so happens that the detailed investigation of Einstein's 
geometrical postulates opens an easy way to a physical interpre- 
tation. Even this physical interpretation is based on geometry 
rather than on physics. 

The gravitational field is described by ten components of a 
symmetric quadratic tensor, while the electromagnetic field is 
defined by a quadratic skew symmetric tensor described by six 
components. Therefore, we may expect that a unified theory 
comprising gravitation and electromagnetism be based on sixteen 
field quantities. Several attempts in this direction were made by 
Einstein and ultimately discarded. 2 His last attempt, which he 
regarded as final, is described in this book. 

The geometrical postulates governing our theory may be de- 
scribed in terms of three principles. 

Principle A . The unified field of gravitation and electromagnetism 
is determined by sixteen potentials. 

Principle B. These potentials determine the curvature and the 
torsion of the four-dimensional space-time. 

1 Numbers in parentheses refer to the bibliography at the end of the book. 

2 In the literature there are many approaches to the problem of the 
unified field theory. Some of them strongly influenced the development of 
geometry, although none has received general recognition as a physical 
theory. 
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Principle C. The set of sixteen potentials is a solution of a system 
of differential field equations imposing certain conditions on the 
curvature and torsion of space-time. The identification of gravi- 
tational and electromagnetic fields with the potentials has to be 
derived from the field equations. 

A more detailed description of the three principles is exhibited in 
the following : 

Principle A concerns the algebraic structure imposed on space- 
time X& by a general real tensor g^. This tensor has sixteen com- 
ponents and may be split into its symmetric part h^ and its skew 
symmetric part k^ * : 

(1.1) fiV = *v + *v 

The tensor h^ is assumed to possess the signature (+ + H -- ) 
Its determinant will be denoted by I). Its contravariant components 
will be denoted by h* v . The tensors h^ and h* v are used to lower and 
raise indices. In particular, we put 

V = V* A " 
and consider the roots of the following equation 

(1.2) Det ((V -Mp) = 0. 

We say that space-time (or either one of the tensors g^, k^) is of 



the first class, if all four roots A, . . . , A are different from zero, 

1 4 

the second class, if only two of the roots are different from zero, 
the third class, if all roots are equal to zero. 
In the first class there are exactly four linearly independent 
vectors which satisfy the equation 

(1.3) U v = kjar . 2 
Each of these vectors is also a null vector 

(1.4) afaPhfr = 0. 

In the second class we have two linearly independent eigenvectors 
satisfying (1.3) for A = and (1.4). Moreover, there is a one-para- 

1 The reader not familiar with the notation of tensor calculus will find a 
brief introduction to it in the third part of the Preface. 

2 A vector satisfying (1.3) is often called an eigenvector of k^ v . 
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meter set of vectors satisfying (1.3) for A = 0. Among these there are 
only two vectors satisfying (1.4). Thus, in each of these classes we 
have four linearly independent vectors a v , . . . , a v satisfying (1.3) and 

1 4 

(1.4). In the third class there is a one-parameter set of vectors 
satisfying (1.3) for A = 0. Among these vectors there is only one, say 
a v t satisfying also (1.4). We may choose arbitrarily three vectors a v , 

4 1 

a v , a v in such a way that a v , . . . , a v are linearly independent. The 

23 14 

minimum number of arbitrary parameters involved in this choice is 
two. It should be noted that these parameters are additional para- 
meters not connected with the given tensor g^. 
The vectors a v , . . . , a v will be termed basic vectors. 

1 4 

Further discussion is easier in terms of projective geometry. 
Denote by T the tangent space of X at a generic point and by P$ 
the ideal (projective) space of T^. The introduction of PQ into our 
discussion is justified by the fact that the transformation 



does not change the classes. Hence, the above classification depends 
only on the ratios of the components h\^ and on the ratios of the 
components k^. If we consider only these ratios, then we are led in a 
natural way to the projective geometry in P$. The tensor h^ 
determines a quadric H in PQ by the ratios of its components, while 
the ratios of the components k^ determine a linear line complex K 
in PS. In other words, the components k^ are to be thought of as 
Pliicker's projective homogeneous plane-coordinates of K in P&. 1 
This complex is a general one for only the first class. Then there are 
exactly two skew lines L and L* which are conjugate polars with 
respect to H and K . They intersect H in four different points 
a v t . . .,a v which are the ideal points of the basic vectors a v , . . . , a v of 

14 14 

k^ in T&. The complex is a special one for the last two classes, and 
its axis is the line L of Pliicker coordinates k^. In the case of the 
second class it intersects H in two different points, so that its 
conjugate line L* with respect to H intersects this quadric in another 
pair of distinct points. Again we obtain in this way four different 

1 A brief introduction to line geometry is given in Appendix III 
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points a v , . . . , a v on H, which are the ideal points of four basic 

I 4 

vectors of kj. For the third class, both lines L, L* meet in the point 
a v which is the common point of contact of L, H and Z,*, H. It is the 

4 

ideal point of the eigenvector a v of k^ in T^, this eigenvector being 

the only eigenvector that is a null vector. 

Therefore, we see that unlike the gravitational theory 1 the unified 
theory exhibits preferred points on H t points which are obtained 
from the field quantities g^. For the first two classes there are four 
such points, while for the third class there is only one. However, 
in this latter case it is possible to find another set of three points, 
a v , . . . , a v , to form with a v a set of four linearly independent points. 

13 4 

Hence, in all three cases we have a set of four linearly independent 
points, a v , . . . , a v , but only for the first two classes is their position 

1 4 

completely defined by the given data. 2 

Note. Although the electromagnetic field /^ is always different 
from k^, it belongs to the same class as does k^. Therefore, there 
are three different classes of electromagnetic fields. They may be 
characterized by their Lorentz invariants. Thus, for instance, the 
plane wave in the electromagnetic theory of light is of the third 
class, while the electromagnetic field of a moving electron is of the 
second class, and still more complicated electromagnetic fields 
belong to the first class. 

The presence of k^ makes it impossible to apply the perturbation 
method customary in the gravitational theory. For example, there 
one can make the expansion 



where h^ is a set of constants of the signature (H | | -- ), and 
is a small constant so that in the results corresponding to this 

1 By gravitational theory we mean the theory usually called the general 
theory of relativity. This theory is based on a symmetric tensor, say h^. 

2 The components of the corresponding vectors a v , . . . , a v are defined in 

1 4 

all three cases up to a two-parameter group of linear transformations. They 
constitute the nonholonomic frame of reference which is very important for 
Principle B. 
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approximation we may neglect all terms multiplied by (q = 2, 
3, . . .) This approximation does not change the structure of H. In 
the unified theory a similar approximation must at least be of the 
form 



o i 



If one neglects the terms multiplied by #, one excludes a priori the first 
two classes, for q = 2, 3, .... Therefore, this kind of approximation 
is limited to the third class only. l 

Note. The tensor g^ is the most natural tool for the four-com- 
ponent spinor algebra and analysis (Appendix II). 

Principle B. The tensor g^ imposes a differential-geometric 
structure on space-time X through the connection T/^ defined by 
the following system of sixty-four equations 



This system of sixty-four equations is similar in structure to the 
system of forty equations which define the Christoffel symbols in 
the gravitational theory. The only striking difference between these 
two systems is the position of the indices co/u, in /W 2 

However, this peculiar order of the indices cop has a profound 
geometrical meaning. If we put F^ instead of J 1 ^ in (1.5), the 
resulting system admits a solution T 1 /^ only if g = const., where 
g = Det((g^)fo. We shall see in Chapter V that this scalar is closely 
connected with the gravitational function. Therefore, the require- 
ment g = const, would be a strong restriction of generality which we 
cannot afford at this stage of development. In order to explain 
Einstein's physical interpretation of this peculiar order, we define 
the tensor g Aft by 



and denote by T/^ the same function of g^p as /y^ is of g^p. If one 
assumes that (1.5) admits exactly one solution /V^, then one proves 

1 In fact one has to start with q > 4 for the first class and with q > 2 for 
the second class if one wants to preserve the class in this kind of approxima- 
tion. 

2 The position of these indices is irrelevant in the gravitational theory 
because the Christoffel symbols are symmetric in the lower indices. 
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easily that JT/^ = /y^. l Therefore, the system (1.5) holds even if we 
replace g aj8 , T/^ with g a]8 , /V^. In (7), p. 144, Einstein interprets this 
situation as follows: 'This fact is the mathematical expression of 
the indifference of the theory to the sign of electricity." This is an 
intuition of genius, since Einstein was not in possession of the tensor 
/ A/Lt of electromagnetism. 

The system (1.5) does not always admit a solution. Necessary and 
sufficient conditions for the existence and uniqueness of a solution 
of (1.5) are g ^ for the first class and g(g 2) = for the second 
class. In the case of the third class the system (1.5) always admits a 
unique solution. 

Although the solution of (1.5) could be found, at least in principle, 
by means of elementary algebra, the result would not have the 
tensorial form we shall need in considering Principle C. It is clear 
that only a solution obtained by tensorial operations will lead to such 
a form. Therefore, we shall use only tensorial operations to derive 
this solution. First we rewrite (1.5) in tensorial form 

(1-6) Z)^ = 2S^g Aa . 

Here D^ is the symbolic vector of the covariant derivative with 
respect to /Y/** and 

(I 7) S\ v dcf TV , 2 

v- 1 1 Aft - - 1 [A /*] 

The equation (1.6) can be split into two 



A procedure similar to Christoffel's elimination applied to (1. 8) a 
yields 



where 

(1.10) U^^2h"-S^k^, 

and {/jj are Christoffers symbols of A^- From the point of view of 

1 Einstein assumed this relation. 

2 For the operations [ ] and ( ), cf. the third part of the Preface. 
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the actual solution JT/^ of (1.5), the equation (1.9) does not tell us 
very much, for the unknowns T/^ appear on both sides of it. On the 
other hand, we see from (1.9) that if (1.5) admits a solution J 1 /^, this 
solution must be of the form indicated by (1.9). Therefore, the 
problem of solving (1.5) reduces to finding the tensor Sv/ in terms of 
g A/i . If we substitute into (I.8)b from (1.9), we obtain, after some 
rearrangement, 



where 

(I.I l)b X$ ** ^ -24 V ] V -2<fe *]*V. 

(I IHc K def V e 4- V ? 4- V v 

V- 1 * 11 /^ xx co/iv K a)6v/i T^ y pbtov i K v6co/* 

and F w is the symbolic vector of the covariant derivative with 
respect to {^J. In order to solve the system (I.I l)a of twenty-four 
equations for twenty-four unknowns S a p y , we first restrict ourselves 

to the first two classes. If we use the basic vectors a v as a non- 

i 

holonomic coordinate frame, and rewrite (I.ll)a in this frame, we 
find that the twenty-four equations (I.ll)a reduce to essentially 
three equations. Solving these and returning to the general coordi- 
nate system, we obtain 

(1.12) 25^ 

Here Z^? is an explicitly defined tensorial function of g^. This 
solution exists if and only if g 7^ for the first class and g(g 2) ^ 
for the second class. 

Although a similar procedure could also be applied to the third 
class, another, more direct method leads in this case to the solution 
of (I.ll)a in the form 

(1.13) 2S^ V = K^ v TJtfK^kf. 

Substituting from (1.12) ((1.13)) into (1. 10) and (1.9), one obtains the 
solution of (1.5) in the form (1.9) expressed explicitly in terms of 
and P 



Note I. The third class is characterized by the conditions 
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A = . . . = A = 0. If we substitute these values into (1.12), l we ob- 

1 4 

tain an equation which is different from (1.13) unless some very 
strong geometrical requirements about the vectors a v are fulfilled. 

7 

Hence, from the point of view of Principle B, there are two unified 
theories, one for the first two classes and one for the third class. 

Note II. The question arises whether the system (1.5) admits at 
least one solution, if g(g 2) = 0. To answer this question we 
mention here only the case g = 2: A necessary and sufficient 
condition that (1.5) admit at least one solution for g = 2 is that the 
vectors a v , j = 1,2 be tangent vectors to geodesic lines. Then (1.5) 

1 
admits more than one solution. It is not difficult to find their 

explicit form. A different requirement about the vectors a v , . . ., a v 
holds for the case g = 0. 14 

Principle C. After having found the solution (1.14) of (1.5) we 
substitute it into the equations defining the curvature tensor R wfJ> \ v 
of /W In this way the curvature tensor appears as a function of g^ 
and its first two derivatives, and the same holds for the contracted 
curvature tensor R^ ^ /? a|Lt A a : I* 1 order to obtain the tensor g^ 
with which we started in dealing with Principles A and B, we may 
prescribe some conditions for it in terms of R^x and S A/ /. Einstein 
suggested several different sets of such conditions. His final sug- 
gestion consists of three sets of differential tensorial equations 



(I.15)b " = 

(L15)c %A) = 

Here 



and (g ***^ is the contra variant indicator with the components + 1 , 
1,0. Later on we shall be compelled to replace (1. 16) a with 

(1. 1 6)b E v 12? D x GQ Xv 2U\H^ UPp^GQ + 2Hh* v ) 

where GQ* V is a tensor to be discussed later, H^ ^ #oAu a * s the 
contracted curvature tensor of h^^ and H ~ f h^H^ . For the time 
being we shall take for E v either one of the vectors defined by (1. 16). 

1 and redefine suitably the tensor Z 
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We see that in the unified theory the conditions (1.15) are of a 
purely geometrical nature and physical interpretation is not involved 
in them a priori. Therefore, the program of study of Principle C may 
be stated as follows : 

(1) an investigation of the structure of the curvature and torsion 
imposed on the space-time by aforementioned conditions, 

(2) an attempt to identify the gravitational field and the electro- 
magnetic field by means of these conditions, and 

(3) an investigation of the physical consequences of (1) and (2). 
The geometrical consequences of the conditions (1.15) will be 

discussed later in this Preface in a more detailed description of the 
fourth chapter. Therefore, we shall limit ourselves here to an outline 
of the basic ideas which govern problems (2) and (3). 

Let us start with problem (2) and denote by /^ a tensor field 
which could be identified with that of the electromagnetic field. 
Such a field must satisfy the Maxwell equations. Moreover, these 
equations must appear as a consequence of the purely geometrical 
conditions (1.15), since the Maxwell equations must constitute a 
part of the unified theory. We assume the Maxwell equations in 
their "idealized* ' form x 

(I-17)ai ' 



The equations (1.15) and (1.17) do not suffice for a unique identi- 
fication of the electromagnetic field. Therefore, we add further 
restrictions. First, we require that /^ be a function of g^ but not of 
its derivatives. Second, we require that / AjLt be obtainable from g^ 
by a purely tensorial construction. This seems to be reasonable, since 
/ A/Lt is itself a tensor. Of course, neither condition appears to be 
necessary. Only experiment can decide which requirements are 
appropriate. In any case, there is only one skew symmetric tensor /^ 
(up to a multiplicative constant) having the following properties: 

a) It satisfies both the above conditions. 

b) If (1.15) holds, then (I.17)ai holds. 

As a matter of fact it turns out that the equations (1. 15) a and 
(I.17)ai are equivalent. Hence, the condition (I.15)a reduces the 

3 i.e., we choose suitable units and take the dielectric constant and the 
magnetic permeability to be unity. 
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number of unknowns, for according to (I.17)ai the six unknowns /^ 
are expressible in terms of four unknowns f^: 

(I.17)a 2 /v 

The tensor /^ is given by 



. Xv 

Vg 

Here cr and K are well-defined signs, k ~ f Det((kx^)fo and e^ vaj g is the 
covariant indicator. If k + 1 ^ 0, then (I.18)a admits a unique 
solution 



where 99 is a well-defined sign and e is an explicitly-defined scalar 
function of /^ which may be expressed also as a function of g^. 
In order to prove that (I.17)b is a consequence of (1.15), we first 
define the vector v v by 



It is to be stressed that (1.19) is a definition of the vector v v while 
(L17)b is a set of differential equations for the unknowns f^. In 
order to convert (1.19) into (I.17)b we need, besides (1.19), another 
determination of v v in terms of /^. Substituting from (1.18) and (1.19) 
into (1.14), we obtain T 7 /^ expressed in terms of if, of h^ and its 
first derivatives, and of /^ and its first derivatives: 

(1.20) Ffp = r^(h. ., S.h. .,/.., V.f. .,). 
Therefore, (I.15)b is of the form 

(1.21) E v (h..,f..,v, P.v, F.P.tr) = Qi. 
Denote by 

(1.22) ^ 



the solution of the set of four differential equations (1.21) for four 
unknowns v v . (1.22) is the other determination of v v , for which we were 

1 We are neglecting here the derivatives of the arguments h^ , f^ because 
they are irrelevant for this type of global description of our problem. 
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looking. Substituting it into (1.19), we obtain four differential 
equations (I.17)b for four unknowns fa, involved in (L17)a2. In this 
way we obtained Maxwell's equations (1.17) as a consequence of 
(I.15)a,b. This justifies the identification of the electromagnetic tensor 
field with the tensor field (1. 18) a. It is clear that /^ depends on h^ 

(1-23) /* = /*(*..) x 

In order to identify the gravitational field tensor we use the 
remaining restriction (L15)c imposed on the curvature tensor. Upon 
substituting from (1.20) into (I.15)c, one obtains a system of ten 
equations 

(1.24) H^ 



Here the left hand term has the same meaning as in the field 
equations of the gravitational theory. H^ ~ f H^^ is the contracted 
curvature tensor of h^, and H ^ h^H^. The scalar G is an ex- 
plicitly given function of /^, and the tensor 7^ has the following 
form 



is an explicitly given function of the arguments /^, F v /^ and 
v v y vx v . This tensor is involved in the equation (I.16)b. The form of 
(1.24) is not affected by our choice of (I.16)a or (I.16)b. Comparing 
(1.24) with the field equations of the gravitational theory, we are 
encouraged to identify the gravitational tensor field with h^, the tensor 
Tfy with the momentum energy tensor for matter and electromagnetism f 
and G with the gravitational function. 2 In this way we have given 
physical significance to all the purely geometrical conditions (1.15). 
From (1.23) and (1.24) we see that the gravitational and electro- 
magnetic fields are interrelated. In the unified theory we have 
XP ^ 8(Xp)> an( i therefore, the electromagnetic field cannot vanish. 
Therefore, the electromagnetic field may be looked upon as the 
primary field, and we may say that according to (1.24) the gravi- 
tational field is generated by the electromagnetic field. However, there 
are particular electromagnetic fields which do not generate gravi- 

1 See footnote, page XIX. 

2 There are cases where G reduces to a constant. 
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tation. An example of such a field is the electromagnetic field of a 
plane wave in the electromagnetic theory of light. 

One of the consequences of (1.24) is the conservation law 

(1.25) V X GT* V = 
equivalent to the equations of motion, 

(1.26) v*V x Gv v + V X GQ* V = 0. 

We obtain (1.26) regardless of whether we choose (I.16)a or (I.16)b. 
Assume first the validity of (I.16)a. Then the equations (1.26) are 
disappointing in many respects. They do not display the role of the 
unified connection /V^. They introduce, besides the unified field 

(1-27) V = A* + VM 

a kind of generalized Lorentz electromagnetic force vector V\GQ^ V . l 
Finally, they lead in celestial mechanics to predictions which are at 
variance with the predictions of the three crucial phenomena made 
by the gravitational theory. 2 

Assume now that (I.16)b holds, i.e., assume 

(1.28) D X GQ^ = 2U^H 
Then (1.26) is equivalent to 

dt% v dx x 

< L29 > -w+ r >"*w 

with a quadratic first integral 

dx x 

(L30) 



Hence, we obtain the unified law of inertia: If a particle moves 
freely in the unified field (1.27) , it describes an autoparallel line of the 
unified connection (1.9). If we assume the unified field g XfJL to be of the 
form 



1 We remind the reader that in the gravitational theory the concept of the 
gravitational force vector is replaced by the concept of the gravitational 
quadratic tensor field. 

2 i.e., the advance of the perihelion of Mercury, the deflection of light and 
the gravitational shift of spectral lines. 

3 We may limit ourselves to the third class. The series under consideration 
cannot hold for every point if we assume k^ ^ 0. 
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then there is a coordinate system with the following properties: 

a) At three of the four equations (1.29) reduce to the classical 
Newtonian gravitational law, and the fourth equation reduces to an 
identity. 

b) In the linear neighborhood of the system (1.29) reduces to 
the gravitational relativistic second Newtonian law with the 
gravitational relativistic Lorentz electromagnetic force vector. l 

In this way the concepts of the gravitational force vector and of 
the Lorentz electromagnetic force vector are replaced in the unified 
theory by the concept of the unified field g A/Lt . Moreover, from the 
unified theory one obtains in the first approximation the classical 
Newtonian theory, and in the second approximation the gravitational 
theory with electromagnetic field included. 

In applying this theory to celestial mechanics, we assume that the 
electromagnetic field of the sun is weak, so that products of the 
order of magnitude of (f\^Q, q ^> 2 may be neglected. Then (1.28) is 
identically satisfied, (1.24) reduces to 

(1.31) H^ = 0, 
and (1.29) reduces to 

(1.32) *** ' - dX " dX * ' 



dp* dp dp 

(1.31) and (1.32) are the equations of the gravitational theory which 
yield the above mentioned predictions. Therefore, these predictions, 
obtained by means of the unified theory, are the same as in the gravi- 
tational theory. 

Having disposed in this way of the objections mentioned earlier, 
we have to add one more remark: We obtained the above predic- 
tions by neglecting all terms of order (f\^, q^2, but to this approxi- 
mation (1.28) is satisfied identically. In other words, measurements, 
accurate only to the first order in /^, yielding the above-mentioned 
prediction, are insufficient to determine whether or not the electro- 
magnetic field of the sun satisfies (1.28). This prediction could be 
tested only by a refinement of measurements that would permit the 
investigation of terms of the magnitude (/jjff, q ^ 2. 



1 I.e., the Lorentz electromagnetic force vector as it is involved in the 
gravitational theory whenever we also consider the electromagnetic field. 
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This concludes the general discussion ot the Principles A, B, C, 
A more detailed discussion will follow in the second part of this 
Preface, where we shall also discuss the four-component spinor 
algebra and analysis of the unified field. 

II. WORKING SCHEME 

This book contains six chapters. The first chapter deals ex- 
clusively with Principle A. The next two chapters are devoted to 
Principle B. In the fourth chapter we discuss the geometrical con- 
sequences of Principle C, while its physical interpretations are 
exhibited in the fifth chapter. The sixth chapter contains three 
appendices which will be described later. 

The first chapter consists of fifteen sections. After the two intro- 
ductory sections we discuss in the third section the tensor *g A " 
inverse to g^ v . These two tensors lead to basic vectors (eigenvectors 
of k*) a v , . . ., a v for the first two classes (sections three and four). 

14 

They are investigated in detail in sections five, six and seven. The 

1 4 

vectors a v , . . . , a v , together with their inverse set a\, . . . , ax, 

1 4 

constitute an intrinsic nonholonomic frame (section eight) whose 
elementary properties are investigated in section nine. The non- 
holonomic components of tensors which one obtains by means of 
tensorial operations from g^ and *g A * are introduced in section nine, 
while in the next section we construct by tensorial operations 

1 4 

tensors of the type a^oP, . . . , a\a v . These last tensors are used for 

1 4 

tensorial construction of basic vectors by means of an arbitrary 
vector u v . In section eleven we characterize all three classes by 
means of elementary line geometry in PS. This characterization is a 
useful tool for easy construction of the nonholonomic frame a", 

14 1 

. . ., a v , ax, . . ., ax for the third class (sections twelve and thirteen). 

4 

A very short section fourteen is devoted to the tensor *h Xv ^ *g<M f 
while in the last section of this chapter we introduce the tensor / A/i , 
which in chapter five will be identified with the electromagnetic 
field. 

The second chapter is divided into two parts. The first part, 
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comprising eight sections, is devoted to the solution of (1.5) for 
general n. In the first three sections we first put (1.5) into tensorial 
form (1.6) and derive certain properties of the tensors Dj*^ and 
D w *g* v . These results lead to (1.9) and (1. 11). Before discussing the 
possibility of solving (I.I l)a, we prove the relation Ftf^ = F^\ in 
section four. Section five is concerned with the construction of the 
tensor Y which occurs in the solution 



In certain special cases the solution of (1.5) does not require direct 
use of the tensor Y (section six). The tensor U v ^ is studied in the 
seventh section. For some special cases of U v ^ t the solution of (1.5) 
does not require the tensor Y. Two such cases are worth mentioning: 

(1) The autoparallel lines with respect to both connections T/^ 
and l/^} coincide, while S^ ^ 0. 

(2) Only minimal autoparallel lines of these two connections 
coincide, and S^ ^ 0. 

In the first case the paths of particles moving freely in the unified 
field g^ coincide with the paths of particles moving freely in the 
gravitational field h^ of the gravitational theory. In the second case 
only the paths of photons are the same in both theories. 

The eighth and concluding section of the first part presents a 
device for obtaining a rapidly converging approximation to JT/^. This 
device can be applied when the field k^ is weak. In m steps one 
obtains a connection jT/^ which differs from /*/ by terms of the 

m 

order of magnitude (k^)*, q ;> 2m + 2. 

The second part of the second chapter is specifically concerned 
with the four-dimensional case. It consists of sections nine to 
twenty-one. After some necessary prerequisites for the first class 
(section nine), we introduce (section ten) the tensors Z^ v and L w/Ltv 
by explicit definition in terms of g\^ and K wfJLV . The tensor L^^ v is 
involved in the solution (II. 1) which reduces for n = 4 to (1.12) 
equivalent to 

(II.2) 2S^ V = L^ v + SL^V 8 V 

while 



(section eleven). Comparing (II. 1) and (II.2), one obtains the 
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components Y as explicit functions of g^, (section twelve). Substi- 
tuting from the last two equations into (1.9) one obtains the so- 
lution J 1 /^ expressed explicitly in terms of g^ and V v g^. The non- 
holonomic components of jT/^ with respect to the intrinsic non- 
holonomic frame turn out to be amazingly simple (section thirteen). 

The previous results for the first class are specialized in the 
fourteenth section for the second class. 

In order to find the solution /y^ for the third class, we first discuss 
some properties of the corresponding nonholomic frame (section 
fifteen) which enable us to prove (sections sixteen and seventeen) 
that /VV] 1 * s ^ e exact solution of (1. 1 l)a for the third class. There- 
fore, the solution (II. 1) in this case assumes a relatively simple 
form (LI 3) (section eighteen). The next section introduces some 
necessary prerequisites for the twentieth section where we find 
necessary and sufficient conditions that (II.2), derived for the first 
two classes, also hold for the third class. These conditions are 
expressed in terms of the vectors a v y . . . , a v , belonging to the third 

1 4 

class, and are invariant with respect to the admissible transfor- 
mations of these vectors. They are not always satisfied. Hence, we 
have two essentially different unified theories: one based on (II.2) 
for the first two classes, and the other based on (1.13) for the third 
class. The last section deals with some special cases of g^ which 
occur in physical applications. This concludes the investigation of 
Principle B for the non-degenerate cases. 

Einstein once expressed the hope that the cases in which (1.5) 
admits more than one solution might be physically promising. This 
encouraged me to deal with Principle B for the degenerate cases, 
g(g 2) == 0. This condition excludes the third class. 

The results of these investigations are contained in the third 
chapter. It turns out that a tensor introduced by Nijenhuis for other 
purposes is a handy tool. Therefore, the first part of this chapter 
studies the relationship between this tensor (here denoted by N^) 
and 7y , while the second part is concerned with the applications. 

The first part contains six sections. After the necessary prerequi- 
sites in the first section, we deal in the second section with the 
geometrical properties of N^ v . In the next two sections we express 

a PP rox i ma tion to -T[A*Vi] ( see ^ e text above). 
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Nfy v in terms of S^ and g^ and derive from this expression some 
identities for N^ v (section four). By using the condition (1. 15) a we 
express S^" in terms of NX^ and g^ (section five), and, hence, 
obtain in section six the geometrical interpretation of 5^ y = 0. It 
turns out that this condition reduces our space-time to a Riemannian 
product space in which every pair of basic vectors is -XVforming. 

In the first three sections (seven, eight and nine) of the second 
part we study the solution of (I.I l)a in the degenerate case g = 0. 
A necessary and sufficient condition, for both classes, that (I.I l)a 
admit at least one solution is that the basic vectors a v and a v be 

3 4 

Xa-forming. The requirement (1. 15) a reduces the set of all possible 
solutions to a two-parameter set. This requirement does not impose 
any restriction on g^. The concluding (tenth) section is concerned 
with the case g = 2 for the second class. A necessary and sufficient 
condition for the existence of at least one solution of (I.I l)a is that 

the basic vectors a v and a v be tangent vectors of geodesic lines. In 

i 2 

this case the condition (L15)a imposes certain restrictions on g A/Lt , 

one of these being that the basic vectors a v and a v be ^-forming. 

i 2 

In all degenerate cases the solutions are given explicitly. 

In the next considerations we again assume g(g 2) 9^ 0. 

The fourth chapter is devoted to the geometrical aspects of 
Principle C. It contains eleven sections. In the first three sections 
we deal with the curvature tensor R mtl and its principal identities 
and, finally, express the tensor R^ in terms of H^ and U v ^ The 
fourth section exhibits the uniqueness Theorem concerning /^. In 
the next section we find two solutions of (1.15) which we use in 
sections six, seven and eight. In these sections the usual procedure 
of solving the systems (1.6) and (1.15) 1 is reversed. To this effect 
certain particular solutions -T/ /i , Q g^ are exhibited. Using Q rfp one 
finds the general solutions T/^ of (1 . 1 5) by solving a system of algebraic 
equations. Substituting /y^ into (1.6) one has a system of differential 
equations for g^. Using ^ one finds the general solution of (1.6) by 
solving a system of algebraic equations. In this way the solution 
AV ^V ^ (^) an< ^ (I- '5) is obtained from a particular solution 
0j H\V SV ky algebraic procedure. In the next three sections we study 

1 By usual procedure we mean here first finding the solution /y of (1.6) 
and then finding the solution g^ of (1. 15). 
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the change 'jT/^ -> T 1 /^ induced by a conformal transformation 



An explicit expression for 'jT/^ is exhibited. It leads to a corre- 
sponding change 'S^// ~^ ^A// an< ^ to necessary and sufficient 
conditions in terms of g^ for 'S\ = (sections nine and ten). In the 
last section a connection /^ is defined in terms of g A/li . This connec- 
tion is invariant with respect to the conformal change (II. 3) and 

is such that S^ = 0. 

The fifth chapter concerns the physical interpretation of Principle 
C. It consists of two parts. The first part is devoted to the third 
class ; the second part deals with the first two classes. The first part 
contains fifteen sections. After having found the first set of Max- 
well's equations (I.17)ai, we define, in the first section, the vector 
v v by 



(H.4) 






and express the tensors S w/Xl , and U v ^ explicitly in terms of v v and 
f^ (section two). In this way we obtain (1.20) where the right hand 
term is an explicit function of the arguments h^, dji\p t f\^ V v fxn 
and v v . In the third and fourth sections we use the equation 



equivalent to (I.15)b and (I.16)a. Here X^ is an arbitrary vector. 
Substituting from (1.20) into (II.5), we obtain another determination 
for v v besides (II.4). These two systems lead to the second set 
(I.17)b ot Maxwell's equations for the unknowns /^. This result 
justifies the identification of the tensor field /^ with the electro- 
magnetic field. The above mentioned substitution from (1.20) into 
(II. 5) results in a set of differential equations whose relationship 
to the Maxwell equations is studied in detail in the fifth section. The 
next two sections exhibit some auxiliary results needed for sections 
eight and nine where we obtain (1.24) from (I.15)c. These equations 
lead to the identification of the tensor field h^ with the gravitational 
field. It ought to be stressed that h^ has the fundamental property 
of a metric tensor: Every system (1.29) admits a first integral 
(1.30). Section ten concerns the momentum energy tensor 7^, 
the conservation law (1.25) and the equations of motion (1.26). In 
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the eleventh section the latter equations are subjected to the 
criticism mentioned in the General Outline. The last three sections 
of this part are devoted to the consequences of (I.15)b and (I.16)b. 
The main results of this new approach have already been mentioned 
in the General Outline: the unified law of inertia (1.29) ; its approxi- 
mations by the Newtonian law of gravitation and by the gravi- 
tational relativistic Newtonian law; its applications to celestial 
mechanics. 

The second part of the fifth chapter contains sections sixteen to 
twenty-five. With the exception of the last section we follow here 
the working scheme of the first part, applied to the first two classes. 
In the last section of this part we investigate, from the point of 
view of Principle C, some special cases of the tensors S wl * and U v ^. 
Thus, for instance, if 



the requirement (I.15)a reduces space-time to a Riemannian space, 
and kxp might be identified with the tensor of the electromagnetic 
field. Another interesting case is characterized by U v xp = 0; here the 
gravitational law of inertia is the same as the unified law of inertia 
in spite of the' fact that S MI * ^ 0. If S [a)IMV] ^ then the tensor g Aft 
is not of the first class. If 



then the tensor 



also satisfies the first set of Maxwell's equations. This concludes the 
investigation of Principle C. 

The sixth chapter consists of three appendices whose topics are 
connected with theory considered in the first five chapters. 

The first appendix is concerned with the geometry of light signals 
from the point of view of the unified theory. We imagine a light 
signal sent from a point to points A, B which are situated in our 
observable three-dimensional space in such a way that the points 0, 
A t B are linearly independent and OA = OB. We assume that 
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a) the gravitational field is so weak that it may be neglected, 

b) the velocity of light is constant. 

Denote by IA^B] the time interval needed for the light signal to 
reach the point A(B). It turns out that there are fields for which 
$A T^ IB, as well as fields for which t A = IB- The explanation lies in 
the detailed investigation of (1.29) and of the tensor 7^. In par- 
ticular, U^Xp yields the first curvature of the trajectory of the light 
signal in our observable three-dimensional space. Keeping in mind 
the purely geometrical result 

(II.9) either t A = t B or t A ^ t B 

one cannot help thinking of the discrepancy between the experi- 
ments by Michelson-Morley and by Miller. In any case (II.9) shows, 
of course purely geometrically, that neither one of these experiments 
is decisive for or against the constancy of the velocity of light : in 
the space-time endowed with a unified field, neither of the results (II.9) 
is at variance with the assumption that the velocity of light is constant. 

The second appendix deals with four-component spinor algebra 
and analysis of the unified field g^ of the first class. It is divided 
into two parts. The first part is devoted to the spinor algebra of 
the local spinor space ^a(O) ; the second part concerns the spinor 
analysis of the spinor space ^3. 

The point of departure of the first part is the ideal projective 
space Pz(0) of the linear tangent space T^(0) at a generic point 0. 
In P$(0) we have the quadric H(0) defined by A A/A and the non- 

holonomic point and plane frame a v t a\. This frame is known up to 
transformations * 



'. 
where the C's are functions of two-parameters <p, y). The frame a v t a\ 

gives rise to nonholonomic coordinates of points and planes J 



i 
The relationship between P$(0) and ^a(O) is established by 



i 

where ((l?Aa b )) is given in terms of # A , and % b is required to be a 
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tensor in &z(0). After these prerequisites in the first two sections, 
we investigate, in the next four sections, the geometrical meaning 
of w a b , assuming first that v i is an isotropic point (i.e., a point on 
H). The tensor 0> a b defines a degenerate projectivity in &*z(0). The 
locus of spinors having no image under this projectivity is a spinor 
line i? ab explicitly defined by means of v i . The locus of all lines *? ab 
as v l moves along H is a linear line congruence 3? in &z(0). These 
results lead in the fifth section to the coefficients ^ a b of the spinor 
transformation in 



induced by (II.6) in P$(0). The ^"s are functions of the same 
arguments as the C's. There are always two transformations (II.8) 
corresponding to each transformation (II.6). If the point v i is not 
isotropic, then % b defines a biaxial involution whose axes *? ab 
( = -j- 1) are explicitly given by means of v i (section six). The locus 
of all lines as v* moves along P%(0) is a linear complex k#b containing 
the congruence 3? (section seven). In the eighth section we prove that 
^ a b are components of k^\ with respect to a particular nonholonomic 
irame. The biaxial involution w a b in $^s(0) is represented in P%(0) by a 
t; a -ref lection (section nine). The tenth section develops some neces- 
sary prerequisites for the investigation of lineal elements (i.e., an 
isotropic point v i and a tangent to H at v*). Such a lineal element in 
Ps(0) is mapped into &&(0) on two spinors whose coordinates are ex- 
plicitly given in terms of the lineal element (section eleven). Con- 
versely, a given spinor in ^s(O) is a map of a lineal element which is 
explicitly given by means of the coordinates of this spinor. This 
mapping also involves the aforementioned complex ^ (section 
twelve). In the thirteenth and fourteenth sections we investigate 
Dirac's equations and Schrodinger's wave equation by means of a 
tensor j a b whose matrix is similar to 2((% b )). The tensor *? a b is 
defined by (II.7), and the (symbolical) point v i is a combination of 
the components of the linear differential operator in the quantum 
theory. It turns out that *tf a b gives rise to a (symbolical) biaxial 
involution, and Dirac's equations define its eigenspinors, i.e., the 
spinors incident with the axes s|t t? ab of * v a b . The corresponding 
Schrodinger equation can be derived from the corresponding #v a - 
reflection. This equation defines a scalar function of double elements 
of the reflection. 
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The second part of Appendix II starts with the projection of 
onto &*$(0) (section fifteen). This projection gives rise to a 
trace-free local connection 77 a b ^(0) which is uniquely defined by g^. 
This connection does not discard the relationship (II.7) (sections 
sixteen and seventeen). In the eighteenth section we use the fact 
that the axes of 3^(0) do not depend on 0, and thus, enable us to 
superimpose the spinor space ^s(U) on ^s(0), U ^ 0. The totality 
of all superimposed spaces on &z(0) is by definition the spinor space 
<5^3 adjoint to the space-time. It is endowed with a trace-free con- 
nection A^x uniquely defined by g^. This connection does not 
discard the relationship (II. 7). The curvature tensor ^^^ of ^4 a b A 
is expressible in terms of H^tf. Its vanishing is a necessary but not 
a sufficient condition for A & \ = 0. The electromagnetic field of g^ 
does not generate gravitation if and only if ^ WM a b = (section 
nineteen). In the last section we establish a set of equations in &$ 
which reduce for f$(O} to Dirac's equations. 

The third appendix is provided for the convenience of those not 
familiar with the algebra of line geometry. It presents some ele- 
mentary results in this geometry needed for the understanding of 
certain sections of this book. 



III. NOTATION 

Throughout this book extensive use is made of Tensor Calculus in 
an w-dimensional space. We always use Greek covariant and contra- 
variant indices to express tensors by means of their components 
with respect to an arbitrary coordinate system. Their range is the 
set of the first n Roman numerals. Thus, if n = 4, the range of 
Greek indices is I, II, III, IV. Greek indices always follow the 
summation convention. 

We use Roman subscripts and superscripts to express tensors by 
means of their components with respect to a nonholonomic frame of 
reference. Unless the contrary is explicitly stated, these indices run 
from 1 to n. They follow the summation convention unless the 
contrary is stated, with the exception of indices x t y t z, t. The sum- 
mation for these indices is always denoted by the sign 2. 

Let TX...P be a set of terms with p indices A. . .^e. Denote by 
sum f all ^' s with even (odd) permutation of the 
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indices. Then the operation of mixing over p indices or of alternating 
over p indices is defined as follows : 



Thus, 

+ TwnX + ^AcJ + (^tuA/* + ^ A/uo + 



To exclude certain indices from mixing or alternating we enclose 
them by | |. Examples: 



By SA we always mean r , x x being coordinates of the space. 

OX A 

Unless the contrary is explicitly stated the radical sign V or ( )* 
always represents a positive square root. To facilitate cross refer- 
ences we use the following rule : references not preceded by a chapter 
number refer to the chapter in which they occur. 



CHAPTER I 
ALGEBRA OF THE UNIFIED TENSOR FIELD g v 

Introduction. Denote by % v a real coordinate system of an w- 
dimensional space X n . Starting with % v we may consider transfor- 
mations of real coordinate systems. We shall confine ourselves to 
transformations for which 



A tensor of contravariant valence p and covariant valence q is charac- 
terized by the transformation rule of its components T v " v 



If p = 1 , q = (p = 0, q = 1 ) the tensor is termed a contravariant 
(a covariant) vector. If p = q = 0, the tensor is called a scalar. 
Tensors will be denoted by symbols in Roman type. 

A density a of weight w is characterized by its rule of transfor- 
mation 

(3) 'a = J-a. 

The product of a density of weight w and a tensor will be termed a 
tensor density of weight w. Densities and tensor-densities will be 
denoted by symbols in Gothic type. 

Let e stand for an arbitrary density of weight w = + 1 or 
w = 1 . Then the number 



(4) cr 
transforms according to 

(5) 'a = r 



The product of a tensor and a will be termed a pseudotensor. No 
special notation will be used for pseudotensors. If T v is a contra- 
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variant pseudovector the transformation rule for its components is 

a* v ' 



(6) 



= - 



7*. 



The product of a density (of weight w) and o will be termed a 
pseudodensity (of weight w). Pseudodensities will be denoted by 
symbols in gothic type. If a is a pseudodensity of weight w its rule 
of transformation is 

(7) 'a = cJ-^a. 

Hence, if m is a density of weight 1, then |m| is a pseudodensity, 
because 



Of course, <r|m| is then again a density. 

1. The tensor g^. Throughout this chapter a four dimensional 
space X$ referred to a* coordinate system oc v will be considered. We 
shall admit only coordinate transformations x v ' <-> x? for which 



A ^ 



dx"" 



9*' 



All coordinate systems are assumed to be real. 

The space X^ is endowed with a real 1 quadratic tensor g^. 
It may be decomposed into its symmetric part h^ and its skew 
symmetric part & A/Lt 

(l-2)a gXp^hxp + kxp 



AGREEMENT (1.1). In all that follows in this book 2 we assume that 
a) the determinant Q of g^ is negative 



1 In his earlier papers, Einstein considered a complex tensor g^ . (Cf, 
Einstein, A., (1) and Einstein, A.-Strauss, E., (1). 

2 With the exception of Chapter III. 
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b) the tensor h^ has the signature (+ + H ), so that its determinant 
is negative 



c) the tensor h^ is the metric tensor, 

d) the tensor k^ is always present 



REMARK I: According to (1.3)b there is a unique tensor h Xv = 
defined by 

(1.4) V^^- 1 



The tensor h* v (hx^ will serve for raising (lowering) indices in the 
usual manner 2 . 

REMARK II: According to (1.2)c the determinant I of k^ is never 
negative 



REMARK III: Each of the determinants g, I), f is a density of 
weight 2. However, V|g|, V\f)\, and Vl are pseudodensities of 
weight 1 . Thus, for instance, 3 



= \A\-IVW\ = cd-i vw\ 

(e^sgnJ). 
In subsequent considerations we shall need the following scalars 



(1.5)c 4K ~ k OL ak,y$h Ci YhP = 

DEFINITION (1.1). The tensor k^ will be said to be 

1 d 1 ^ is the Kronecker delta. Later in this study we shall also use the 
abbreviation 

cVi-.-vp def on cv p 

2 We write <5j^ instead of h.f for historical reasons. 

3 The square root is always to be taken as positive. 
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1) of the first class whenever 
(1.6)a k^=0, 

2) of the second class whenever 

(1.6)b #7^0, * = 0, 

3) o/ /A0 <A*Vrf c/0ss whenever 

(1.6)c X = ft = 0.i 

REMARK. Unless explicitly stated otherwise every result of our 
subsequent considerations holds for all three classes. 



2. The indicators 

T-X /o ,v ^/ ( contravariant . ,. . 

DEFINITION (2.1). 77^ < . , indicator 

\covanant 

is a tensor density of weight \ , skew symmetric in all indices, 

{(gco/*Av l~~ 

have (in all coordinate systems) the following 
^(tiflXv 

numerical values 

a) + 1 whenever co/di> is an even permutation of I, //, ///, IV 

b) 1 whenever a>p,Xv is an odd permutation of /, //, ///, IV 

c) in all remaining cases. 

REMARK. According to this definition the transformation law 
for indicators is 



A . . /p n cs 

e <">' Av ~ ^^ 3*-' 
The indicators are related in a way described in the following 

THEOREM (2.1). We have: 
(2.2)a C"**^,* - 4! 

(2.2)b 
(2.2)c 
(2.2)d 



i C/. Hlavat^, V., (6), (15), (19); Hlavat V.-Saenz, A., (12); Saenz, A., 
(1). 
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and 

(2-3) a 

(2.3)b 

PROOF. The equation (2.2)a is obvious. In order to prove (2.3), 
start with the obvious equations 

(2.4) 4 ty = 
and 

(2.5) (g^A, 
According to (2.5) we must have 

(2.6) (g^Av 



where % is to be found. Substituting from (2.5) and (2.6) into (2.4), 
we obtain x = Ij. Hence, (2.3)a holds. The equation (2.3)b may be 
proved in a similar manner. On the other hand, we obtain from (1 .4) 

(2.7)a 4!- 

and from (2.4) and (2.3) 
(2.7)b 4 ! -i = 



so that 



This equation leads at once to (2.2)b. The equation (2.2)c follows 
from the obvious relation 



which leads by virtue of (2.2)b to 



so that y == 4. The equation (2.2)d may be proved in a similar 
manner. 

i Cf. (2.9)d, page 6, setting l^ = h. 
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The density 4!I) may be written in the form (2.4). A similar 
obvious equation holds for the determinant I 

(2.8) 4 !! = ^ v *Wk^krfk Xy k vB . 

There are also some less obvious relations between the indicators 
and fify, k^: 

THEOREM (2.2) We have 

(2.9)a 

(2.9)b 

(2.9)c <^**h^*rft*\yl** = 0. 

PROOF. Denote by /^ either one of the tensors h^ and k^. Then 



where 



Hence, if /^ A = A^ (/^ = k^, then the scalar product of the first 
term of (2.9)d and a skew symmetric (symmetric) tensor is equal 
to zero. This proves (2.9)a and (2.9)c. The left hand term of (2.9)b 
may be rewritten by virtue of (2.2)c and (2.3) : 



^ = - Tbhfkf = 8f)K. 

THEOREM (2.3). We have 
(2.10) 64! = (^H^ Av) 2. 

PROOF. The equation (2.8) is equivalent to 

I = (ki n km iv + kn /// k r JV + km / kn iv) 2 , 
while 

= 8(*/ // k ni iv + k n m ki IV + k nl / k n /r). 



Comparing these two equations we obtain (2.10). 

There are some pseudotensors intimately connected with the 
indicators which we shall need later on : 



CHAPTER I, SECTION 3 

THEOREM (2.4). Put 
(2. 1 l)a 
(2.H)b 

Then /**", e w/a ^ are pseudotensors which satisfy the following 
conditions : 



(2.12)a JE-ft-V^ = 4! 

(2.12)b 

(2.12)c 

(2.12)d 



( 2 - ! 3 ) a 

(2.13)b 

PROOF. We know (Cf. Remark III preceding Definition (1.1)) 
that A/|I)| is a pseudodensity of weight 1. Therefore, E w ^ v (0^,,), as 
defined by (2.11)a, ((2.11)b) is a pseudotensor. The proof of (2.12) 
and (2.13) follows easily from (2.11) and from Theorem (2.1). 

3. The tensor *g Xv . Denote by a(A) the determinant of the 
tensor 

(3-1) ^W-^ + ^ 

where A is an arbitrary parameter. 

THEOREM (3.1). We have 
(3.2) a(A) = M) + 2tft)K + f, 

and in particular 

(3.3)a a(l)-g = l) + 2f|/f + f, 

so that 
(3.3)b g=l+2K + k. 

PROOF. The determinant a is given by 
(3.4) 4!a(A) - 

1 The minus signs in (2.13) come from (1.3)b. 
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Substituting from (3.1) into (3.4) and remembering (2.4), (2.8) and 
(2.9), we obtain (3.2). The remaining part of the proof is obvious. 

REMARK. Using (2.9)b and (2.10) we may express g given by 
(3.3)a in terms of h^ v and k^ v : 

(3.3)c fl = I) 



This formula will be very useful later on. 
According to (1.3) a there is a unique tensor 



(3.5) 



satisfying the condition 

Following the pattern of (1.2) we decompose *g Xv into its symme- 
tric part *h* v and skew symmetric part *k Xv : 

(3.7)b *h* v ^ *g< A "> 

(3 7)c *k Xv ^ *g&v\ 

In order to express *A Av and *k* v in terms of g^ v we need the tensors 
defined as follows 



/O Q\ A - A r _ t~\ O 

' ' 



A simple inspection shows that (P)^" is symmetric (skew symmetric) 
for any even p (odd p). 

THEOREM (3.2). The tensors *h Xv , *k x * satisfy the following 
equations : 

(3.9)a i *h* v = [h Xv (\ + 2K) 

g 

(3.9)b *^ = 



1 C/. Schrodinger, E., (1); Hlavat^, V., (16); Lichnerowicz, A., (3); Tonne- 
lat, M. A., (13). 
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Proof. Starting with the obvious equation 
(3.10) 4!g - 

we obtain according to (3.5) 



(3.11) 4 ! = 4( Aw /^@ m 0>'g eoa g u fl g ov = 4 ! 9 *g A ". 

2p> "" "/ 

On the other hand, if we substitute from ( 1 .2) a into (3. 1 0) , we obtain 

(3.12) 4! ^(Alw/uplg* 

Comparing (3.1 1) and (3.12) we have 

(3. 13) a n 9 = *g( Ay > 

The equation 

( 3 .13)b .1^1 = *^]: 



may be proved in a similar manner. The equations (3.13), (3.3)c, 
(2.4), (2.9)c and (2.10) yield (3.9). 

REMARK I. From the definition of the sign K we see that its 
transformation rule is 

K ' = K (c = sgnJ). 

Consequently, /cVl is a density of weight 1 (while A/I is a pseudo- 
density of weight 1). Therefore, it is obvious that * A ", as defined 
by (3.9)b, is a tensor. 

REMARK II. The tensors *h Xv and *k Xv will play an important 
role in subsequent chapters. This is true, in particular, of the 
tensor *k Xv . 

THEOREM (3.3). The tensor *k Xv never vanishes 
(3.14) *k* v ^0. 

PROOF. Assume *k Xv = 0. By (3.9)b, this requirement is equiva- 
lent to 

/3J5\ jjA*> .._ H. 'y/fgajSAv^ 

Multiplying (3.15) by k Xv we obtain by (1.5)c and (2.10) 
(3.16) ^K= -f. 
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On the other hand, multiplying (3.15) by t^\ v we have 



and this equation is equivalent to 

(3. i?) K Vi #* - - 

Hence, we have according to (3.15) and (3.17) 
(3.18) $ = !, 

so that by virtue of (3.3)a, (3.16) and (3.18) 
g = f> + 2f)K + I = 0. 

This equation, obtained as a consequence of * A " = 0, contradicts 
(1.3)a. Therefore, (3.14) holds. 

-i 
4. The tensors Tf and T/. The tensors g^ and *g fAv are not 

symmetric, and therefore, we have to consider, besides gx^g^ 
involved in (3.6), two other products, namely g\p*jf* and gpx*g* v * 

THEOREM (4. 1 ) . The tensors 

A 



are both of the same rank 4 and satisfy the following equation : 

(4.2) T/ 7>" - d. 

PROOF. We have by virtue of (3.6) and (4.1) 

= ^ V" = 5;- 



-1 

This equation shows that the determinants of Tj and TJ are 
different from zero, i.e., the rank of these tensors is equal to 4. 

-i 

THEOREM (4.2). TV** tensors Tj> and, Tj are different from <%. 
In particular, 

(4.3) T/ - *J = 2(**V + V*^)- 

PROOF. Using (3.6) and (4.1) we obtain 

(4.4) 77 - a; = gv V A - ^V" 
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Assume 

(4.5) g^ *&* = 0. 

Then (1.3) a leads at once to 

*k vX = 0, 

and this equation contradicts (3.14). Hence, (4.5) is at variance with 
(1.3) a. Therefore, by virtue of (4.4) we have Tj ^ d^ and according 

to (4.2), also TI* 7^ (5*. Moreover, the equations (4.4) and (1.2) a 
lead at once to (4.3). 

5. Basic vectors : Generalities. Let P/ be an arbitrary tensor. 
A vector v v which satisfies the equation 



is called an eigenvector of P/, and p is the corresponding eigen- 
value of P/. 



DEFINITION (5.1). The eigenvectors of k\ v will be termed basic 
vectors (of X&), and the corresponding eigenvalues of k\ v will be called 
basic scalar s (of X&). 1 ) 2 ). 

The following two Theorems will be proved simultaneously. 

THEOREM (5.1)a. Let a v be a basic vector and A ^ its corre- 
sponding basic scalar: 



Then a v is a null vector: 



THEOREM (5. 1)6. Let a v , b v be two basic vectors and A, ^ ^ A their 
corresponding basic scalars. Then a v and b v are perpendicular: 



(5.2) h x ^b* = 0. 

PROOF. The tensor k^ is skew symmetric. Therefore, we have 

1 In the case of the third class there are vectors which also are called basic 
vectors in spite of the fact that they are not eigenvectors of k^ v (Cf. Section 
12). However, unless explicitly stated otherwise, we shall be dealing only with 
basic vectors which are eigenvectors of k. 

2 For an invariant correlation, cf. Tharrats, V., (1). 
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according to (5.1)a 



= 0. 

Hence, if A ^ 0, then (5.1)b holds. The vector b v being an eigen- 
vector, we have 

(5.3) fif = k^b", 

and therefore, 



This equation is equivalent to 

(I* + Wbf* = 



and leads to (5.2), whenever A + A* 7^ 0. 

In the third section we defined the tensors <#)&/. In a similar 

i 
manner we may define the tensors <0>Ty and MTtf starting with 

r/ and T/. Moreover, if we put 

" " *^ 



we may construct ^g/ an d (p} *g)f i n a similar way. 
All these tensors are involved in the following 

THEOREM (5.2). Every basic vector a v is also an eigenvector of each 
of the tensors 

(5.4) 



PROOF. First, we have according to (5.1)a 



and in a similar manner, 

(5.5) <* A (P)*/ = tt> a v , p = 2, 3, . . . . 
Therefore, 0" is an eigenvector of <?>&/. Moreover, 

(5.6) *&* = a(^ a + V) = (1 + A)^, 

so that a v is also an eigenvector of g and, by the same authority, 
also an eigenvector of Mg\ v . Multiplying (3.6) by of* we obtain 

(5.7) # = 
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Hence, a v is an eigenvector of *g\ v and, therefore, also an eigenvector 
of (3? )*g/. O n ^e other hand, if we multiply (4.1)b by a*, we obtain 
by virtue of (5.7) : 
i 

(5.8) ^T 



~ 1-A 

1 

This equation shows that a" is an eigenvector of 7y and, conse- 

quently, also an eigenvector of ^Tj. 
An easy inspection of (4.2) permits us to rewrite this equation in 

its equivalent form 

i 
(59) T r v = <5" 

\^ <x / -* fj, *- ot Vp* 

Multiplying this equation by a^ and remembering (5.8), we see that 
a v is also an eigenvector of T^. Hence, it is also an eigenvector of 



6. Basic vectors: First class. In this section we shall con- 
sider only the case of the first class. To this effect we first introduce 
the scalar 



and prove the following 

LEMMA (6.1). The scalar D is always positive 
(6.1)b D>0. 

PROOF. According to (1.5)b and (1.6)a the scalar k is negative. 
Moreover, the square K 2 is non-negative. Hence, (6.1)b holds. 

THEOREM (6.1). The basic scalars are A, . . ., A, given by 

1 4 



(6.2)a a^ f A= -l 

1 2 

(6.2)b /3 def A = - A = ]/VD -K 

3 4 

Moreover, i<x. and ft are real. 

1 The equation (5.7) shows that A ^ 1. 
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PROOF. Using (3. 1) we may rewrite (5. l)a in the equivalent form 

(6.3) *^(A) = 0. 

A necessary and sufficient condition for the existence of a non- 
trivial solution a v of (6.3) is a(A) = 0, where a(A) is the determinant 
of V/A (A). According to Theorem (3.1) this condition is equivalent to 

(6.4) A 4 + 2tfK + k = 

and admits the solutions A, . . . , A given by (6.2). The equations (6. 1) 
show that l 4 

VD>K, 

so that ia and /? are always real and different from zero. 

In the next Theorem we denote by a v the basic vector, whose 

/ 

corresponding basic scalar is A, given by (6.2) l . 

i 

THEOREM (6.2). There are only four basic vectors a v , and they 
have the following properties : 7 

1) They are defined up to arbitrary factors of proportionality. 

2) They are null vectors. 

3) The basic vectors a v , a v are perpendicular to a v , a v . 

12 34 

4) They satisfy the conditions 
(6.5)a V A ^ ^ 

1 2 

(6.5)b h^ai* ^ 0. 

3 4 

5) The directions of a v and a v are complex-conjugate. The directions 

i 2 

of a v t a v are real. 

3 4 

PROOF. Since the basic scalars A are all distinct and different 

1 
from zero, we know from elementary algebra that (5.1)a admits 

only four eigenvectors a v which are defined up to arbitrary factors 

1 
of proportionality. Statement (2) follows from Theorem (5.1)a and 

from (6.2). Statement (3) follows from Theorem (5.1)b and from 
(6.2). Statement (4) follows from statements (2) and (3). In order to 

1 The construction of a v will be given later. (Cf. Theorem (10.3)). 
1 
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prove statement (5), let us denote by M^X) the matrix of the tensor 

i 

p kp V ' 

Its rank is three, because there is only one basic vector a* satisfying 

i 
the condition (5.1)a for A = A. Hence, if we suppress an appropriate 

i 
row in M^(K), we obtain a 3 X 4 matrix M$(X) whose four minors of 

i i 

the third degree define the direction of a v , i.e., 

i 

(6.6) a* : a" : a* : a. 

111 i 

On the other hand, the basic scalars A and A are complex-conjugate, 

12 
A = A. Hence, if we substitute into M s(A) for A its complex conjugate 

21 11 

A, we obtain a matrix MS (A) complex-conjugate to Ms(A). Therefore, 

22 i 
the direction 

(6.7) a* : a : a*" : a 

222 2 

defined by the corresponding minors of M%(X) is complex-con- 

2 
jugate to the direction (6.6). The remaining part of statement (5) is 

obvious. 

THEOREM (6.3). The factors of proportionality mentioned in 
statement (1) of Theorem (6.2) may be chosen in such a way that 

a) the basic vectors a v , a v are complex conjugates, the basic vectors 
a v , a v are real, 1 2 

3 4 

b) the basic vectors satisfy the conditions 



(6.8) A A 

12 34 

The basic vectors a v satisfying these conditions are defined up to 
transformations * 



(6.9) ; 

'a v = r e*a v , f a v = JerJaT (e' = 

334 4 

where y, \p are arbitrary real scalars. 
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PROOF. The statements (a), (b) follow immediately from the 
previous Theorem. The statement about (6.9) follows from (6.8). 

AGREEMENT (6.1). Throughout this book we shall assume that 
the basic null vectors satisfy the requirements (a) and (b) of Theorem 
(6.3). 

REMARK I. The vectors a v , a v being complex conjugates, the 

i 2 
bivector iaPaft is a real one. Moreover, the bivectors iaPafa, a^aft, 

12 1234 

both real, are totally perpendicular *. 

REMARK II. The first two equations (6.9) may be looked upon 

as equations of rotation in the plane of the bivector iaFaft. The 

i 2 
angle of rotation is 9?, and the corresponding "isotropic" vectors of 

this rotation are a v and a v . The last two equations represent a 

i 2 

"Minkowski rotation" in the plane of the bivector iaPaft. 2 The 

3 4 

corresponding "isotropic" vectors are the real vectors a v t a v t and 

3 4 

the angle of this "rotation" is y. All four equations (6.9) represent 
a two-parametric group of motions, the parameters being <p and y. 

7. Basic vectors: Second and third class. Let us consider 
first the case of the second class. Then (1.6)b holds so that we have 
according to (6.1)a 
(7.1) D = K* >0. 

THEOREM (7.1). The basic scalars are A, . . ., A, given by 

1 4 



(7.2)a a = A = - A = V- 2K 

i 2 for K > 

(7.2)b ^ = ^=-^ = 

3 4 

or 

(7.3)a a = A=-A = 

i 2 for K < 0. 

(7.3)b = A=-A=V-2tf 

3 4 

1 I.e., every linear combination of a v and a v is perpendicular to every 

1 2 

linear combination of a v and a v (and vice versa). 
3 4 

2 followed by a reflection, if *' = 1. 
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In the first case <*i is real. In the second case ft is real. 
PROOF. The equation (6.4) reduces here to 

(7.4) A2(A2 + 2K) = 0. 

The corresponding basic scalars are described in (7.2) and (7.3) in 
accordance with (6.2). The remaining part of the Theorem is ob- 
vious. 

THEOREM (7.2). There is a one-parameter set of basic vectors be- 
longing to the basic scalar A = 0. Among these vectors there are only two 
distinct basic null vectors. Their directions are real (complex conjugates) 
in the case (7.2) (in the case (7.3)). 

PROOF. For A=0 the equation (5. 1 )a is equivalent to 

(7.5) k^& = 0. 

Hence, the matrix of k^ v cannot have the rank four, for a v ^ l . 
Since the tensor k^ v ^ is skew symmetric, we know from element- 
ary algebra that its rank can be either four or two. Hence, in our 
case the rank must be two. Therefore, there are at least two distinct 
basic vectors a v and b v corresponding to the basic scalar A == 0. 
Every linear combination 

(7.6) A* = va* + pb* 

with scalars i>, p also represents a basic vector corresponding to 
A = 0, i.e., 

(7.7)a AfikJ = 0. 

In particular, A v is a null vector if and only if v : p, is chosen 
according to 

(7.7)b vth^af* + 2vp,h^abt + [jfih^bP = 0. 

Here we have to anticipate a later result 2 according to which 
(7.7)b admits two distinct roots v : p. Thus, we have only two basic 
null vectors, which are distinct and satisfy (7.7)a. The remaining 
part of the proof will be given with the proof of the next Theorem. 

THEOREM (7.3). There are only four basic vectors a v which satisfy 
the statements (1) to (5) of Theorem (6.2). 7 ' 

1 This follows also from & = 0. 

2 Cf. Theorem (11.3). 
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PROOF. Start with (7.2). Applying the last part of the proof of 

Theorem (6.2) to this case we obtain two basic null vectors a v , a v 

i 2 
whose directions are complex-conjugate. Denoting by a v t a v the 

3 4 

basic null vectors mentioned in Theorem (7.2), we have four basic 
null vectors (statement (2)) which are defined up to arbitrary 
factors of proportionality (statement (1)). Statements (3) and (4) 
may be proved here in the same way as in the case of Theorem (6.2). 

The directions of a v , a v being complex-conjugate, and these vectors 

i 2 
being perpendicular to a v t a v y the directions of the latter vectors 

3 4 

must be real. The case (7.3) can be treated in a similar way. 

THEOREM (7.4). The factors of proportionality of the basic null 
vectors may be chosen in such a way that 

a) the basic mill vectors a v , a v are complex-conjugate, while the 

i 2 
remaining basic null vectors are real. 

b) they satisfy the condition (6.8). x 

The basic null vectors satisfying these conditions are defined up to 
the transformations (6.9). 

The proof follows the pattern of the proof of Theorem (6.3). 

AGREEMENT (7.1). Throughout this book we shall assume that 
the basic null vectors satisfy the requirements (a) and (b) of Theorem 
(7.4). 

REMARK. The bivectors ial v a*l and aFafi are always real and 

12 34 

totally perpendicular. A remark similar to Remark II (at the end of 
Section 6) may also be applied to this case. 

Let us now consider the case of the third class. Then we have 
according to (1.6)c and (6.1)a 

(7.8) D = K* = 0. 

The following two Theorems will be proved simultaneously. 

THEOREM (7.5)a. In the case of the third class there is only one 
basic scalar, namely 

(7.9) A = . . . = A = 0. 

1 4 

1 We disregard the possibility of interchanging the two basic null vectors 
which belong to A = 0. 
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THEOREM (7.5)b. There is a one-parameter set of basic vectors 
belonging to the basic scalar A == 0. Among these vectors there is only 
one basic null vector, and this null vector is a real one. 

PROOF. The equation (6.4), which leads to basic scalars, reduces 
according to (1.6)c to A 4 = 0, so that (7.9) holds. The equation 
(7.7)b, which leads to basic null vectors corresponding to A = 0, will 
be reconsidered later, where it will be shown l that in the case of the 
third class this equation has two coinciding roots v : p, which, of 
course, must be real. 

REMARK. A detailed study of the third class will be undertaken 
later on. 2 

8. The nonholonomic frame: First and second class. In 

this section we shall consider the first two classes. In both cases 
we have a set of four linearly independent basic null vectors a v , 

i 
so that there is only one set of linearly independent covariant 

i 

vectors a\ satisfying the conditions 



i 

From now on a v will be termed basic contravariant vectors, while a\ 

i 
will be called basic covariant vectors. 

Let us put 

/ 

(8.2) Af^tf, A x *^a x . 

The functions Af, A may be looked upon as intermediate compo- 
nents of the unit tensor d\ of X 

DEFINITION (8.1). The intermediate components A t v , A^ define a 
nonholonomic frame of X\ If T%". are holonomic components of a 
tensor, then its nonholonomic components are defined by 

(8.3)a T:: ^ A 

1 Cf. Theorem (11.4). 

2 Cf. Sections 12 and 13. 

3 Cf. Scherrer, W., (1), (2). 
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REMARK. An easy inspection shows that 

/O 'INK -Tny... _____ A V A 1'" "ITi"' 

\ * / A*" * A"* ?'" 

THEOREM (8.1). The nonholonomic components 
(8.4) hy = At x Afh A p, W = A^ 

are given by the matrix equation 

1 
000 




(8.5) ((*<,)) 

M w u 

1 

PROOF. The matrix of hy expresses the properties of contra- 
variant basic vectors described by Theorems (6.2), (6.3), (7.3) and 
(7.4). The components W are obtained from 

(8.6) hyW = AfAph^AJAJfr* 



THEOREM (8.2). Denote by 91 and o the determinants of A J and A f. 
Then 

(8.7) , 9(0=1, 

and 

(8 ' 8)a - 

(8.8)b o = 

PROOF. We have first 



On the other hand, we obtain from (8.4) and (8.5) : 



' Det 

while (8.1) yields (8.7). The equations (8.7) and (8.10) yield (8.8). 
THEOREM (8.3). Thenonholonomic components of the indicators are: 

= 4! 
= 4! 

1 If m is a real number and M = zm, then we define 

sgn M sgn m 



CHAPTER I, SECTION 8 21 

and consequently the nonholonomic components of the pseudotensors 
E^ v and e^ are: 

(8.12)a 
(8.12)b 

PROOF. Let y i be a coordinate system for which we have at a 
given point P 



Then according to (2.1) (where we replace x v ' by y*) we have at P 

(8.13) 



On the other hand ^ kl as defined by (8.13) are nonholonomic 
components of @^ A ", and (8.13) is equivalent with (8.11)a. The 
equation (8.11)b may be proved in a similar way. The equations 
(8.12) follow from (2.1 1), rewritten in the nonholonomic frame, and 
from (8.10). 

In the next Theorem we express the components Af in terms of 
A)f and vice versa: 

THEOREM (8.4). We have 

(8.14)a A t v = A x *h fi h** 

(8.14)b Atf = A{ &hfr 
Moreover, if ij kl is an even permutation of 1 2 3 4, we have : 

(8.15)a Af 

(8.15)b AJ - 

PROOF. Put 



and multiply this equation by AJ remembering (1.4). Then 



Comparing this equation with (8.1) and (8.2) we obtain Xf = Af. 
The equation (8. 1 4)b may be obtained in a similar way. If ij kl is an 
even permutation of 1 2 3 4, then 
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and 

= ~ 



The equation (8. 15) a may be obtained in a similar manner. 
REMARK. The equations (8.14) are equivalent to 

2143 

(8. 16) a a v = a v , a v = a v , a v = a v , a v = a v 

1234 
1234 

(8. 16)b a x = a x , a x = * A , a A = a A , a A = a A . 

2143 

9. Continuation. All considerations in this section deal only 
with the first two classes. 



THEOREM (9.1). The nonholonomic components of <*/ are 



50 that 



PROOF. Our starting equation is equivalent to (5.5), i.e., 
(9.2) 



XX X 

I 
Multiplying this equation by a v and remembering (8.1)b, we obtain: 

i 



Lowering the index i we get (9.1)b. 



THEOREM (9.2) a. TA* <wsors A^, (p) ^> (p) * Aj; ^ wrf <P) *A V w ^y be 
expressed as follows : 

12 34 

(9.3)a A A/X = 2a (A a /l) + 2a (A ^>, 

(9.3)b (P)A^ = 2 W P A^ 

X X 

12 34 

(9.3)ci Wk^ = 2a^ a (A ^> + 20 a (x a^ t (p even) 
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(9.3)c a <*>k^ = 2a*>tf [A ^] + 2P p <*(X<*n}> (P odd) 



(9.3)di Mk* v = 2a*>0<V> + 2pPa( x a, (p even) 

21 43 



(9.3) d 2 Mfr v = 2<x,Pa&aV + 2p*a&a v \ (p odd) . 

21 43 

PROOF. The equation (9.3) a is a transcription of 

(9.4) h^ = AjAJhv 

by means of (8.5) and (8.2). In order to prove (9.3) b we start with 



and substitute into this equation from (9.1) a. The remaining 
equations follow from this and (8.16), (6.2), (7.2) and (7.3). 

REMARK. The equations (6.9) and their inverses may be 
condensed to 

(9.5)a 

(9.5)b 
where 





>A )f 


= CfAj 






-1 




'Af 


= CfAf 




lie-* 


" 




\ 


e i<f 
t'er 




\\ 





/ 


I ffi 





-1 def / 


/ 

/ 

1 


e-tf 


\ c i )) = 1 





cV 


\ 


\o 







(9.6a) 

(9.6b) 

The same equations (9.5) and (9.6) hold for the case of the second 
class. 

The next theorem is an application of Theorem (9.2) a. 

THEOREM (9.2) b. Let v v be an arbitrary vector. Then 
PROOF. Starting with (9.3)b one obtains 
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Hence, 
v x (4) A * + 2Kv* <2> A " + kv v = 2* [A 4 + 2Ktf + &]a A a"z; A = 0, 

XXX 

for, A being a basic scalar, we have from (6.4) 

A = 0. 



THEOREM (9.3). // the nonholonomic frame is subject to the 
transformations (9.5), the nonholonomic components TJ." of a known 
tensor T A .'.'. undergo the transformation 

-i 
In particular, the nonholonomic components of 



^^ invariant with respect to (9.5). 
PROOF. The equation (9.7) follows from (8.3) a, from 

fj^i _ / A i ' A A TTV 
7 y ... ^/ -4y ...Y A ... 

and from (9.5). In particular, we have 



Using (9.6) and (8.5) one obtains from this equation 

(9.8) '% = hy. 

The invariance of the nonholonomic components of ^k^ may be 
proved in a similar way, by means of (9.1). The equations (8.1 1) and 
(8. 12) show that M l , JE<W, and e^M, &im are invariant with respect 
to (9.5). 

10. Construction of A? t A (First and second class). l In this 
section we shall consider only the first two classes, so that according 
to (6.2), (7.2) and (7.3) 

(10.1) aa-^^ -2VD<0. 

i Cf. Hlavatjr, V., (18), (19). 
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Let us first prove the following 
LEMMA (10.1). We have 

1 2 

( 1 0.2) a @<^ A " a x a v = 2y a^ art V f) 

3 4 
3 4 

(10.2)b &^ v a^a v = 2y<zt a> a' 

1 2 
3 4 

(10.2)c e^ Ai y<* 

1 2 

(10.2)d e^ Av ^a 

3 4 

PROOF. Put 

(10.3) e w 

1 2 

and denote by v v an arbitrary linear combination of a v and a y . Then 
according to (10.3) l 2 



so that e^^ and a^a^ are (totally) perpendicular bivectors. There- 
fore, l 2 

3 4 



where % has to be found: Using (8.8) b we first obtain 

3 4 



f* - x. 

34 34 

Substituting this value of x into (10.4) we obtain (10.2)c. The 
remaining equations (10.2) may be proved in a similar manner. 
In the next Theorem we use the following symbols: 



(10.5) 



v = v^ a ( = A== A). 

34 12 
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THEOREM (10.1). Put 

xy 

(10.6)a P A " ^ 

(10.6)b 



xy 
xy _ / O. 



VI) I/ 

(#y = 12 or #y = 34). 
Then 

(10.7)a P/ - |> a A a", b) P/ = i> 

Is 3 

xy x y xy 

(10.7)c P v = 2a (A a /i) , d) PV = 



xy x y 

(10.8)a g wft = 2a [a> ^] 

12 1 2 

(10.8)b Qj> = a m aP - ^ 

1 2 

34 3 4 

(10.8)c QJ* = <*& - a w ai 



(10.8)d Q^ = 2a^a^. 

i/ a 

PROOF. Substituting into (10.6)a for <*&/ from (9.3)b (for 
/> = 2), we obtain by virtue of (8.1)a and (10.1): 

xy 2 z 4 z 



z xy 12 3 z xy 34 

From this, remembering (10.5) and (10.1), we easily derive (10.7)a,b. 
These latter equations, together with (8.16), yield (10.7)c,d. In 
order to prove (10.8), we observe first that, according to (9.3)C2, d2 
for p = 1 and because of (10.2)c,d, we have: 



(10.9) 



VI) 



^ + 2(aA + pv)a [at a 
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Using (10.5), (10.6)b and (10.9), one obtains (10.8)a. The remaining 
equations (10.8) follow from (10.8)a and (8.16). 

REMARK. The tensors P and Q are very important in the 

xy 
geometry of X. The tensor P is the unit tensor of the non- 

xy 

holonomic two-dimensional variety spanned by the tensor field Q* v . 
Both tensors are expressed in terms of basic vectors; however, their 
construction does not require the use of these vectors. On the contrary, 
they enable us to construct basic vectors. In order to perform this 
construction we need the following 

THEOREM (10.2). Put 



12 12 



(10.10) 

3 31 34 



34 34 



Then 

(10.11) / = / = A 0", *= 1, ...,4. 



The proof follows from (10.7)a,b and (10.8)b,c. 

X 

THEOREM (10.3). (Construction of the basic vectors). Let u v (it^ 
be four arbitrary vectors such that x 

(10.12) u*E x v ^Q u v E x v ^O. 

X X 
X 

Let p, p be arbitrary scalars related by 



t t zt 

t t Zt 



(zt = 12 or zt = 34). 
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Then 



(10.14) 

XXX X 



PROOF. Denoting, as usual, by v x the nonholonomic components 
of a vector v v , we obtain by virtue of (10.1 1) : 

(10.15) u x E x v = *". 

a; a; a; a; 

The condition (10.12) shows that u x ^ 0, 50 that according to (10.15) 

X 

u*E x v is proportional to the basic vector a v . Therefore, among all 

XX X 

products 

u*E x uPE Phrf 

(10.16) z z t t 

(z.t= 1, ...,4) 

only two are different from zero, namely the products (10.16) for 
zt = 12 and zt = 34. Therefore, the first of equations (10.13) is 
not meaningless, and the vectors pu*E x v satisfy, according to 
(10. 13), the relation 

pu^E^pu^E^h^ = h xy 

xx x yy y 

for x, y = 1, . . ., 4, where h xy is defined by (8.5). Hence, these 
vectors are basic vectors. A similar method may be used to prove 
the second equation (10.14). 

REMARK I. According to (8.2) we could have written in the last 

/ 
three Theorems AI V , Arf instead of a v , a x . 

i 

X 

REMARK II. The vectors u v (u x ) involved in the last Theorem 

^ 
need not be linearly independent. Thus, in order to obtain a v and a v 

i 2 

we could have used one vector u v = u v and so on. In any case, we 

i 2 
are able to find the nonholonomic components v x (w x ) of a vector 

v v (w x ) without actually computing the basic vectors from (5.1)a: 

XXX 

(10.17) v* 
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REMARK III. For our later purposes Theorem (10.2) is much 
more important than the last Theorem. In the second Chapter we 
shall deal with situations where Theorem (10.2) will be very often 
needed. We shall exhibit at least one example of such a situation 
here. 

EXAMPLE (10.1). Let KX be a given vector and / a set of given 

X 

scalars. A new vector S\ is defined by means of its nonholonomic 
components 

(10.18) S x =*fK x . 

X 

One has to find the components S\. From (10.18) we obtain 

(10.19) S A = 2* s,v = 2* /**4f = 2* 

X 

Therefore, if we put 

(10.20) 2Y/ ^ {aft- (/ + /) + 



Vfjy { 

I 



W - /) + (/ - /)] 

1234 



12 34 

we have by virtue of (10.19), (10.10) and (10.6) 
(10.21) S A = Y/tf,, 

11. Digression on line geometry. l Consider a point of 
X and the following transformations at : 



The underlying space for the group of centro-aff ine transformations 

1 In this section we assume a knowledge of the elements of line geometry. 
The reader not familiar with this topic will find a sufficient introduction to 
it in Appendix III. 



30 CHAPTER I, SECTION 1 1 

(1 1.1) is the linear tangential four-dimensional space T* of X^ at 0. 
Denote by PS the ideal three-dimensional space of T*. It is a pro- 
jective space, where v v are homogeneous projective coordinates of 
a point and w\ are homogeneous projective coordinates of a plane. 
Then (11.1) may be looked upon as a group of projective transfor- 
mations in PS. 

The space PS is endowed with a quadric H whose projective 
homogeneous plane (point) coordinates are h\^(h x ^). The relation- 
ship between a point v v and its polar plane v^ with respect to H is 
given by 

(11.2) v^ = h^v vf v^ = h llX v\ 

Therefore, these equations must not be regarded as defining the 
raising or lowering of indices in PS ! The operation of raising or lowering 
indices in PS will be performed by means of /**" or e^^ v and will 
apply to skew symmetric quadratic tensors only. Thus, for instance, 
if a*P, b^ are two such tensors, we define a^ and 6*/* as follows: 

( 1 1 .3)a v = 

Let us stress that 



(1 1.3)b a** 

and in a similar manner 

(H-3)c |A M = V 

Every skew symmetric quadratic tensor defines a linear line complex 
(for short, a complex) in PS. This also holds for the tensor k^' The 

1 The following explanatory remarks have to be added: 

(1) In Appendix III we raised or lowered the indices by means of 
(gco/xvA an ci e fo. Because the coordinate transformations were restricted to 
projective ones with the determinant equal to 1, the indicators became 
tensors which we denoted by J^^Av an d i ^. However, here we do not 
restrict our transformations (11.1) and have at our disposal the tensor h^ . 
Therefore, we may use the pseudotensors E and e instead of / and *'. Since the 
components of tensors a and b are homogeneous projective coordinates in PS, 
we may multiply them by an arbitrary factor without changing the geo- 
metrical significance of a and b in PS. 

(2) We have to underline the kernel letter here whenever we raise or lower 
the indices in PS by means of E and e. This is necessary in order to avoid 
confusion with the operations described by (1 1.2). 
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corresponding complex is a three-parameter set of lines whose 
Pliicker point coordinates p^ v are related by l 

(11.4) A/ ^V = 0. 

Besides the complex k^ x we also have a complex k Xv whose plane 
coordinates are 

h<*>n = 2 e a)p>Xv^ v - 

The main scope of this section is the investigation of the relationship 
of the complexes k^ and k Xv . 

THEOREM (11.1). The complexes k x ^ and k* v are polar conjugates 
with respect to H : To every ruling p* v of k Xv there corresponds a ruling 
P\n f & v , polar conjugate with respect to H and vice versa. 

PROOF. Consider a ruling p Xv of k Xv , so that ( 1 1 .4) is satisfied. The 
ruling p* v is defined by any two of its arbitrary distinct points v v and w v 

pv\ = 2v&w*l. 
Its polar-conjugate line is the intersection of the polar planes 

"A = h Xv v v , w x = h Xv w v t 
i.e., 



On the other hand, (11.4) is equivalent (in ^4) to 
(11.6) **Ab, = O f 

so that px v given by ( 1 1 .5) is a ruling of k* v in PS. On the other hand, 
if we start with (1 1.6), we obtain (1 1.4) for 



Let us now investigate the geometrical significance of 
(11.7)a ^ = 

= 2 



1 We know that a necessary and sufficient condition for p^ to be a line is 

<VAvW A>> = 0, 
and this equation is equivalent to 



Cf. (1.5)b,c. 
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THEOREM (11.2). A necessary and sufficient condition for the 
complex k^ (k Xv ) to be a special one is: The tensor k^ does not belong 
to the first class. If this condition is satisfied, then k^ (k Xv ) is the axis of 
fhe complex k 



PROOF. A necessary and sufficient condition for the complex 
to be a special one is 



and this equation is equivalent to (11.7)a (Cf. (2.10) and (1.5)b.) 
On the other hand, (11.7)c is a necessary and sufficient condition 
for k^ to be a line. Hence, if (1 1 .7) c is satisfied, the complex k^ is a 
special one, and k^ are also the coordinates of its axis. The proof for 
f^ v follows from 



and from (11.7)c. 

The following two Theorems will be proved simultaneously: 

THEOREM (1 1.3). // 4 wf4 belongs to the second class, then the axes 
ka>p> k* v f Me special complexes are polar conjugates with respect to H 
and are skew. Therefore, each of them intersects H in two distinct points. 
In particular, if K > 0, then the axes k^, k Xv are given by the Plucker 
coordinates 

[/*] and <* [a) <*rt, 1 

12 12 

while for K < these axes are given by the Plucker coordinates 
a [u) a ] and a&aP\ l 

34 34 

1 a^ is the polar plane (with respect to H) of the point at*. This latter 

i i 

point being a point of H> the plane a^ is the tangential plane of H at a w . 

i i 

Hence, a^a^ ( a [a> a n]) * s *- ne intersection line of the tangential planes a^a t 

1234 12 

(a , a ), and as such, it is polar-conjugate with respect to H to the line a ta> a/* J 

34^ 12 

(a [w a/^). In other words, a r a i (a, a -^ is identical with the line a^ajA 
3 4 1 2 MJ 34^ 3 4 

(al<atf). This is the geometrical interpretation in PS of lowering and raising 
1 2 

of indices of skew symmetric quadratic tensors by means of e ^ v and 
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THEOREM (11.4). // A wf4 belongs to the third class, then the 
axes k^p, k Xv of the special complexes are polar-conjugate tangential 
lines of H. Therefore, they intersect H in their common point. 

PROOF. The polar-conjugacy of k^ and k^ v is obvious. A neces- 
sary and sufficient condition that these two lines meet is 

= 2kkt = 8K. 



Hence, in the case of the second class these polar-conjugate lines are 
skew, and therefore, each of them intersects H in two distinct 
points. 1 The remaining part of Theorem (1 1.3) follows from (9.3)c2, 
(9.3) d a (for p = 1) and from (7.2) and (7.3). If, however, the tensor 
k^ is of the third class, then (11.7)a,b hold, and the polar-con- 
jugate lines k^n and k Xv meet. Therefore, they have to be incident 
with a tangential plane of H. The signature of H being (+ + H -- }> 
this quadric is a non-ruled one and non-degenerate. Consequently, 
neither one of the lines k wfji , & v could be a ruling of H. Therefore, 
they are tangential lines of H and meet in a common point of H. 

THEOREM (11.5). In the case of the first class the complexes k^ 
and & v are general ones and intersect in a hyperbolic congruence, 
whose axes are 

(11.8) a^a^ and a&ari. 

12 34 

PROOF. The generality of the complex k^ (k^ v ) follows from 
Theorem (11.2). Moreover, we may use the equations (9.3) C2 and 
(10.2)a,b to find the homogeneous coordinates k Xv to be 



(11.9) atftVl + 

34 12 

while (9.3) d2 shows that the homogeneous coordinates fr v may be 
written 



(11.10) afltVl + 

12 34 

Hence, both complexes belong to a one-parameter set of complexes 

12 34 

which all intersect in the congruence mentioned in the Theorem, 
i Cf. (7.7)b. 
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We already know the geometrical significance of the equations 
(11.7). In the next Theorem we shall find the geometrical role 
played by the scalars k, K. 

THEOREM (1 1.6). Let k wfjlt be of the first class. Then the protective 
angle of the complexes k^ and k Xv is given by the following equation: 

(11.12) # = ln4> 

P 

where a, ft are defined by (6.2). 

PROOF. Every complex in the set (11.11) is defined by its 
projective coordinate A : B. In particular, this coordinate is 

ft : a for &* 

a : for k* v 
(11.13) 



1 : for 

1 2 



: 1 for 

3 4 

The projective angle of k^ and & v (or, which is the same, of k* v 
and k Xv ) is ' 

(11.14) <2> = 41nr, 

where F is the cross ratio of the four complexes (11.13) (i.e., the 
cross ratio of their coordinates A : B). A simple inspection shows 

2 

r= -, so that the equation (11.14) reduces to (11.12). 1 
P 

REMARK I. We know that two complexes intersecting in a 
hyperbolic congruence are projectively orthogonal 2 if their pro- 
jective angle is equal to inf2. It may be easily shown that this 
happens for the angle (1 1.12) if and only if K = 0. This is the geo- 
metrical interpretation of (1 1.7)b for the case when k^ is of the first 
class. 

REMARK II. Theorem ( 1 1 .5) is a starting point for spinor algebra 
and spinor analysis of g^. (Cf. Appendix II.) 

1 The geometrical interpretation of the projective angle of two complexes 
is given in Appendix III. 

2 Sometimes they are called complexes in involution. Cf. Debever, R., (1). 
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12. Nonholonomic frame: Third class. The considerations 
of the previous section enable us to introduce a nonholonomic frame 
even in the case of the third class. We shall first operate in the space 
P 3 and shall use the following abbreviations: The line k^ will be 
denoted by L; its polar-conjugate line (with respect to H) will be 
denoted by L*. These two lines are tangential lines of H and meet 
in a point of H (cf. Theorem (1 1 .4)) l . Moreover, we denote by M an 
arbitrary line in the plane (L, L*), not incident with the point 
(L, L*), and we denote by M* its polar-conjugate line. The line M* 
is obviously incident with the point (L, L*) (because its polar 
conjugate is incident with the plane (L, L*)). 

THEOREM (12.1). There is a two parameter set consisting of four 
linearly independent real points a v , . . . , a v which have the following 
properties : l 4 

a) a v is the point on H where L, L* and M* meet. a v ^ a v is the 

4 34 

intersection point (L, M), a v is the intersection point (L*, M), and 

2 

finally, a v ^ a v is the other intersection point of M* and H. 

1 4 

b) These points satisfy the relations : 



2 
4 

= (/ = 3,4). 

c) // we put 
(12.2) hy^htoataP, 

i J 

then 



(12.3) ((%)) = 



PROOF. The existence of points #\ a* which satisfy (12. l)c 

3 4 

1 See also Cahen, M., (1). 

2 Note that (12.3) holds for the third class, while (8.5) refers to the first two 
classes. 
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and A 4 4 = 0, ^33 7^ is assured by Theorems (1 1.4) and (7.5)b. The 
factors of proportionality of these points being arbitrary, we choose 
the factor of a v in such a way that ^33 = + 1 l . The Pliicker plane 

3 

coordinates of L are k^, and because L* is polar-conjugate to L, 
is proportional to a^a^, i.e., k^ is the intersection of the polar 

4 2 

planes a^, a^ of the points a>, a. Let us choose the factor of pro- 

42 42 

portionality of a v in such a way that 

4 

(12.4) - * - 2a [w a ]. 

4 2 

Then we have 

(12.5) - ft = (a-O^ - (* W OV 

2 242 224 

The point a is incident with L*, which is incident with a^. There- 

2 4 

fore, if we use the fact that a v is outside of H, we may choose its 

2 

factor of proportionality in such a way that ^22 = + 1 , and con- 
sequently, (12.5) reduces to 



2 4 

which is equivalent to (12.1)b. Moreover, multiplying (12.4) by a 

i 
and remembering that a v is incident with M* which is the inter- 

i 
section of a w and a w , we obtain 

2 3 

(12.6) - ark = (aaja - (aaja 

1 142 124 



1 4 2 

The point a 00 is on H, i.e., h\\ = 0, so that we are still free to choose 

i 

its factor of proportionality. If we choose it according to h\^ = 1 , 
the equation (12.6) reduces to 

(12.7) oA = a 

1 2 

1 The point a v is outside H\ therefore, ^33 cannot be negative. 

3 
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equivalent to (12.1) a. The factors of all points a v are now fixed, 

i 

and the remaining numbers hy result from the location of these 
points on polar-conjugate lines L, L* and M, M*. The only arbitrary 
line of these four lines is the line M in a w . Therefore, the set a v 
described in a) is a two-parameter set. 4 * 

REMARK. The factors of proportionality of the points a v being 

i 
fixed, we may interpret a v in X$ as components of four linearly 

i 

independent contra variant vectors: a v and a v are null vectors, and 

I 4 

a v and a v are unit vectors. Although only a? and a v are eigenvectors 

23 43 

of kx v , we shall call all four vectors basic vectors, keeping in mind that 
a v and a v are not eigenvectors of /. The vectors a v being linearly 

21 i 

independent, we may define the corresponding set of co variant 

i 

vectors a\ by means of (8.1). Then, of course, we may use (8.2) as a 
definition of the nonholonomic frame and apply Definition (8.1). 
In particular, % defined by (12.2) and satisfying (12.3) are non- 
holonomic components of h^. The nonholonomic components W of 
h*P are defined by 



(12.8) W 
and satisfy the condition 

(12.9) ((%)) = ((W)). i 
which will be used later. 

THEOREM (12.2). Denote by 91 and a the determinants of Atf and 
Ai v . Then 

(12.10)a fa= 1, 

and 

(12.10)b = yVW\> a = y/Vj$|,y = sgn. 2 

The proof based on (12.2), (12.3), (12.8) and (12.9) follows the 
pattern of the proof of Theorem (8.2). 

1 This condition follows easily from 



2 SI and a are real for the third class. 
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THEOREM ( 1 2.3) . The components A f, A x * satisfy (8. 1 4) . Moreover, 
if ijkl is an even permutation of 1 23 4, we have 



(12.1 l)a Ae 

(12.1 l)b AJ 

The proof is similar to the proof of Theorem (8.4). 
REMARK. The relations (8.14) are here equivalent to 

423 1 

a v = a v , a v = a", a v = a v , a v = a v 

<'2.i2) ; ; ; ; 

a \ = a \> a \ = a \> a \ = a \> a \ = *A- 
423 1 

13. Continuation. The considerations of this section concern 
only the third class. 

THEOREM (13.1). The nonholonomic components hrf, ky and W are 
(13.1)a ki 2 = k2 4 = 1, the remaining hrf = 
(13.1)b ki^ = kzi = 1, the remaining hy = 
(13.1)c A 42 = A 24 = - 1, ^ remaining W = 0. 
TA nonholonomic components Mkrf, ^A^, awrf (2A^ ar^ 
(13.2)a <P>&i 4 = dj ^ remaining <*V = 

(13.2)b <iyfeii =" dl the remaining Why = 

(13.2)c Wk** = 8% the remaining (&W = 0. 

P = 2, 3, .... 

The proof of the first half, based on (12.1) and (12.3), is similar to 
the proof of Theorem (9.1). The proof of (13.2) follows from (12.3), 
(13.1) and (3.8). 



THEOREM (13.2). The tensors A A/A , Mk^, Wk Xv and Wk x v may be 
expressed as follows : 

14 22 33 

(13.3)a h XfA = - 2a (x a^ + a x a^ + a x a^ 

1 2 1 #=1,2,.... 

(13.3)b 



2 

1 See also Kilmister, C., (1). 
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21 11 



(13.3)c 

*u """"" 1 2 
(13.3)d Mk* v = - 28*a&a v } - <5f aV. 

42 44 

PROOF. We have 



Substituting into this equation from (13.1)a and (13.2) a we obtain 
(13.3)b. The remaining formulae may be proved in a similar way. 

THEOREM (13.3). Let a v and 'a v be two sets described in Theorem 

i / 

( 1 2. 1 ) . Then the corresponding nonholonomic frames A f, Atf, and 'A ?, 

'A)f are related by the formulae 

(13.4) a) 'Af 

with 



(13.5)ai ((C/)) = 



and 












6 


ucosv 


usinv 


W 2 








2 





e 





ucosv 








/ 


ecu sin t; 


.0 












u cos v ce' u sin v 




(13.5)b ((Q*)) = , , u 



w o 

where e, ' == 1 awrf u, v are two arbitrary parameters. 

PROOF. According to the description of the set a v in Theorem 

1 

(12.1), any other set V satisfying the conditions of this Theorem 
1 

1 In (13.5)a,b the subscripts denote the rows; the superscripts indicate the 
columns. 
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is related to a v by means of the following equations : 
1 



V = Aa v - 


h #0* H 


h C^H 


h Da v 


i i 


2 


3 


4 


V = 


v 


H 


-Pa" 


2 


2 




4 


V = 




Ga"- 


hHa" 


3 




3 


4 


V = 






itf. 



4 4 

where the coefficients A, . . . , / may be obtained from the in variance 
of hi], kij with respect to ( 1 3.6) . l In this way we obtain ( 1 3.5)a, while 
(13.5)b follows from (13.5)a and 

dfcf = 4. 

REMARK I. It is easy to see that the nonholonomic components 
Tj"'. of a known tensor transform under (13.4) according to 

i 
(13.7) Tj::: = C**C^:::r*;;. 

In particular, hy, W, and ky (as well as nonholonomic components 
built up from these components) are invariant with respect to 
(13.4) and (13.5). 

REMARK II. It is interesting to compare Theorem (9.3) and the 
statement of the previous remark. In both cases we have a two- 
parameter group of transformations. But there the analogy stops. 
The difference may best be described in terms of the geometry of 
the space PS. In the case of the first two classes the group of transfor- 
mations leaves the tetrahedron a v a v a v a v invariant. In the case of 

1234 

the third class only a point (i.e., a v ), its polar plane (i.e., a^, and two 

4 4 

lines L and Z,*, incident with a\ and a v , are left invariant. 

4 4 

The theory of nonholonomic frames as developed here will be the 
most useful tool in dealing with the problem B (Cf. the next 
chapter). 

14. The tensor *h Xv . In this very short section we shall consider 
an application of the theory of nonholonomic frames. The result 
will be needed later. 

1 This invariance is evident from (12.3) and (13.1)b. 
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THEOREM (14.1). The tensor *h Xv as defined by (3.9) a is of rank 
four. 

PROOF. Assume first that k^ is not of the third class. Then, ac- 
cording to (9.1)a and (10.5), we may write for the nonholonomic 
components *hf of *A/ = *h ocv h OL \ 



On the other hand, by virtue of (1.3) a, 

(1 - V 2 ) (1 - i) (1 - 2 ) (1 - 1 
1234 



= [(1 -a 2 ) (1 -/? 2 )] 2 = g 2 ^0. 
Hence, the factor 1 v 2 is always different from zero, so that the 

X 

rank of *h x 1 is equal to four. By the same token, the rank of *h* v is 
equal to four. 

Assume now that k^ belongs to the third class. Then we have 
according to (3.9)a and (13.2)a 

(/I 00 1 N 
10 1 
0010 
\0 1, 

Hence, even in the case of the third class the rank of *% and, 
therefore, the rank of *h* v is equal to four. 

15. The tensor / A/z *. In this section we shall investigate the 
tensor field which will later be identified with the electromagnetic 
field 2 . In the definition of this tensor we shall use the quantity a 
defined in the introductory section. 

THEOREM (15.1). Put 
(15.1) /Av d ^--! 

z, 

1 Cf. Hlavat?, V., (13). 

2 Cf. Hlavat?, V., (13), (15), (17), (20); Todeschini, B., (1); and Ikeda, 
H., (2). 



42 CHAPTER I, SECTION 15 

Then f\ v is a tensor, and 

(15.2)a / Av = 



( 15.2)b / A " = ^- [/c V W * Av 



PROOF. Multiplying the pseudodensity V|g| by a we obtain a 
density (of weight + 1). Therefore, / Av , as defined by (15.1), is a 
tensor. Substituting from (3.9)b into (15.1) and using (2.2)c and 
(1.3)b, we obtain 



20 
a 



The equation (15.2)b foUows easily from (15.2)a and (2.13)b. 
Let us denote by f the determinant of f\ v , and by / the scalar 

(15.3) /^f/t>. 
THEOREM (15.2). We have: 

(15.4) a)f = I, b)/ = A. 

PROOF. Using the method of the proof of Theorem (2.3) we first 
obtain 



(15.5) 64f - 

On the other hand, we get from (15.2) a 

(15.6) g^ v f^1 Xv =\k\^^k^k Xv 

** + 

*] = - 8/cgVf. 



Comparing (15.5) and (15.6), we obtain (15.4) a. The equation (15.4)b 
follows from (15.4) a and (1.5)b. 

THEOREM (15.3). The equation (15.2) a admits a unique inverse 



CHAPTER I, SECTION 15 43 

solution : 

(15.7) k, v = 



PROOF. Assume that k\ v belongs to one of the last two classes. 
Then k = 0, and according to (15.4) we also have / = 0. Then (15.7) 
is obviously the inverse solution of (15.2) a. Assume now that & A/Lt 
belongs to the first class, so that fk ^ 0. Then we see from (9.3) and 

12 34 

(15.2) that fxp is a linear combination of a^a^ and a\xa^. Therefore 
we may put 

(15.8) *fc = 



where a and b are to be found. Substituting from (15.8) into (15.2) 
and using (2. 12), (2. 13), we see that by (15.4)b the resulting equation 
is an identity if and only if 



a Vg 
a = 



2 I-/ 



Substituting these values into (15.8) we obtain (15.7). 

In the first section (Definition (1 . 1)) we defined the class of k^ by 
means of k and K. We could adopt the same definition of the class of 
/ A/x , using / and 



Then the following Theorem holds. 

THEOREM (15.4). The tensors & A/Lt and / A/x are of the same class. 
Moreover, they have the same set of basic null eigenvectors. 2 > 3 

1 Since /^O we always have f^\. Moreover, from (15.6) we see that 
(p = x. 

2 According to our definition of basic vectors in the case of the third class 
(Cf. Remark following the proof of Theorem (12.1)) there is only one basic 
null vector, namely a v , in this case. 

4 
s Cf. also Sdenz, W., (1). 
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PROOF. First we obtain from (15.7) 
(15.9)a 4K = - -- 



Assume first k ^ 0. Then we also have / ^ 0, and consequently, 
both tensors belong to the first class. If, however, k = 0, then we 
also have / = 0, and (15.9)a reduces to 

(15.9)b K=-gF. 

Hence, if k^ belongs to the second (third) class, the same holds for 
/^ and vice versa. Moreover, the equation (15.2) a reduces in this 
case to 

(15.10) fa^ 

Assume now that k Xfl is of the third class. Then we have according 
to (13.3)d 

(15.1 1) **/ Av = - r *w*rf* = 0. 

4 Vg 424 

Hence, a v is also the null eigenvector of / Av , and since fa v is of the 

4 

third class, it is the unique null eigenvector of f\ v . Assume now that 
k^ is of the second class and that K > 0. Then we have according 
to (7.2), (9.3)d 2 and (15.10) 

<* A /Av = -- 7- e Xw paaPa* = 0, q = 1, 2. 

q Vg 2 1 q 

(15.12) 



v r 

h Vg 2 1 h 

We know from Theorem (8.4) that 



2 1 h 
h' 

is proportional to a v = a v , (h, h' = 3, 4; h' ^ h). Hence, according 

h 

to (15.12), the basic null vectors of k^ are also null eigenvectors of 
fx v . The same method used in the case K < leads to the same 
result (the pairs a v , a v and a v t a v interchanging their roles). 

12 34 
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Assume now that k\ v is of the first class. Then we see from (9.3) d2 
that 



(15.13) -- e X 

* u 2 1 M 4 3 w 

Hence, according to Theorem (8.4) the vector (15.13) is proportional 

u' 

to a v , where u' ^ u and u, u' = 1 , 2 or u, u' = 3, 4. In other words, 
the left hand term in (15.13) is proportional to a v . Therefore, we see 

u 

from (15.2) that a* is also a null eigenvector of fx v . This tensor being 

u 

of class one we have only four corresponding null eigenvectors. 
Hence, both tensors k^ and /^ also have the same set of null 
eigenvectors in the case of the first class. 
In the next Theorem we shall use the scalar 

(15.14) e= 1 + 2F + f. 

THEOREM (15.5). // 
(15.15)a 1 + /^ ,i 

then e > 0, and 

(15.10 



so that (15.7) can be written 
(15.17) k Xv = - 



PROOF. Substituting from (15.9)a and (15.4)b into (3.3)b, we 
obtain : 

(15.18) 



If 1 + / = 0, then the factor of g in (15.18) is equal to zero. If 
/+ 1 ,6 0, then (15.18) yields 

(15.19, - 



1 The case 1 + / = is considered in Hlavaty, V., (13). 
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This equation shows that e > 0. Therefore, we obtain from it 
(15.16). The remaining part of the Theorem is obvious. 

AGREEMENT (15.1). Throughout this book we shall assume 

(15.20) +1^0. 

NOTE. Remembering (15.4) we obtain from (15.20) 

(15.21) /+ 1 ^0. 

This concludes the necessary algebraic prerequisites for the 
subsequent investigations. 



CHAPTER II 
THE CONNECTION T/^ 

PART I 

The case of general n 

Introduction. x 2 A set of functions /y^ with the transfor- 
mation rule 

v - 

1 '' ~ 



is termed a connection, and /Y^ are its coefficients. Thus, for in- 
stance, if /Y^ are coefficients of a connection, the same holds for 

/0\ A v clef FT v i 

V*) * A A /x, = * (A /A) V~ 

while 

/^\ C v def p r v , /_ 

I / AjLt = 2 [A /LI] V" 

is a tensor, called the torsion tensor of the connection /Y^. If 
5^ = 0, the connection is called a symmetric one. 
If v v (z0;J is a vector, then 

(4) D^ ^ dpV + rfpifi 

T\ . def ^ , fll ^ TV /7i 



(, 



is called the covariant derivative of w* (w^. D^ is a symbolic co variant 
vector, called the symbol of the covariant derivative with respect to 
./V^. The application of D^ to more general tensors follows the 

1 In this part of the second chapter we shall deal with the case of general 
n > 1. In other words, the restriction n 4 is dropped. Of course, all the 
results are also valid for n = 4. 

2 The results of this part are taken from Hlavat^, V., (7). 
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pattern of (4). Thus, for instance, 

(5) D u g^ = s M g^ - r^g^ - rfvgfr. 

If e is a density of weight w 9 then 

(6) D^ = a^e - wF^e 

is its co variant derivative. D^e is a covariant vector density of 
weight w. 1 

The formulae for the covariant derivatives of pseudotensors or 
pseudodensities are the same as for tensors and densities. 

A particular case of a symmetric connection is the connection 
whose coefficients are the so-called Christoffel symbols 

(7) { A y = ***"& V + ^ A A - a -*v)- 

The covariant derivative with respect to {/^ will be denoted V^. 
The connection {/^J has the property 

(8) v^ ^ a^ - {A,K M - {/jA Aa = o. 



As a matter of fact, this equation is used in the gravitational field 
theory for defining the Christoffel symbols. 

1. Analogy to the gravitational field theory. In the unified 
field theory the role of the basic tensor is no longer played by h^, 
for we have here the non-symmetric tensor g A/Lt . Therefore, it would 
seem natural to follow the analogy of the gravitational theory in 
defining the unified connection JT/^ by an equation corresponding to 
(8) of the Introduction, i.e., by 

(1-1) DS* - 3fiV - A 8 ^ - V^A* = 0. 

However, this equation imposes a heavy restriction on g A * 

THEOREM (1.1). A necessary condition that (1.1) admit a solution 
r^p is : The scalars g and k, defined by I ( 1 .5) 2 are constant. 

1 The same holds for each of the following expressions: 



V ~ W 4*V- 
However, if 5 A v ^ 0, only (6) is consistent with (4). 

2 Here and in subsequent references we shall use the Roman numerals I, 
II, III, . . ., VI to indicate the first, . . ., the sixth Chapter. 
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PROOF. First one obtains from (1.1) 
(1.2)a 0^ = 

(1.2)b #0,^ = 0, 

so that, in particular, 

( 1 .3)a *g*0A* = 3 W ^ g - 2T.. = 

( 1 .3)b f^D m h^ = 3,, In $ - ZT = 0. 

Hence, 

8o> In g = 3 >f). 

Integrating this equation one gets g = const. If k = 0, then our 
Theorem is proved. If & ^ 0, then there is a unique tensor V = 
such that 



>' 

and consequently, (1.2)b gives 

( 1 .3)c V*D m k^ = 3 tt In I - 2r a " w = 0. 

The equations (1.3) be lead to k = const. 

NOTE. Later, in V, we shall see that a function of g may be 
identified with the gravitational function l (which in the gravi- 
tational theory reduces to a constant). Hence, in using (1.1) to 
define /Y^, we restrict a priori the generality by assuming that the 
gravitational function reduces to a constant. This is a strong 
restriction from the physical point of view. Therefore, we shall not 
adopt the equation (1.1) as a starting point. 2 

2. The tensors AoSV an d D w *^. Instead of using (1.1) we 
shall adopt Einstein's condition for defining the connection Ftf^ 

1 Gravitational functions appear in Jordan, P., (1), (2). Cf. also Heck- 
mann, O. Jordan, P. Fricke, W., (1); Hoffmann, B., (4), (6); Havlidek, 
R, (1); Nariai, H., (1); Just, K., (1), (2), (3). 

2 Other possibilities for defining the connection /y are considered in 
Stephenson, A., (3). Cf. also Santalo, L., (2); Kilmister, C. Stephenson, 
A., (2), (3); Winogradski, J., (l)-(4); Tonnelat, M., (4), (9); Bertotti, 
B., (1) ; Bandyopadhyay, G., (2) ; Cf. also Eisenhart, L. P., (2), (3), (4) ; Hely, 
J., (1); Pastori, M., (1); Singh, K., (1); Arnowitt, R., (1). 
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i.e., 

(2.i)a a^ - r^g^ - r^fii. - o. i 

This system represents w 3 nonhomogeneous linear equations for 
w 3 unknowns /y^. Hence, if this system admits a solution (which is 
not always the case as we shall see later), it could be obtained by an 
elementary algebraic device, at least for a fixed n. 3 What we are 
looking for in this part of the second chapter is a device which 
yields JT/^ in a surveyable tensorial form for any n. Finding such a 
device is by no means an easy task. 

In subsequent considerations we shall denote by D^ the symbol 
of the covariant derivative with respect to the connection defined in 
(2.1) and by S^* the torsion tensor of this connection. The following 
Theorems will be proved simultaneously: 

THEOREM (2.1). The condition (2.1)a is equivalent to 
(2.1)b Ao&^ = 25^^, 

and this system can be split into 
(2-2)a Dh^ = 2S ft ^a> a 

(2.2)b D w k^ = 2S w[| g A ] cr 

THEOREM (2.2). The tensors D w g X p, D w h^ and D m k^ satisfy 

1 Compare the order of the indices co and p in (1.1) and (2.1)a. This order 
dates from a previous attempt by Einstein. Cf. Einstein, A., (1), (2) ; Hlavaty, 
V., (10). 

2 These equations may be derived from a variational principle. Cf. Schro- 
dinger, E., (1), (2), (4); Lichnerowicz, A., (2), (3); Tonnelat, M. A., (1), (13). 
In Einstein, A., (6) (Appendix II), they appear as a result of the so-called 
"pseudo-Hermitian" symmetry (see section 4). Later, Einstein, A., (7), (8) 
pointed out that these equations may be derived from a variational principle. 
Cf. de Simoni, F., (2); Bose, S. N., (1); Finzi, B., (2); Winogradski, J., (3), 
(4), (5); Einstein, A. Kaufman, B., (3). 

3 Such an elementary algebraic device has been used for a very special 
form of g XfJL in the case of n = 4 by the following authors : Bandyopadhyay, 
G., (1); Bonnor, W. B., (1), (2), (3); Bertotti, B., (2); Clauser, E., (1); Ma- 
vrides, S., (1), (2), (4), (5) ; Papapetrou, A., (2) ; de Simoni, F., (1) ; Takeno, H., 
(1), (2); Takeno, H. - Ikeda, M. - Abe, S., (1); Vaidya,P.C., (1), (2);Lenoir, 
M., (1); Ghosh, N. N., (1); Ikeda, M., (2) (3); Narlikar, V. - Tiwari, R., 
(3); Rao, B., (1); Udeschini, P., (7). 

See also the footnotes pp. 71 and 146. Almost all of these papers deal with 
the second class. 
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the following conditions: 

(2.3)a Attfify* + DpgXa> = 0> 

(2.3)b D (<a h Xft} = 0, 

(2.3)c D A A^ + 2Z) (o ,^ )A = 0. 

PROOF. Substitute into 

iJ P\ ~~~ fj P\ I \^ P ... / & o\ 

^"^ OJoALt tt)oAlX A 6t)oOtLC LI CUOAOt 

for 3^^ from (2.1) a. The result is (2.1)b. The equations (2.2) a,b 
follow from (2.1)b and from 



The condition (2.3)a follows from (2. l)b. The condition (2.3)b follows 
from (2.2) a. The equation (2.3) a is equivalent to 

= 0, 



and this equation, together with (2.3) b, leads to (2.3) c. 

In the next Theorem we shall use the tensor *g Aj/ defined by I (3.6). 

THEOREM (2.3). The equations (2.1) are equivalent to 
(2.4)a AoV'^^S^V^ 1 

and this system is equivalent to 

(2.4)b a w *g* + TA.V + rj^g*" = o. 

PROOF. Multiply (2. 1 )b by V : 
(2.5) VAoSv = - fi^A. V = 25 W /. 

Multiply the last equation by *g^*. The result is (2.4) a. The equation 
(2.4) b follows easily from (2.4) a. Start with (2.4) a, and multiply this 
equation by g^. The result is (2.5) . This equation leads easily to (2. 1 )b. 

THEOREM (2.4). The covariant derivatives of the determinants g 
and I) are 

(2.6)a D.fl = 25,9 

(2.6)b D w t, = 2S^ - 2Sjkft 

where 

(2-7) 5, ^ S^. 

1 For the solution of (2.4)a cf. Mavrid&s, S., (7) . 
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PROOF. Put v = 11 in (2.5). Then 



,= fl^Aofl ==25,. 
Multiply (2.2)a by A A /* 

h^D^ = fp 1 AoD = 25^*"* + 25^*^.*^ 
= 25,, + 2S wX k\. 

This equation is equivalent to (2.6) b. 

3. The connection T/^. 

THEOREM (3.1). // the system (2.1) admits a solution T/^, this 
solution must be of the form 



(3.1) r^ = tfj + SA/ + f/% 

where the Christoffel symbols are defined by (7), x the torsion tensor 
V ty (3), 1 and 

(3.2) C/%^2A-S a(A ^^. 

Moreover, the equation (3.1) is equivalent to (2.2) a. 

PROOF. Using (2.2) a and (2.3) b one obtains 
(3.3)a P 



On the other hand, the formula 



leads to 
(3.3)b 



Comparing the equations (3.3) a,b one gets 
(3.4) vl A V ^ AiV = (AV) + 

1 C/. the introduction to this Chapter. 
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But 



and this equation, in conjunction with (3.4), is equivalent to (3.1). 
The manner in which this formula has been obtained demonstrates 
the equivalence of (3.1) and (2.2) a. 

The equations (3.1), (3.2) reduce the investigation of J 7 /^ to the 
study of the tensor S A/ /. In order to know the connection it is 
necessary and sufficient to know the tensor S A/ /. Therefore, we shall 
look for a method yielding S A/ /. Our investigation is based on the 
tensor 

(3.5) K^ x ** V m * v + 



where V^ is the symbolic vector of the covariant derivative with 
respect to 



THEOREM (3.2). The tensors S A/ / and U v ^ are related to the tensor 
K^v in the following way: 

(3.6) 2S^ V - K^ v - 4C7 av[/i ^f . 

PROOF. Combining (2.1)b and (2.3)c one obtains 
(3.7)a 



On the other hand, one finds by virtue of (3.1) 
(3.7)b DJ = P a 



The equation (3.6) is a result of the substitution from (3.7)b into 
the left hand term of (3.7)a. 

o 

NOTE. Let D^ be the symbol of the covariant derivative with 
respect to A^ = T^). Then, by (3.4), 



v 



(3.8) ^D v k mll = IV v 

Substituting from (3.8) for P a fy y into (3.5) one obtains 

( 3 - 9 ) K*v = 33^,* 
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so that (3.6) yields 

(3.10) 2S^ V = 33 [a) ^] + 2D v k^ 1. 

This equation is just a formal simplification of (3.6). Both equations 
(3.6) and (3.10) require the knowledge of U v XjJL . 

THEOREM (3.3). Put 
(3.1 1) 

Then 
(3-12) 

and this equation is equivalent to 
(3.13) 

PROOF. The equation (3.12) results from the substitution for U 
into (3.6) from (3.2). The equation (3.13) follows from (3.12) and 

(3.14) Kw=r n k v r 

A simple inspection shows that (3.13) and (3.5) again lead to (3.12). 

THEOREM (3.4). The equations (2.2) b and (3.12) are equivalent. 

PROOF. The equations (3.12) and (3.6) are equivalent. From the 
manner in which (3.6) has been obtained (equation (3.7) a), it is 
evident that (3.6) and (2.2)b are equivalent. 

THEOREM (3.5). A necessary and sufficient condition for the 
system (2.1) to admit a unique solution /y^ is: The system (3.12) 
admits a unique solution S^ v . 

PROOF. The system (2.1) is equivalent to (2.2) a,b. The system 
(2.2) a is equivalent to (3.1) while (2.2) b is equivalent to (3.12). The 
proof follows easily from these facts. 

NOTE. This Theorem reduces the investigation of (2.1) to the 
study of (3.12), which is the main goal of subsequent sections. 

4. Pseudo-Hermitian symmetry. Put 



1 Cf. Stephenson, G., (3); Kursunoglu, B., (3); Ingraham, R., (1). 
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where 



Then 



^ f V=- V 



This formal resemblance to the definition of Hermitian symmetry 
justifies the application of the name "pseudo-Hermitian symmetry" 
to (4.2). 

The connection T/^ ^ f J 1 /^ is a function of g Aft . Denote by T/^ 
the same function of the argument g^. Then the following Theorem 
holds. 

THEOREM (4. 1 ) . // the system (3. 1 2) admits a unique solution, then 
(4.3) T/A = AV 

so that, in particular, the term on the left hand side of (2.1)a is pseudo- 
Hermitian in A, 11. 

PROOF. Let us modify by a dash all quantities which one ob- 

+ 
tains by replacing g A/t by g Aft . Thus, 

rr _ _ j^ 

(4 4) J '" ~" /*" 

" jpPy = Y a ^y 

COUV ODUV' 

and 

(4-5) 2S aj3y Z^ = ^, 

Assume now that (3.12) admits a unique solution. Comparing 
(3.12) and (4.5) one obtains by virtue of (4.4) 

(4. 6) a 8a>iJ,v == ^o>/iv == Sp<av> 

so that according to (3.2) and (4.1) 
(4-6)b C/V = U"^. 

Hence, 

/VA = (/A) + V + ^V = 
= W + V + J7^ = r A y 

Therefore, 

3 ax _ J\a a _ P a ^% = 
^atSAfj. * A a>5a/n * a> /iSAa 

^ * * * 
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NOTE. The pseudo-Hermitian symmetry of (2.1)a (the "survi- 
vor" of the Hermitian symmetry from earlier papers by Einstein, 
A., (1), (2), (3) and Einstein, A. Straus, E., (1)) was the original 
reason for the peculiar positions of the indices co and // in (2.1) a. 
However, Einstein A., (1) did not prove (4.3) ; he simply postulated 
it. 

5. The system (3.12). Assume that a tensor 7^... is skew 
symmetric in co//, and denote by T^... those components for which 
co// are in natural order (JY n ..., T^ IV ..., etc.). Thus, X<$g v are those 
components of the tensor X*v defined by (3.1 1) for which co//, as 
well as a/?, are in natural order. Put 

def 

= 

and denote by ((#")) the square matrix whose elements are 
The rows (the columns) of ((#*)) are indicated by subscripts (by 
superscripts). Moreover, denote by ((X)) the square matrix of 
elements X^f v9 with the same significance of subscripts and super- 
scripts as before. 

LEMMA (5.1). The matrices ((X)) and ((#")) have the same rank. 

PROOF. Denote by ((X\)) the matrix which one obtains from 
((X)) by disregarding in the latter all rows and columns whose 
elements are zero. * ((X}) and ((Xi)) have the same rank. With 
each row X^ v (column X'f?) of ((Xi)) there is associated another 
row X'^ v (column Xty). Retain only the rows X^ v (columns X*?'?) 
and disregard the remaining ones. The matrix ((X*)) so obtained 
has the same rank as ((Xi)) 9 so that ((X*)) and ((X)) are of the same 
rank. Moreover, according to (5.1), 



(5.2) ((#)) = 2((X Z }}, 
and this concludes the proof of our Lemma. 

THEOREM (5.1). // and only if the rank of ((X)) is m = 
n 2 (n l)/2, there is a (unique] tensor 

(5.3) Y% 

1 In other words all rows X^ v (all columns X*f for which CD = p (for 
which a == 0). 
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with the property 

/c A\ 
( 5 - 4 ) 

TA0 tensor Y is defined as follows: Put 
(5.5)a ^ V = ~i ln Det 

(5.5)b 



Then Yfg is defined by (5.3). 2 

PROOF. Assume that the rank of ((X)) is m. Then ((#*)) is of the 
same rank, and we have according to (5.5)a 
/t- , v #"<* y tfv^." 

V 5 - 6 ) ^cafi^fet = 

or, by virtue of (5.1), (5.3) and (5.5)b,c, 



On the other hand, 

def 


dot 



Substituting from (5.8) into (5.7) one obtains (5.4). 3 The remaining 
part of the proof is obvious. 

THEOREM (5.2). A necessary and sufficient condition for the 
system (2.1) to admit a unique solution is: The matrix ((X)) is of rank 
m n*(n l)/2. // this condition is satisfied, then 



(5-9) AV = tfj + UK^Y, + K^YjSli V)*"*- 



1 This equation defines the components V[^]f for which o)fi as well as 
? are in natural order. The remaining components may be obtained from 



2 Cf. Theorems (12.3) and (16.1) for n = 4. 

3 Strictly speaking one obtains (5.4) where a/? as well as fy are in natural 
order. Due to (5.3) and to a similar equation for X, (5.4) is then valid for all 
pairs of indices oc/3 and 77. 
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PROOF. A necessary and sufficient condition for (3.12) to admit 
a unique solution S^^ is that the matrix ((A')) be of rank m = 
n 2 (n l)/2: If and only if this condition is satisfied, we obtain from 
(3.12) and (5.4) 

(5- 1 0) S wfll , = P^ajSy Y^. 

The remaining part of the proof follows from Theorems (3.1) and 
(3.5). 

NOTE. The solution (5.9) holds for any n. l It is not too difficult 
in the case of n = 4 to express Y in terms of g^. However, even in 
this simple case the solution results in a much too complicated form. 2 
Therefore, we shall find in the next part of this chapter another 
way of expressing it. The method will be outlined only for n = 4 
and will also comprise the degenerate cases excluded by Theorem 
(5.2) (see the next chapter). 

THEOREM (5.3). The requirement for the existence and uniqueness 
of the solution F^^ of (2.1) does not impose any restriction on g^ 
in the form of an equation. 

The proof follows at once from the previous Theorem. 

NOTE. Cf. Theorem (1.1). 

THEOREM (5.4). A sufficient condition that the system (2.1) admit 
either more than one solution JT/^ or none is 

(5.11) g = 0. 

PROOF. Assume that (5.11) is satisfied. Then there are at least 
two vectors A x , B A , such that 

(5.12)a 
(5.12)b 
Let C v ^ be an arbitrary vector and put 

^JcoA/i def C<*A X BP. 

Then we have not only 

(S.13)a ^V gA/i = 0, 

1 Another method of solution for general n is in Tonnelat, M. A., (2), (5), 
(1 1). Cf. also Schouten, J. A., (1). However, this latter method is incomplete. 

2 Cf. Tonnelat, M. A., (10), (12), (13); Straus, E., (1). 
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but also 

(5.13)b S^g^A^ = 0. 

The equation (5. 13) a yields by virtue of (5.12) 
(5.13)c A^D^g^ = - g^DAb = 0. 

Hence, we have, independently of (2.1)b, 
(5.14) A^D^ - 2S^g^) = 0. 



Therefore, the equations (2.1)b are not independent. If they are 
consistent, then they will admit more than one solution, /Y^- If 
they are not consistent, there is no solution. 

NOTE. The condition (5.11) is not a necessary one as we shall 
see later (Cf. Section (14)). 

THEOREM (5.5). A necessary condition for the system (2.1) to 
admit exactly one solution is 

(5.15) fl^O. 

PROOF. Assume that (2.1) admits exactly one solution. Then 
according to the previous Theorem we cannot have (5.11). Hence, 
we must have (5.15). 

NOTE I. The condition (5.15) is not a sufficient one as we shall 
see later (Cf. Section (14)). 

NOTE II. Although the equation (5.9) solves our problem of 
finding J 1 /^, there are many cases where the tensor Y is not needed. 
Some of these cases will be presented in the next two sections. 

6. The tensor S^/. In the next Theorem we shall assume that 
the tensor 



is of rank n, so that there is a unique tensor YJ satisfying the 
condition 



Moreover, we shall use the abbreviation 
(6.2) K^^d^ 
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THEOREM (6.1). A necessary and sufficient condition for the 
system (3.12) to admit exactly one solution S wpiV of the form 

2 

^WfJLV ==: T ^[cofyilv 

ft - 1 

is 
(6.4) 

// this condition is satisfied, then 
(6.5) 

PROOF. Substituting from (6.3) into (3.12) one obtains 
(6.6a) 4S [ JV=( W ~ 1 )*V, 

and this equation yields 

(6-6)b _L_ S<1( ^=F.V 

equivalent to (6.5). The equation (6.4) results from the substitution 
of (6.5) into (6.6) a. Assume now that (6.4) is satisfied. Define the 
tensor S wf4V by (6.3) and (6.5), and substitute it into (3.12). This 
substitution reduces the latter equation to (6.4) which is satisfied 
by our assumption. Assume now that (3. 12) admits another solution 

2 

(6*7) a 



< Jt ) f j,v 

n i 

(6.7)b 'S^S... 

Applying the previous method to this solution one obtains 



and this result contradicts (6.7) b. 

COROLLARY (6.1). In the case mentioned in the previous Theorem 
one has 



(6.8) r/ M = {/} , y 

PROOF. This equation results from (6.5), (6.3), (3.2) and (3.1). 
COROLLARY (6.2). In the case (6.8), the requirements 
(6.9) a) S^=0 b) PV = 
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are equivalent and reduce (6.8) to 



PROOF. The equivalence of (6.9)a and (6.9)b follows from (6.5). 
The remaining part of the proof is obvious, * 

NOTE. Later we shall see that one of the field equations is 
(6.11) S A = 0. 

Therefore, the previous Corollary is very important for the study of 
this field equation. 

The last two Theorems of this section will be very important for 
the study of the electromagnetic field. 

THEOREM (6.2). We have 



PROOF. First one obtains from (2.2)b 
(6.13)a 



On the other hand, 

(6.i3)b Dfrkw = 



The equation (6.12) results from (6. 13) a and (6.13)b. 

THEOREM (6.3). The tensor *k Xv 2 satisfies the condition 
(6. 14) 8 A ( V\Q\*k*) = - 



PROOF. A simple inspection based on I(3.7)a, (2.6)a and (2.4)a 
shows 



(6.15) Z 

On the other hand, 



1 Cf. (2.7). Another example where Y is not needed is in Hlavat^, V., (7). 

2 As in the first chapter, *k* v is the skew symmetric part of the tensor *g Av 
satisfying the condition I (3.6). 



62 CHAPTER II, SECTION 7 

Comparing the last two equations we obtain (6.14). 

o 

NOTE I. If we denote by DX the symbol of the covariant deri- 
vative with respect to Atf^ = /V^), then obviously 



or, according to (6.14), 

bx 
If, in particular, 5 A = 0, we have 



^ = 0. i 

NOTE II. This Theorem will enable us later to identify the 
electromagnetic field. 

7. The tensor U v ^. The tensor U v XfJt is defined by (3.2). On the 
other hand, it can be computed directly and independently of S A/ /. 

THEOREM (7.1). The tensor U v ^ satisfies the following conditions: 
(7.1)a 1^ = 0, 



and 
(7.2) 

PROOF. The equations (7.1)a,b follow directly from (3.2). The 
equation (7.2) results from the substitution for S wfly from (3.6) into 
(3.2). In order to prove (7.1)c, start with (2.6) a and (3.1) 

25^,0 = D^Q = 0(3^ In 2JT a a w ) = 

= 0(3^ In 3^ In f) + 25^ 2(7^}. 

This equation leads at once to (7.1)c. 

The equations (7.2) may be looked upon as a set of n 2 (n+l)/2 
linear non-homogeneous equations for n 2 (n + l)/2 unknowns 
^Ofi)- Denote by b its determinant. 

i Cf. Pastori, M., (2). 
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THEOREM (7.2). Under present conditions l the determinant b 
does not vanish identically. If the equations of the system (7.2) are 
taken in an appropriate order, then 

(7.3) b = 1 + V 

where V is a polynomial in k of degree ;> 2. 

PROOF. If kxp = 0, then with the appropriate order of the 
equations (7.2) we have b = 1 . Hence, for reasons of continuity we 
must have (7.3) for sufficiently small k^ ^ 0, where V is a poly- 
nomial in ft/. Moreover, we must have V = for ft^ = 0. Hence, 
V does not contain any constant term, and the lowest degree of its 
terms is obviously d ;> 2. On the other hand, the only allowable 
restriction is either k = or k = 0, K = 0. Hence, under these 
present conditions x b as defined by (7. 3) does not vanish identically. 

COROLLARY (7. 1). 2 The equation 

(7.4)a V*A>* = 

is necessary and sufficient in order that under present conditions l 
(7.4)b U^ = 0. 

NOTE. If (7.4)b holds, then we have according to (3.6) 

(7.5) Satpv = 2-^wftV 

COROLLARY (7.2). Whenever (7.4) holds, then g and K are 
constant. 

PROOF. First we have according to I (1.5) c 
(7.6)a 4S n K = a^fttf = - 2ft* F w k^. 

On the other hand, by virtue of (7.4)a, (7.6)a and (3.5) 
(7.6)b = ft^K^ = to* V v krf = 2d v K. 

1 In general (i.e., without further restrictions) k^ belongs to the first class. 
So far the only allowable restrictions imposed on k^ reduce to the require- 
ment that k^ belong to one of the last two classes. This situation is described 
in the text by the words "present conditions." 

2 We exclude here cases where V 1 in some particular points. 
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Therefore, according to (7.6)a,b K is constant. The constancy of g 
follows from (7.4)b and (7.1)c. 
There is an interesting relationship between h^ and U v ^. In 

o 

order to establish it we denote as usual by D^ the symbol of the 
co variant derivative with respect to the connection Atf^ = /V M ). 

THEOREM (7.3). We have 

(7.7) D^ = 7^. 

o 

PROOF. Start with the expression for D^h^ 

(7.8) b n h^ = ? h Xtl - 



The equation (7.7) follows from (7.8) and (7.1)b. 

The tensor U^ is connected with the theory of paths. A path of 
Ftfp is a curve x v (p) whose tangential vector dx v /dp satisfies the 
relation 

< 7 - 9 > 

A path of {/ M } is defined in a similar way and is called a geodesic. 

THEOREM (7.4). A necessary and sufficient condition that every 
path of rgp be a geodesic (and vice versa] is (7.4)a. 

PROOF. The equation (7.9) is equivalent to 

(7JO) 



Hence, a necessary and sufficient condition for our requirement to 
be satisfied is 

(7.11) C7" A/ y^ = ^, 

where p is a suitably chosen scalar and v v an arbitrary vector. This 
equation yields in turn 

(7. 12) A- W 



- - 
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The middle member in the last equation does not contain v v . Hence, 
we must have 

8 2 /> 

lP~a^~~ ' 

so that 



where p^ is independent of v v . Then the last equation of (7.12) 
reduces to 

(7.13) U^-p^ + p^. 

Applying (7.1)b to (7.13), we obtain p^ = and this implies (7.4)b. 
The remaining part of the proof follows from the Corollary (7.1). 
A path (a geodesic) is termed minimal if its tangential vector 
satisfies the condition 

THEOREM (7.5). Consider the following set of conditions: 

I) The tensor t/^ is defined by 

(7 .15)a - (n - 1)7% = 2U^ - U^ - U x %. 

(7.15)b U^O. 

II) // 

(7.16)a U(D a UV)U% = 0, 

then 

(7.16)b OE/ A A A/i = 0. 

The conditions (7.15) and (7.16) are necessary and sufficient in 
order that the following requirements be satisfied: 

a) Every minimal path of /y^ is at the same time a minimal 
geodesic and vice versa. 

b) Every other path is different from a geodesic and vice versa. 

PROOF. Consider first a tensor Y A/ / = Y^f such that for 
every vector v v we have 

(7.17)a 
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Using the method which led to (7.13), one gets 
(7.17)b Y^=Y^+Y x d^ 

with an arbitrary vector Y^. Consider now the possibility of there 
being a tensor X^ v = X^f such that for any null vector w v y and 
only for null vectors, we have 

(7.18)a Xxjufiwr = 0. 

This requirement is satisfied if and only if for any vector u v the 
tensor u^^ is proportional to h^ ', in other words, if 

(7.18)b Xtf^Th^X* 

where X v is an arbitrary vector. Hence, in order that require- 
ment a) be satisfied, it is necessary and sufficient that 

(7.19)a t/V = Th^X* + d\Y^ + ^ Y A . 

Applying (7.1)b to this equation we obtain 

(7.19)b X v = - Y v 

so that (7.19)a reduces to 

(7.19)c U\ = 2* V X - ^Xp - d^X x , 

and this equation yields 

17 M = - (n - 



so that (7.19)c is equivalent to (7. 15) a. In order that requirement 
b) be satisfied, it is necessary that (7.15)b hold. If (7.15)a,b are 
satisfied, then requirement b) holds for all curves with the 
possible exception of curves C, whose tangential vector is U v . For 
such a curve we have from (7. 15) a 

(7.20) C7" A/i C7 A J7^ = 0. 

Hence, if C is a path (i.e., if (7.16)a holds), then it is also a geodesic. 
Therefore, for requirement b) to be satisfied without exception, 
we have to assume (7.16)b also. Then C is a minimal path which is 
at the same time a minimal geodesic as required by a). 

NOTE I. The special form of U v ^ given by (7. 15) a has a physi- 
cal significance which has been considered in detail in Hlavaty, 
V., (17), (18). C/. also Clauser, E., (2). 
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NOTE II. If (7.15) holds, then (3.6) reduces to 

(7.21) S = JX + 1 

/* i 



In the next Theorem we shall again use the abbreviation (6.2). 

THEOREM (7.6) a. A necessary and sufficient condition for (7.15) 
to be satisfied by the tensor [7^ of (3.2) is 

(7.22)a ( - 1) V*A>* = 2 W** - a&JWtfp * 0- 

PROOF. Assume that (7.15)a holds, and substitute from it for 
U v ^ into (7.2). The result of this substitution is the equation (7.22) a. 
Assume that (7.15)b holds, so that U vXfJL ^ 0. Then the left hand 
term in (7.22)a must not vanish (Cf. Corollary (7.1)) so that the 
inequality (7.22)a must hold. Assume now that (7.22)a holds, and 
define a tensor U v ^ by (7.15). Substituting this tensor into (7.2) 
one obtains (7.22) a which is satisfied according to our assumption. 
If we define S w/Ltv by (7.21), then a simple inspection shows that the 
tensor C7 vAjLt defined by (7.15) satisfies (3.2) 1. 

THEOREM (7.6)b. // the conditions (7.22)a are satisfied, then the 
corresponding connection Ftf^ is given by 

(7.22)b Ffp 



" W ^ *^^ + W- 

PROOF. If (7.22)a is satisfied, then (7.15) and (7.21) hold. Sub- 
stituting for U^XfA and Sx^ from these equations into (3.1), one 
obtains (7.22)b. 

We conclude this section by a Theorem which describes the rela- 
tionship between the vector Sx defined by (2.7) and U v x^. 

THEOREM (7.7). We have 

(7.23) S M = ? * tt + 217^ + U,frtf. 

PROOF. The equation (3.6) yields 



1 The equation (10.8)b of the corresponding Theorem (10.3) in 
V., (7) contains an obvious misprint. 
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This equation together with (7.1)b,c leads to (7.23). 

NOTE. This Theorem enables us to find some geometrical 
consequences of the field equation (6.1 1), which we shall discuss in 
the fourth chapter. Assume that n = 4 and k^ is of the third class. 
Then by I (3.3)b g = 1, and consequently, by (7.1)c 

(7.24) 17^ = 0. 

Furthermore, if (6.11) holds, then we have according to (6.14) 

= o, 



and this equation reduces by virtue of I (3.9)b, I (1.5)b and I (1.6)c 
to 



o = 

Hence, the equation (7.23) reduces in our case to 
(7.25) V^tf" = 0. 

8. Approximations. In the previous two sections we presented 
some examples where the tensor S w/iv (and therefore, also the con- 
nection r/jj could be easily computed. In this section we shall 
exhibit a method which leads quickly to an approximation of S m/4J , 
with an a priori given degree of accuracy. The assumption needed 
for this method is that the field k^ is so "weak" that the products 
of kxp and d^k^ of degree p (^ 2) may be neglected. In connection 
with this assumption we shall use the equality sign JL whenever we 
shall need to stress that an equation holds if the above-mentioned 
products of degree ;> p are neglected. Moreover, we shall make use 
of the following tensors : 



- 2V V^A) y) 
s = 2, 3, . . . 

(8-Dc 



so that (7.2) may be written 

( 8 - 2 ) ^ajS 



CHAPTER II, SECTION 8 69 

THEOREM (8.1). Under present conditions 1 we have 

(8.3) U^0. 

PROOF. Under present conditions * the determinant b does not 
vanish. Therefore, (8.2) is equivalent to 

(8.4) U^ = H&Pftlb 

where P is a polynomial in k^, and the lowest degree in k of 
its terms is d > 2. On other hand, we see from (7.3) that 



is a formal expression for 1/b. The rest of the proof, based on (8.4), 
is almost obvious. 

THEOREM (8.2). Put 
(8-4)a 



(8.4)b 

m 

(m 
and 

(8-5)a U 

m 

(8.5)b S^ ^ \ 

m 

Then 

(8-6)a U v 

(8-6)b S 

PROOF. Multiply (8.2) by 

(8-6)c 

1 See footnote 1 on page 63. 
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This equation may be simplified. First we have 



m 



so that 



w 

Hence, because of (8.5) a, we have for (8.6) c 



and this equation reduces by virtue of (8.3) and (8.1)a,b to (8.6)a. 
Then, of course, (8.6)b is a consequence of (8.5)b and (8.6)a. 

THEOREM (8.3). Put 
(8.7)a AV^W + V+^V 

m mm 

Then 

(8.7)b ' AV=AV 

m 

The proof follows at once from (3.1), (8.7) a and (8.6). 
COROLLARY (8.1). We have 

(8.8) rtp 4 { A y + pv - V **>' 

~ [- ktfk^K*^ + WktSKxyJl. 
The proof follows from (8.5) and (8.7) f or m = 1 . 

NOTE I. Theorem (8.3) shows how fast we can approximate 
AV Thus, for instance, the first step (m = 1) approximates /y^ 
except for the biquadratic (and higher) products. However, with 
this degree of accuracy we have 

40, 

while for the first class k ^ 0. Therefore, in the case of the first class 
any approximation which disregards the biquadratic (and higher) 
products distorts its characteristic property (i.e., k ^ 0). Thus, the 
lowest applicable step in this case is the second one, m = 2, which 
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leads to 

A" A/V 

* A /u = * A /* 
2 

The corresponding C7 and 5 have to be taken from (8.5) and (8.4) 
2 2 

(8.9)a U^ = H^tffa + 

2 

(8.9)b S, v = PT VV - 2 

2 

NOTE II. This method of approximation is very handy if one 
deals with problems connected with JP/^ without actually knowing 
its exact form. l 

This concludes the first part of Chapter II. In the next part we 
shall deal again with the case n = 4. This restriction will enable us 
to exhibit an explicit formula for JT/^ in a very simple form. 



i Bonnor, W. B., (5); Infeld, L., (1); Schrodinger, E. f (5); Udeschini, P., 
(1), (2), (3), (6), (8); Hittmair, O. - Schrodinger, E., (1); Hoang, P. T., (1); 
Callaway, J., (1); Kursunoglu, B., (1), (3); Ikeda, M., (1); Lenoir, M., (2), 
Narlikar, V. V. - Tiwari, R., (1), (2), (3); Moffat, J., (1), Tonnelat, A., (3), 
(6), (7), (13); Zanella, A., (1); Maurer Tison, R, (2). Another method of ap- 
proximation is dealt with in Hlavat^, V., (7). 



CHAPTER II 

PART II 

The case of n = 4 
First and second class 

9. Auxiliary formulae. In this part of the second chapter we 
shall discuss the case n = 4 and apply the results of the first 
chapter to the theory developed in the first part of this chapter. l 
In sections 9-13 we shall consider only the case in which the tensor 
k^ belongs to the first class. Then the basic scalars A, . . . , A are 
given by I (6.2), i.e., l 4 



A = - A = iVD + K ^ 0, 

1 2 



DEFINITION (9.1). The scalars A, are defined by 

ijk 



(9.2) A ??? 1 + AA + U + U 

ijk ii jk ki 

with the understanding that at least two of the indices i, j, k are different. 
The following two Theorems will be proved simultaneously: 

THEOREM (9.1) a. The scalars A are symmetric in their indices 
and satisfy the conditions ijk 



(9.3)a A = 1 + K + O, A = 1 + K - 

12i 34i 



(9.3)b A = A = J = I=1~^-V^~ 2Vk 2 

223 114 113 224 



(9.3)c A = A = 1 = =1-X 

332 441 331 442 

(9.3)d A = A = A==A==I- J K:-\/^ + 2V* 

113 224 223 114 

1 This part is based on Hlavat^, V., (18). 

2 The dash over A denotes as usual the complex conjugate. 
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(9.3)e A = A=I = A=l-#+A/D + 2Vk. 

331 442 332 441 

THEOREM (9.1)b. A necessary and sufficient condition that all 

scalars A be different from zero 
ilk 

(9.4)a X ^ 

ijk 

is 

(9.4)b g ^ 0. 

This condition is satisfied by virtue of Agreement I (1.1). In parti- 
cular, 

(9.5) A X = g. 

I2i 34? 

PROOF. The symmetry of the scalars A in the indices i, /, k, 

Hk 
follows from (9.2). The equations (9.3) follow by simple inspection 

from I (6.1)a, (9.1) and (9.2). Using (9.3)a,b, I (6.1)a and I (3.3)b 
one obtains 



A A = (i + K + D) (i + K - 

I2i 34? 



The scalars (9.3)b-e are complex, since & < 0. The first statement 
of Theorem (9.1)b follows from these results. 

Let us now consider the tensor X as defined by (3.1 1), i.e., 

(9.6) 

In the next Theorem we shall consider the nonholonomic compo- 
nents of this tensor, applying Definition I (8.1): 



THEOREM (9.2). The nonholonomic components X^ of X are 
given by 



*** 6 

xy ^ 
xy yz xz 



They are invariant with respect to the transformations I (9.5). 

1 We remind the reader that the indices x t y t z, t do not follow the usual 
Einstein summation convention. 
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PROOF. The nonholonomic components may be derived from 
(9.6) 

(9.8) X% e = **J* - 2* VV ~ 2$ V**- 

Their invariance follows from (9.8) and from Theorem I (9.3). Sub- 
stituting into (9.8) from I (9.1)a, i.e., 

(9.9) *,< = A4, 

X 

one obtains (9.7). 

NOTE. The equation (9.7) shows that Xj** vanishes whenever 
ijk is not a permutation of xyz. The remaining components may be 
described by the following two sets of formulae : If y = z, x ^ y we 
have from (9.7) 

(9.io)a 



xyy 



(Note that X* = 0.) 

If, however, #y2 are three different indices, then the corresponding 
components X % J* Z may be taken from the first row of the following 
self-explanatory table 



X y * 



X xyz 



(9.10)b X- 



xy 



yz 

-iAA 



- AA. 



A). 

a;/ 



The remaining rows may be obtained by suitable permutation of 
indices. The formulae (9.10) will be very useful for later purposes. 
Denote by A/8 the determinant of the matrix of the table 
(9.10)b. " 

-AA -AA 

xy xy 

A - AA - AA 

xyz yz yz 

- AA A - AA 

zx xyz zx 



(9.11) 



xyz 



A- AA 

xyz xy 

-AA 

ye 

-AA 

ZX 

THEOREM (9.3). We have 
(9.12) A -- 

xyz 



A V ^ 0. 
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PROOF. One obtains the equation (9.12) by applying in turn the 
following elementary operations to the determinant (9. 1 1) : 1) adding 
the last two rows to the first one, 2) subtracting the second column 
from the third one, 3) adding the second row to the third one, and 
finally, 4) subtracting the first column from the second one. The 
inequality (9.12) follows from Theorem (9.1)b. 



10. The tensors Z^ v l and L^ v . In this section we shall use 

xy 

the tensors <? Wf4 and / defined by I (10.6)b and I (10.10). Although 

X 

these tensors have been constructed without the help of basic 
vectors we have according to I (10.8) and I (10.1 1) 

xy x y 

(10.1)a 0^ = 2*^ 

xy (xy = 12, 34) 

(10.1)b Qw = 2al>ari 

y x 

(x= 1, ...,4), 



so that, in particular, 

xy xy 

(10.2) [J" V 1 = [<o [a V 1 = - W~rV* 

x y y x 

In the next Theorem we denote by RT.\\ the real part of a complex 
tensor T" m . 

THEOREM (10.1) a. Put 



(io.3)a 

AX y z 
xyz 

Then 

(10.3)b \Ztv v = 

\ 12 12 4 

= io.ira- /" ( ~ W<*0*% + 2R %* E 
1+K+yD r 3 i 

] 34 34 

- (- IQ^Q*W V + 

r (4 3) i 

1 This tensor is not connected with the tensor of the same name defined 
by (8.1)c. 
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lKVD 2Vk 232 



R 

! -K+V-D 2Vk 2 3' 3 1 4' 4 

he tensors Q and E are to be taken from I(10.6)b and I (10.10) 
(so that the right hand side of (10.3)b does not explicitly contain the 
basic vectors). 

PROOF. Let us consider the set of all tensors on the right hand 
side of (10.3) a which have the coefficient and = 

A A A 

233 144 233 

1 

(10.4) a (E[J^E ' ]W -f EiJ^Epfl) EV + 

A 2 3 32 3 

233 



X 1 4 414 

144 



A 2 33 

233 

Next, consider all tensors with the coefficients and = , 

A A A 

* P 331 442 331 

i.e., 

(10.4)b -- (EfafrE^fi + EI 

A 1 3 3 

331 

1 

^24 4 2' 4 

442 



A 1 3 3 

331 



The scalars A and A are complex-conjugate and the same is true for 

233 133 

the tensors / and /. Hence, adding the tensors (10.4)a,b we 
i 2 
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obtain according to (9.3) 



' x 1 " 4* 4"' l + VD-K-2Vk 

which is twice the tensor in the last row of (10.3)b. The remaining 
rows may be obtained in a similar manner. The remaining part of 
the Theorem is obvious. 

The components Z^ given by (10.3)b are rather complicated. 
However, the corresponding nonholonomic components are ex- 
tremely simple. 

THEOREM (10.1)b. The nonholonomic components of the tensor Z 
given by (10.3)b are 

no ^r 7^ k aKfl* 

^lU.OjC ^xyz ~T" [xy]z m 

xyz 

PROOF. The nonholonomic components of E\ v are 

X 

EX* '- " a a E\^ - (a a\\ (a cP\ ~~^ Oiu 

j ~~ ~ry ^ \~ "'A/ vv* i y X 

x i x i x 

Therefore, according to (10.3) a l 

1 



(10.5) 

A x' y' 
x'y'z' 



r __ _ 

[xy]x , y , zz , ^ [xv]e . 

x'y'z' xyz 

THEOREM (10.2). Let 



be a tensor whose nonholonomic components are 
(10.6)b L^ 2 dcfJL. 2 



xyz 



1 The indices x' t y' t z', introduced in (10.5), do not follow the summation 
convention. 

2 K xyz are nonholonomic components of the tensor K^ v ^ defined by (3.5). 
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Then 

(10.6)c L^ = Z^ v K^ r 

where Z&, is defined by (10.3)b. 

PROOF. The equation (10.6)b may be rewritten as follows: 



(10.7) L X y Z = -a 

A x y z 
xyz 

Thus, by virtue of (10.7), (10.1)c and (10.3)a 

xyz 

( 1 0.8) L^ v = ^xyz L xyz a [a> a^ a v 

xyz 



A x y z 
xyz 



- x y z 

xyz 

The tensor L wfJLV will play an important role in the next section. 

11. The tensors S wl * and U v ^. In this section we shall 
consider the solution S wfjiv of (3.12). The following two Theorems 
will be proved simultaneously. 

THEOREM (11.1). A necessary and sufficient condition for the ex- 
istence and uniqueness of the solution S WJLIJ , of (3.12) is (9.4)b. 

THEOREM (11.2). // (9.4) b is satisfied, then the system (3.12) 
admits a unique solution 

(11.1) 2S^ V = L^ v + 3L Mv] V V 

where the tensor L^ v is defined by (10.6)c. 

PROOF. Rewrite the system (3.12) for nonholonomic compo- 
nents 



Assume first that pqr are three different indices, and put in turn 
pqr = %yz\ pqr = yzx, pqr = zxy. 
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Then we obtain from (1 1.2) and (9.10) 
(11.3) S i}k X%,= 

^xyz( A 
\xyz 



yz xy 



xy 



yzxf A, AA\ 
yz \xyz yzl 



xy 



yz 



V^xyz 



t^yzx 



AA = 



-p Sy 



zx zx \xyz zx/ 

The system ( 1 1 .3) represents three linear non-homogeneous equa- 
tions for three unknowns S xyz , S yzX) and S zxy . It has a unique so- 
lution if and only if its determinant A ^ or, according to Theo- 

xyz 

rems (9.3) and (9.1)b, if and only if (9.4)b holds. If this condition is 
satisfied, then we obtain from (11.3), using (9.12), 



(11.4) 



K 



yzx 



-AA 


AA 


xy 


xy 


A-AA 


- AA 


xyz yz 


yz 


-AA 


A-AA 


ZX 


xyz zx 






xyz 

On the other hand, 
so that 



xy 



-T- 

A 

xyz 



z \ AA] . 



Assume now p ^ q = r in (1 1.2), and put 



1 One easily obtains this expression by applying the following elementary 
operations to the determinant involved in (1 1.4) : 1) adding the last two rows 
to the first one, 2) adding the third row to the second one, 3) subtracting the 
second column from the last one. 
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Then we have by virtue of (11.2) and (9. 10) a 

2SijJcX l xyy = S X yy A Syxy A = 2S X yy A = K X yy 
xyy xyy xyy 

or 

2S X yy = ~K X yy. 

A 
xyy 

If we put z = y in (1 1.5)a, we obtain (1 1.5)b. Hence, we may dis- 
regard (11.5)b, provided that we include the possibility z = y in 
(1 1.5)a. This latter equation may be rewritten by means of (10.6)b 

(1 1.6) a 2S xyz = L xyz + 



xy 

or by virtue of (9.9) 

(1 1.6)b 2S xyz = L xyz + L\ijz\kJkJ. 

This equation is obviously equivalent to (11.1). 

NOTE. Using the matrix calculus, Bose, S. N., (4) found a formula 
which may be easily converted into (11.1). (Cf. also Bose, S. N., (5).) 

THEOREM (11.3). The tensor U v ^ defined by (3.2) is expressible 
in terms of g^ as follows: 

(11-7) ^v=-*"*a yJ W 

PROOF. Substituting into (3.2) for S from (11.1) we find 
(1 1.8) U\ = h^S^k? + S^ y y) 

V 



Lowering the index v in (1 1.7) we obtain, using (10.6)b, an equa- 
tion whose nonholonomic expression is 

U ZX y = (K z y]k^ + Kzxjkyi) = -- 

xyz xyz 

Hence, a necessary and sufficient condition for 

tf = 
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is 

ktfK^ = 
as has been stated in Corollary (7.1). 

We conclude this section with a Theorem concerning the con- 
nection /Y^. 

THEOREM (11.4). A necessary and sufficient condition for the 
system (2.1) to admit a unique solution J 1 /^ is (9.4) b. // this condition 
is satisfied, then 

(i 1.9) r^ = fcy + tf(\Lj^ + iLywW V - *tt y J>>.x) 

where L is defined by (10.6). 

The proof follows easily from Theorems (3.1), (11.1), (11.2) and 
(11.3). 1 2 

NOTE. Comparing this Theorem with Theorem (5.2) we shall 
find in the next section the tensor Y involved in (5.9). 



12. The tensor Y^. In this section we shall find the explicit 
form of the tensor Y defined in Theorem (5.1), and involved in 
the equation (5.10), i.e., 

(12.1) 2 

THEOREM (12.1). Put 
(12.2)a oy/Sy 

where Z is defined by (10.3). Then 
(12.3) 2 

PROOF. One easily obtains (12.3) from (12.2)a, (11.1) and (10.6)c. 

NOTE. Comparing (12.1) and (12.3) one finds 
(12 4) a Y*P y = Y a ^ + T*fo 

^i^.-rya, J. ^^ J. ^^ -y x ^^ 

where the unknown tensor T must satisfy the condition 
(12.4)b K^TJfc = Q. 

In order to find T we need the following 

1 The method used here for n = 4 has been generalized (for all three 
classes) for any n in Wrede, R., (1). 

2 See also Kichenassamy, S., (1). 
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THEOREM (12.2). The nonholonomic components of the tensor 
are 



(12.2)b 



xyz 



PROOF. The nonholonomic form of (12.2) a is by (9.9) 
(12.5) 



x y 



Substituting into this equation from (10.3)c one obtains (12.2)b. 



NOTE. As in the case of X the non- vanishing components 
may be described by two tables: If y = z, then we have from (12.2)b 



(12.2)c 



Oyxyy __ Qyyxy 

* xyy * xyy 



1 



(note that oyjjj = 0) 

while for three different indices x, y, z we find according to (12.2)b 

/ 1 \ 
the following self-explanatory table ( where /> - 1 1 

\ A / 



xyz 





oy* 


Oyvnx 


O y^ 


Y xvz 


p(l + AA) 


ptt 


P AA 




XV 


xy 


xy 


(12.2)d oy ... 

* yzx 


pM 


/>(! + AA) 


P u 




yz 


vz 


ys 


y^ 


P u 


/>AA 


p(l -\- AA) 


1 


SX 


ZX 



THEOREM (12.3). The tensor Y^ defined by (12.2)a is identical 
with the tensor Y^ v defined in Theorem (5.1), 



(12.6) 

PROOF. Using ( 1 2.2)b and (9.8) (or ( 1 2.2)cd and (9. 1 0)) one finds 
(12.7)a 
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or in holonomic components 

(12.7)b X$Yi = 6^. 

Comparing Theorems (5.2) and (11.4) we see that the condition 
(9.4)b is equivalent to the requirement that the matrix ((X)) be of 
rank m = 24. If this condition is satisfied, then the system (12.7)b 
admits only one tensor Y. The same is true for the tensor Y in- 
volved in (5.4). Hence, Y = Y. 

NOTE. According to this Theorem we have T = jor the tensor 
T involved in (12.4). 

13. The components Ffa. 

LEMMA (13.1) a. The nonholonomic components {fa} of the 
Christoffel symbols {/^ are 

(13.1)a {fa} = - A *M7 * A 

1 k 

where the a's are basic vectors. 



PROOF. The relationship of {/^ and {fa} is given by the formula 
(13.2) {fa} = A*J[A*AMJ + A&pAl]. 

This equation reduces by virtue of 1(8.1) and I (8.2) to 



k 1 1k 

LEMMA (13.1)b. We also have 






xy x y x y t 

where the p's and the u's are taken from Theorem I (10.3), and the 
E's are defined by I (10.10). 
The proof is obvious. 

THEOREM (13.1). The nonholonomic components F x t y of F^^ are 
given by 

(13.3) rj y = { x t y } + 

+ i ^*h zt y [K xyz 

xyz 
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where the h zt are to be taken from I (8.5). The construction of F^fy does 
not require the actual knowledge of the nonholonomic frame. 

PROOF. One obtains (13.3) using the nonholonomic form of 
(1 1.9) and (10.6)b. According to the previous Lemma the construc- 
tion of { x t y} does not require the actual knowledge of the non- 
holonomic frame. The same is true of the components K xyz because 



x y z x y z x y z 

14. Second class. In this section we shall consider the tensor 
kfy to be of the second class so that the basic scalars are given by I 
(7.2) and I (7.3), i.e., 

(14.1)a a^ f A = - A = V^2K 

1 2 for K > 0, 



(14.2)a a^A- A = 

1 2 __ for K < 0. 

(14.2)b ft ^ A = - A = V- 2K" 

3 4 

The following two Theorems will be proved simultaneously. 

THEOREM (14.1)a. The symmetric scalars A defined by (9.2) 
satisfy the following equations: If K > 0, then 
(14.3)a A = g 

12i 

(14.3)b A= 1 

34i 

(14.3)c A = A = A = A = 2-g 

223 114 113 224 

(14.3)d A-A = A = A=1; 

233 144 313 442 

if K < 0, #bw 

(14.4)a A=l 

12i 

(14.4)b A-g 

34i 

(14.4)c A = A = A = A=1 

223 114 113 224 
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(14.4)d A = A = A = A = 2-g. 

233 144 331 442 

THEOREM (14.1)b. A necessary and sufficient condition that all 
the scalars A be different from zero 

ijk 

(14.5)a A^O 

ijk 

is 

(14.5)b g(g - 2) ^ 0. 

In particular, 

A A = g. i 



PROOF. For the second class we have, by I (1.6)b, I (3.3)b, 
(14.6)a k = 

(14.6)b K^O 

(14.6)c g = 1+2K 

Substituting from (14.6) and I (7.1) into (9.3) one obtains (14.3) 
and (14.4). Then Theorem (14.1)b is obvious. 

AGREEMENT (14.1). Throughout this section we shall assume that 
(14.5)b is satisfied. 

THEOREM (14.2). The following statements, proved for the first 
class , also hold for the second class, i.e., for (14.3) and (14.4): Theorems 
(9.2), (9.3), (10.1)a,b, (10.2), (12.1), (12.2), (12.3), (13.1) and Lemmas 
(13.1)a,b. 

PROOF. In none of these statements did we use the fact k ^ 0, 
characteristic for the first class. Hence, they also hold for k = 0, 
which characterizes (together with K ^ 0) the second class. 

The following three Theorems which replace Theorems (11.1), 
(1 1.2), (1 1.3) and (1 1.4) will be proved simultaneously. 

THEOREM (14.3). A necessary and sufficient condition for the 
existence and uniqueness of the solution S wfjiv of (3.12) is (14.5)b. 

THEOREM (14.4). // (14.4)b is satisfied, then the system (3.12) 
admits a unique solution given by (11.1) and U v ^ is given by (1 1.7). 

1 See also Kichenassamy, S., (1). 
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THEOREM (14.5). A necessary and sufficient condition for the 
system (2. 1 ) to admit a unique solution T/^ is ( 1 4.5) b. // this condition 
is satisfied, then Ftf^ is given by (1 1 .9). l 

The proof of these Theorems follows the pattern of the proofs of 
the corresponding Theorems (11.1), (11.2), (11.3) and (11.4). 

NOTE. Many formulae involved in the previous statements 
reduce considerably for the second class. Thus, f or K > we have 
from I (10.6) 



and according to I (10.10) 



i 



2 

Moreover, the coefficients in the first, . . . , fourth row of (10.3)b are 

1 




and so on. 



Third class 



15. Auxiliary results. Sections 15-20 of this part of Chapter 
II will be devoted to the third class. The method developed 
in sections 9-14 for the first two classes could also be used in the 
case of the third class. 2 However, efficient as this method has been 
for the first two classes, many of its merits are lost in the case of the 
third class. 3 Therefore, we shall devise a more appropriate method. 
To this effect we first need some auxiliary results. 

The third class is characterized by the conditions 

(15.1) * = 0, K = 0, g=l. 

It admits a nonholonomic frame exhibited in sections I (12) and 

1 Cf. the Notes following Theorems (5.4) and (5.5). 

2 Cf. Hlavaty, V., (19). 

3 For the first two classes the system (3.12) of twenty-four equations 
reduces substantially to the system (1 1.3) of three equations. This, however, 
is not the case for the third class. 
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I (13), where the equations I (13.1) and I (13.2) have also been 
established. These equations may be condensed as follows: 

(15.2)a &i 2 = 2 4 = 12 = - 21 = - k& = A24 = i 

(15.2)b the remaining ky t W and kf = 0, 

and 

(15.2)c <*Ai 4 = - <Jftii = - <*>& 44 = 61 p> 1 

(15.2)d the remaining <?>&#, <*W, and <*>/ = 0. 

X" 

We shall use these equations in the proof of the following 

LEMMA (15.1). The equations 
(15.3)a #*[24] = 

(15.3)b #434 = 

hold in every nonholonomic frame involved in Theorem I (13.3). 

PROOF. We have in these nonholonomic components by virtue 
of (15.1) and (15.2) 

(15.4) 2 



= 0. i 

This equation proves the assertion about (15.3) a. Moreover, by 
virtue of (15.2) 

#434 = 



If we perform the transformation I (13.4) of the frame, we obtain 
according to I (13.7) and I (13.5) a 

-i -i ~i -i -i 

'#434 = 



This equation shows that (15.3)b is independent of the transfor- 
mations I (13.4) of the frame. 

1 We remind the reader that 



where d{ = A\d^, the Christoffel symbols are defined by (13.1), and the 
nonholomic frame involved in these equations is to be taken from sections 
I (12) and I (13). 
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THEOREM (15.1). The tensor 2S^ V defined by (8.5) b for m = 1 
reduces for the third class to l 

( 1 5.5) 2S^ V = IT - ttifK^kJ*. 

i 

PROOF. First we have by virtue of (8.5) a for m I, (8.1)d and 
(8.4)a 

(15-6)a C7 vV = K^k^, 

so that (8.5)b yields 

(15.6)b 2S = K wltv - TktfK^kf - afi^Aj'V'- 

The nonholonomic components of the last tensor on the right 
hand side are 



(15.7)a 

The only components of the tensor (15.7) a which do not vanish 
identically by virtue of (15.2) a are 

2K iqp k {l vk 2 ? = 2K< [2 4]. 
Hence, we have according to (15.3) a 

(15.7)b K iqp k u Pk k f = 9 

so that (15.6)b reduces to (15.5). 

THEOREM (15.2). The tensor S wfJLV defined by (15.5) is a solution 
o/(3.12). l 

PROOF. The nonholonomic forms of (3.12) 1 and (15.5) are 

(15.8) 2S pqr K pqr 4S r ijk [p i kg^ IkufSgwW = 

(15.9) 2S pqr - K pqr - 



i 

We shall now show that a solution of (15.8) is S pqr = S pqr . If in 

i 

the left-hand member of (15.8) one replaces 5 by 5 and takes 5 from 
(15.9), one obtains 1 l 

(15.10) 
i See (9.8). 
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Consider the first of the three tensors in (15.10). The only com- 
ponents which do not vanish identically by means of (15.2) are those 
for p = 2, 1, q = 1, 2, r = 1, 2, i.e., 

- 2ktfWkrf(Kwd l r + tf W *J) = - #424*? = - 2K 4 [24]J- 

Hence, this component vanishes by virtue of (15.3) a. Similar 
reasoning based on (15.3)a,b shows that each of the remaining two 
tensors in (15.10) is equal to zero. Hence, the tensor (15.10) is 
equal to zero. 

16. The tensor Y. Using the previous result we shall be able 
to find the tensor Y defined in Theorem (5.1). For this purpose we 
shall need the following tensors : 



(16. i 



(16. l)d 

Moreover, we shall symbolize any equation of the type (5.4) by 

(16.2) YX = d. 

The tensor "Y enables us to write (15.5) in a more concise form 

(16-3)a 25^ = "Yftff^. 

First we will prove the following 

LEMMA (16.1). We have 
(16.3)b "YX = 6 + T 

(16.3)c (TX)X = 0, 

i i 

where T is the tensor defined by (16.1)c. 
PROOF. Using (15.2)c,d we see that 

(16.4) W*^ < a > V = - 

The equations (16.3)b,c follow by a simple inspection which is 

based on (15.2)a-d, and (16.4). 
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THEOREM (16.1). Put 

yocft, def /ya]8y . 

* = * 



4. T^ 

~ - 1 a>/ 

Y is the tensor defined in Theorem (5.1). 

PROOF. Using ( 1 6. 1 ) d we obtain by virtue of ( 1 6.3) b and ( 1 6. 1 ) a 
the following relationship : 

'YX = "YX -TX = d + 

= d - TX. 
i 

Therefore, by virtue of (16.5) and (16.3)c 



YX = 'YX + (TX)X = d-TX + TX+ (TX)X == 
i 1111 

= d + (TX)X = d. 
i i 

This equation holds if and only if the matrix ((X)) is of rank m = 24. 
Then, of course, there is only one tensor Y satisfying it. Therefore, 
the tensor Y defined in Theorem (5.2) must be the same as the 
one defined by (16.5)a. 

17. The tensor S^^. According to Theorem (15.2) the tensor 
5 W/AV is a solution of (3.12). In this section we shall prove that it is 

the only solution of (3. 12). For this purpose we shall need the follow- 
ing 

LEMMA (17.1). We have 



= 0. 

PROOF. According to (16.1)c the nonholonomic components of 
the tensor on the left-hand side of (17.1 )a are 

(17.2) 
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Consider the first of the three tensors in (17.2). The only compo- 
nents of this tensor which are not identically equal to zero by virtue 
of (15.2) are those for which ij = 12 or ij = 21. Since the tensor 
under consideration is skew symmetric in ij 9 it is sufficient to in- 
vestigate the first possibility 



Hence, the tensor under consideration is equal to zero by virtue of 
(15.3) a. The vanishing of the remaining two tensors in (17.2) may 
be proved in a similar manner by means of (15.3)a,b. The same 
method, based on (15.2) and (15.3), leads to (17.1)b. 
The following two Theorems will be proved simultaneously. 

THEOREM (17.1) a. The system (3.12) always admits a unique 
solution S wtlv . 

THEOREM (17.1)b. The unique solution of (3.12) is 
(17.3) 2S^ V = K^ v - MtfK^kf = 



where the tensors "Y and Y are defined by (16.1)b and (16.5) re- 
spectively. 

PROOF. Remembering (17.1) we obtain from (16.5) 
(17.4) Jf.fr Y$ - 

= K a 

Z1 - 



Since the tensor Y is the unique one satisfying (5.4), we obtain from 
(3.12) the only solution (5.10), and this solution satisfies (17.3) by 
virtue of (16.3)a and (17.4). The construction of the unique tensor Y 
(and, by the same token, of the unique solution (17.3)) did not 
require that any particular conditions be imposed on the tensor k^ 
of the third class. 

NOTE. Compare Theorems (11.1), (14.3) and the last of the 
equations (15.1). 
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18. The tensor C7" A/Lt and the connection T/^. In order to find 
a suitable form for the tensor U^ defined by (3.2), the following 
Lemma will be necessary. 

LEMMA (18.1). Put 



Then 

(18.1)b 0,^ = 0. 

PROOF. Among the nonholonomic components Qrpq of Q vtL \ the 
only ones which do not identically vanish by virtue of (15.2) are 
those for r, p, q = 1 , 2. We have 



and similarly, 

(?r!2 = (?r21 = 

(?r22 = 

Hence, these components vanish by virtue of (15.3) a so that (18.1)b 
holds. 

In the next Theorem we shall use the tensor H v ^ defined by 
(8.1)dso that 



(18.2) k 

THEOREM (18.1). The tensor U v ^ is given by 

(18.3) U^ = K v( fk + 



PROOF. The first equation results from substituting from (17.3) 
into (3.2). On the other hand, we have by virtue of (18.2) 

(18.4)a - 
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Moreover, one obtains according to (18.1)b and (18.2) 
(18.4)b VV 



Upon substituting from (18.4)a,b into the second row of (18.3), 
and using (8.1)d, one obtains the third row. 

NOTE. The equations (7.2) and (18.3) are useful in the proof of 
Corollary (7.1): The necessity follows directly from (7.2), while the 
sufficiency is a direct consequence of (18.3). 

THEOREM (18.2). The system (2.1) always admits a unique so- 
lution, namely, 

(18.5) AV = W + 

+ 



The proof, based on Theorems (3.1), (17.1) and (18.1), is quite 
obvious. 

NOTE I. Cf. Theorems (11.4) and (14.5). 

NOTE II. In the first of his three famous papers on the affine 
field law, Schrodinger, E., (1) p. 166 writes: "In the general case * 
it is next to impossible to produce it 2 in a surveyable tensorial 
form. 3 (This is hard to believe unless one has tried)". We believe 
that (11.9) as well as (13.3) and (18.5) satisfy this requirement. 

19. Auxiliary results. In this section we shall derive some re- 
sults useful for the next section. In particular, we shall consider the 

nonholonomic components {/#} defined by (13.1 ) a, where, of course, 

i 
the vectors a v , a\ are to be taken from sections 1(12) and 1(13). 

1 

1 i.e., for g Xfl ^ g^. 

2 i.e., the solution r A v M of (2.1). 

3 i.e., /y { } (or /y y { x t y}} is expressed in a surveyable tensorial 
form. For the case where this tensor is not expressed in a "surveyable" 
tensorial form of. Einstein, A. Kaufmann, B., (2). 
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LEMMA (19.1). The following equation holds independently of the 
frame transformations I (13.4) : 

(19.1) {4M = 0- 

PROOF. We have according to (13.1)a and I (12.12) 

ii i 



4 i i 

= K(F> A A) = 0. 

LEMMA (19.2). Any one of the conditions 
(19.2)a #234 = 0, 

(19.2)b #342 = 0, 

(19.2)C #423 = 

is equivalent to 

(19.2)d {sM = 0. 

The equations (19.2) are independent of the frame transformations 
I (13.4). 

PROOF. We have by virtue of (3.5), (19.1) and (15.2)a 

(19.3)a #234 = 



and similarly, 

(19.3)b - #423 = {3M = - ^342- 

Hence, each of the equations (19.2)a,b,c is equivalent to (19.2)d. 
Moreover, we have according to I (12.12), I (13.4) and I (13.5) 



34 344 



a^ + ee u sn v a^ 

344 444 

1 
F fft fl A = e'{ 8 1 4}, 

34 
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and this equation yields the desired invariance. 

LEMMA (19.3). The conditions 
(19.4)a #144 = 0, 

(19.4)b #2[4i] = 0, 

(19.4)c #322 = 

are in turn equivalent to 

(19.5)a {4 2 4} = 0, 

(19.5)b {4*2} = 0, 

(19.5)c {a 1 2} = 0. 

The equations (19.4) and (19.5) are independent of the frame transfor- 
mations I (13.4). 

The proof follows the pattern of the proof of Lemma (19.2). 

LEMMA (19.4). The conditions (19.2) and (19.4) are equivalent to 
the system 



(19.6) a 

w + 2 v 



= 2,4) 



which does not depend on the frame transformations I (13.4). 
The proof follows from previous Lemmas and from (13.1) a. 

NOTE. According to Lemma (19.4) the conditions (19.6) have an 
intrinsic meaning. The question arises as to whether they could be 
satisfied. 

THEOREM (19.1). The set of all tensors k^ of the third class for 
which the conditions (19.6) | \ satisfied is not an empty set. 

PROOF. Let us consider a tensor g A/A given by the following 
matrix 




(19.7) 

where y ^ is a real function of coordinates. The corresponding 
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tensor g^] = k^ is obviously of the third class. A simple inspection 
shows that the nonholonomic frame for which I (13.3) holds is 
constituted by the vectors 

(19.8) a"(l 0) a x (\ 0) 

i 

2 

a v (0 y 0) A (0 y-i 0) 

2 

3 

a*(0 1 0) a A (0 1 0) 

3 

4 

a"(0 001) * A (0 1). 

4 

Hence, we have 

2 2 

(19.9)a a*ai* P a x = - (x v ^a^a v = 

42 42 

= {iv 11 !!} = 3iv In y, 
and in a similar manner, 

211 
(19.9)b ' atarV a x = a^aPV^ax = a A fl/*F A = 0. 

44 34 32 

Hence, if y \ . M } a function of # IV , the conditions ( 1 9.6) < > 

r [is not) v x (are J 

satisfied. 

The previous results will be helpful j^the next section. 

20. Equations (11.1) and (17.3). In order to find the solution 
of (3.12) (necessary for the construction of the solution jT^ of (2.1)) 
we developed for the third class a method different from the one used 
for the first two classes. In this way we obtained the solution in the 
form given by (17.3), while the previous method yielded for the first 
two classes the solution in the form (11.1). The question arises as to 
whether this latter equation cannot also be used in the case of the 
third class. This question is very important for later purposes. If the 
answer is affirmative, we can deal with all three classes simultane- 
ously as we did with the first two classes. In the case of a negative 
answer we have to deal with the third class separately. 

In order to find the answer to this important question we have 
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first to clarify the role played by the tensor L wftlf in the case of the 
third class. 

THEOREM (20.1). // we define the tensor L^ v by (10.6), l then 
(20.1)a L^v = K^ v . 

PROOF. By Theorem I (7.5)a, the basic scalars A, . . ., A are all 

1 4 

equal to zero for the third class. Hence, we have according to (9.2) 

(20.2) A=l, 

Hk 

so that (10.6)b reduces to 

(20.1)b L xyz = K xyz 

equivalent to (20.1) a. 

After having introduced the tensor L we are able to prove the 
following 

THEOREM (20.2). In order that (11.1) represent the solution of 
(3.12) for the third class also, it is necessary and sufficient that the 
equations (19.6) hold. 

PROOF. A necessary and sufficient condition follows at once 
from (11.1), (20.1)a and (17.3) in the form 

(20.2)a - 2k [ fK a)]ocf ik v f* = 3K [a ^k^k^. 

However, we shall use its nonholonomic form 
(20.2)b k k P(k^K Jqp - kjK iqp ) = 3/r [w *]*<**j*. 

This system splits by virtue of (15.2) into three different sub-sys- 
tems: 2 

I. Put k = c, i = a, j = f. Then (20.2) b reduces to 

(20.3) K fa *c* = 0. 

1 The nonholonomic components K xyz are constructed here with respect 
to the nonholonomic frame of the third class. 

2 In the present discussion we denote by a, b, c (e, f, g) the indices which 
run from 1 to 2 (from 3 to 4). Moreover, we shall use the "starred" indices 
a*, b*, c* which are defined as follows: 

If a = 1, 2, 

then a* = 2, 4, 

and similarly for 6*, c*. 
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Using (15.3) we see that this equation is identically satisfied for 
several combinations of the indices. It is not an identity for the 
following cases. For / = 3, a = c = 1 

(20.4)a #322 = 0, 

for/ = 3, a = 1, c = 2 
(20.4)b #324 = 0, 

and for / = 3, a = 2, c = 1 

(20.5) #342 = 0. 

According to Lemma ( 1 9.2) the equation (20.5) is a consequence of 
(20.4) b so we may disregard it. It is clear that k = c, i = f y j a 
leads to the same result. 

II. Put k = c, i = 1, / = 2. Then (20.2)b reduces to 

(20.6) #i4c* = 3#[24c]- 

This condition splits in two : f or c = 2 
(2Q.4)c #144 = 

and for c = 1 
(20.4)d # 2[ i4] - 0. 

It is clear that k = c, i = 2, / = 1 would yield the same result. Thus, 
all possibilities f or k = c are exhausted. 

III. For k = / the system (20.2)b reduces to 

(20.7) K l9gn ki*kfl = Q. 

The condition is not an identity if i = 1 , / = 2 

#[24/] = 0, 

so that we obtain for / = 3 the condition 

(20.8) # [243 ] = 

which by virtue of Lemma (19.2) and condition (20.4) b is auto- 
matically satisfied. It is clear that i = 2, j = 1 yields the same 
result. This exhausts all possibilities for k = /. Hence, the system 
(20.2)b splits into (20.4)a~d, i.e., into (19.4) and (19.2)a. According 
to Lemma (19.4) this system is equivalent to (19.6). 
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THEOREM (20.3). As far as the problem B is concerned * there 
are two unified field theories. One for the first two classes based on ( 1 1 .9) , 
another for the third class based on ( 1 8.5) . 2 // and only if the conditions 
(19.6) are satisfied, both theories coincide in the sense that (11.9) 
holds for all three classes. 3 

The proof based on (3.1) and on Theorem (20.2) is obvious. 

21. Special form of g^. The system (2.1) has been solved 
by several authors for special forms of g^. 4 In this section we 
shall investigate the restrictions which lead to such special forms 
in the case of the first two classes. To this effect we first need the 
following 

X 

LEMMA (21.1). Let a\ be basic vectors. If and only if 
(21.1) 6" = p", b x 



the nonholonomic components gy with respect to the nonholonomic 

X 

frame b v , b x are 



hiz+kiz 

1+^21 000 



*43 + *48 



^ 0. 

PROOF. Assume first that (21 .2) are satisfied for a nonholonomic 

X 

frame b v , b x where, of course, 



x y x y 

Then we see from (21.2) that b v are null vectors and that the bi- 

X 

1 i.e., the solution Fjf of (2.1) expressed explicitly in terms of g^. 

2 Of course, both formulae may be expressed formally in the same way by 
means of (5.9). 

3 The question under what conditions (18.5) holds for all three classes is 
left open. 

4 See footnote 3 on page 50. 
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vectors b&b^ and Wtf^ are totally perpendicular. The vectors b v 

a; 1 2 3 4 

and bx constitute a nonholonomic frame so that 

(21.3)a b v b v = tfj, 

i 

and the nonholonomic components kf of ktf are defined by 

(21.3)b kf = kffrb v . 

i 

Then we have from (21.2) 

(21.3)c fti = kffrb v = 0, z = 3, 4 

i 

z 

so that ktffr and b v are perpendicular 
i 

(2 1.4) a k x v b x = <*b v + pb v . 

1 11 2 

1 2 

Multiplying this equation by b v , b v , we find according to (21.3) and 
(21.2) 

k == a, ! = /? = 
i 

so that (2 1.4) a reduces to 

(21.4)b k x v b* = .b v . 

i i i 

Applying the same method to kf we obtain 

(21.5) A *& A = ai". 

x a; a; 

Hence, the null vectors b v satisfy the first set of (21.1), and by 

X X 

(2 1.3) a the vectors b x satisfy the second set (21.1). The third set is 
also a consequence of (2 1.3) a. 

The sufficiency of (21.1) for (21.2) is obvious. 

In the next Lemma we shall use the tensors / defined by 
I (10.10). 
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LEMMA (21.2). The tensor E^^E^f satisfies the condition 

X X 

(21.6) EtfdpExf = a ^U^A]. 

X X XX 

PROOF. We have by virtue of I (10.1 1) 



THEOREM (21.1). In order that there be a coordinate system in 
which gfy acquires the form 

Ain+Ain 

00 



hivui+kivm 




This set of 4 X 10 X 4 conditions is equivalent to the 16 conditions 

(21.8)b i^ll = 0. 

PROOF. According to Lemma (21.1) a necessary and sufficient 
condition for the existence of a coordinate system in which g^ 

X 

acquires the form (21.7) is that the four vectors b\ be gradients. By 
virtue of (21.1) this condition is equivalent to 



If this equation is satisfied, then (21.8)b holds, and the remaining 
part of the proof follows from Lemma (21.2). 

NOTE I. If we substitute into (21. 8) a from I (10.10) andl (10.6), 
we obtain a set of conditions for g^ where the basic vectors are not 
explicitly involved. 
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NOTE II. The special forms of g^ used by different authors for 
solving (2.1) are of three types 



(21.9) 




All the h's are different from zero. A simple inspection shows that 
each of these three types could be reduced to (21.7) by linear 
transformations of coordinates. Therefore, Theorem (21.1) also holds 
for these special types. In other words, if we are dealing with one 
of the forms (21.9), we have to impose on g^ a set of new conditions 
(21.8)a. This is a very substantial restriction of generality which 
could considerably reduce the possibility of physical application l . 

This concludes the investigation of the solution /y^ of (2.1) in 
the general case. The next chapter is devoted to the singular cases, 
where the conditions (9.4)b and (14.5)b are not satisfied. 



1 See section 3 in the fourth chapter. 



CHAPTER III 
SPECIAL PROBLEMS AND SINGULAR CASES 

PARTI 

The tensor N^J l 

1. Prerequisites. In this chapter we shall consider the solution 
of 



i.e., 

(l.l)b 3 2S^ V - 4 

in singular cases. According to Theorems II (11.1), II (14.3) and 
II (17.1) we know that in the case of the first class a necessary and 
sufficient condition for the existence and uniqueness of the solution 
SCO/LIV is g 7^ 0; for the case of the second class this condition is 
g(g 2) ^ 0; while in the case of the third class the solution S wflv 
of ( 1 . 1 ) always exists. 

In this chapter we shall investigate solutions S WjLtl , of (1.1), 
assuming (unless explicitly stated otherwise) that we have in the 
case of the first class 

(1.2) g = 

and in the case of the second class 



or 



The third class is excluded in this chapter, for in this case the solution 
always exists. 

It will turn out that a very useful tool for this investigation is 
the tensor first defined for the most general case by Nijenhuis, A., 
(1). In our case this tensor may be written as follows: 

(i.4) itfj/ ^ (a a *Drt V - ft/MAf 

1 The results of this chapter are taken from Hlavat^, V., (19). 

2 Cf. II (3.12). 

3 Cf. II (3.11). 
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Therefore, after the necessary prerequisites we shall investigate this 
tensor thoroughly, particularly its relationship to S A/ /. The corre- 
sponding results will serve later as an efficient basis for the solution 
of the main problems of this chapter. l Unless otherwise explicitly 
stated the results of the sections 1-6 hold for the first two classes 
even in cases characterized by (1.2) and (1.3). 

NOTE. We are entitled to use here the nonholonomic frame 
described in sections I (8), I (9), I (10), since the results of those 
sections were derived independently of the value of g(g 2). 

2. The tensor N^ v . 

THEOREM (2.1). The nonholonomic components 

z 
x y 

of N^ v are given by 

(2.2Ja \Nrf = {[*]} (A - A) (A - A), (xyz ^} 

s x z y 

(2.2)b N xy y = (A - X)3 x l = - N yx v. 

y x y 

PROOF. The symbol 3 in (1.4) may be replaced by P, and the 
equation so obtained rewritten in nonholonomic components. 
Substituting into the latter equation from I (9.1), we obtain (2.2). 
This result is independent of any special value of the scalar g. 

THEOREM (2.2). Assume 
(2.3)a (A _ A) (A - A) ^ 0. 2 

z x z y 

1 In this chapter we shall use the following Roman indices : 

*' /> ^ P y> Y from 1 to 4, 
x, y, z, t from 1 to 4, 

a, b, c, d from 1 to 2, 
e, f, g, h from 3 to 4. 

The indices in the last three rows (x, . . ., h) do not obey the usual summation 
convention. 

2 We have A = A (A = A) if and only if A = A = (A = A = 0). Hence, 

z x z y z x z y 

(2.3)a is automatically satisfied for the first class. (See Theorems I (6.1) and 
1(7.1).) 
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Then a necessary and sufficient condition for the basic vectors #\ a* 
to be Xz-forming is * y 

(2.3)b N xy * = (xyz ^). 

PROOF. A necessary and sufficient condition for a v and a v to be 
.XVforming is x y 

(2.4) ^PfcflA] = 0, 

x y 

and this equation is equivalent to 

(2.5) {^3} = 

(Cf. II (13,1)). Equation (2.5) is by virtue of (2.3)a and (2.2)a 
equivalent to (2.3)b. 

REMARK. This Theorem has been proved in Nijenhuis, A., (1) 
by another method. 

THEOREM (2.3). A necessary and sufficient condition for the basic 
values X, ... A to be constant is 

1 4 

(2.6) N xy v = (x^y). 

PROOF. Let us first introduce the indices x', y', z' by the follow- 
ing agreement : 

If x = 1, 2, 3, 4, then x' = 2, 1,4, 3, and similarly, for y', z'. 
Then we have by I (6.2) and I (7.2) 

(2.7) 3 x l = - a** 

#' x 

so that the condition 



for all # and ally ^ x yields constant A's. Then the Theorem follows 
at once for the first class from (2.2)b. If, however, we are dealing 
with the second class, then for A = A = 0, x ^ y, we also obtain 
(2.6) by virtue of (2.2)b. * y 

The equations (2.3)b and (2.6) may be rewritten in a way which 
does not require the basic vectors. 
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THEOREM (2.4). Let u^(u x ) be an arbitrary vector 1 . Equations 
(2.3) b and (2.6) are equivalent to 



(2.8) uPuPuyEjEfEjNxJ = 

x y 

and 



(2.9) uruPuyEjEfrEsNtf = 0. 

x y 

The proof follows at once from Theorem I (10.3) and Remark II 
that follows it. 

REMARK. If in (2.3) b x 9 y = 3, 4, or x, y = 1,2, this equation 
may be rewritten in a way which does not involve the basic vectors 
and the arbitrary vectors, namely 



(2.10) 

The proof follows easily from I (10.7) and I (10.8). 

3. The tensors N^ and S A/ /. 

THEOREM '(3.1). Let D^ be the symbol of the covariant derivative 
with respect to an arbitrary connection Ftf^ whose skew symmetric 
part is S^. Put 



Then 
(3-2) 

= r.n'V - 7WV 
PROOF. We have 

(3.3) iy = %kj - sjkj + s^v + (*) 

where (*) denotes terms containing the symmetric part of the 
connection. Substituting 9^ from (3.3) into (1.4), we obtain (3.2). 
The next auxiliary Theorem, needed later on, is 

1 By an "arbitrary vector" we mean any vector whose transvection with 
x 

Etf = E (x 1, . . ., 4) is not equal to zero. 
x 
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THEOREM (3.2). // the connection T" 1 /^ is defined by II (2.1), then 
we have 



(3.4) Trf = - %(^ 

PROOF. Equation II (2.1)b yields in turn 
(3-5)a D M h^ = 2S 0>(l gx x 

(3.5)b - h^ 

(3.5)c J^A* 

(3-5)d Z),^ = 2S co[ /g' A]a 

(3.5)e fl^C = (D^A* + *^A. 

Substituting into (3.5)e from (3.5)d and (3.5)c one obtains (3.4). 

THEOREM (3.3). // the connection T/^ is defined by II (2.1), then 
the tensors S A/ / and N^ v are related by 

(3.6)a 
where 
(3.6)b i A = 



+ 



PROOF. One obtains (3.6) upon substituting into (3.2) from (3.4). 

REMARK. There is a basic difference between (3.2), which holds 
in every case, and (3.6), which holds only in some cases. 

THEOREM (3.4). A sufficient condition for the relationship (3.6) 
to hold is that equation II (2.1) admit at least one solution 2 . 

PROOF. The equations (3.6) result from II (2.1), (3.4), (1.4) and 
(3.2). The equations (1.4) and (3.2) hold in every case. The equation 
(3.4) exists only if II (2.1) is meaningful, i.e., if it admits at least 
one solution. 

1 There is an obvious misprint in the corresponding equation (3.6)b in 
Hlavat, V., (19). 

2 A necessary and sufficient condition for II (2.1) to admit exactly one 
solution is g ^ for the first class and g(g 2) ^ for the second class. 
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REMARK. This Theorem will play a paramount role in the de- 
generate case characterized by (1.2) and (1.3). 

THEOREM (3.5). The relation (3.6) is equivalent to 



(3.7) N xyz = S xyz [X + A + A A + A(l 

x y z xyz z xy 

+ S yzx (l + A) (1 - A*) + S zxy (X + A) (1 - A*) 

y z x x z y 

for arbitrary x, y, z. 

PROOF. Equation (3.6)b shows that according to I (9. 1) the non- 
holonomic components A l ^ r for which ijk is not a permutation of 
pqr are equal to zero. Moreover, they are skew symmetric in ij as 
well as in pq. Therefore, the nonholonomic form of (3.6)a is 

(3.8) N xyz = 2A i x f z S ijk = 

= 4 A* S xyz + ^A^Syzx + 4A% z S ZX y. 

Substituting into the nonholonomic components of A from I (9.1), 
one obtains from (3.8) the equation (3.7). 

4. The identities. Let us prove first an auxiliary 
THEOREM (4.1). The equations (3.6) cannot be inverted. 

PROOF. It is sufficient to prove that (3.7), equivalent to (3.6), 
cannot be inverted: For z ^ x, x', l equation (3.7) yields 

(4.1)a N xx , z = [2S XX , Z X + S x , zx (l - A) + S ZXX ,(X + A)] A 

z z x z x xx'z 

(4.1)b N x , zx = [S X , ZX (X + A) + S ZXX ,(X + A)] A 

z x z x xx'z 

(4.1)c N ixx . = [S^(A - A) + S ZXX ,(X - A)] A. 

z x z x xx'z 

On the other hand, we obtain from (3.7) 

(4.2) N xyx = 2MS xyx> (x^y). 

x xxy 

The equations (4.2) represent all equations for the nonholonomic 
components of N with two equal indices, while (4.1) represent all 
equations for the nonholonomic components of N with three 

1 x' is defined in the proof of Theorem (2.3). 
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different indices. The determinant of the system (4.1) looked 
upon as a system for the unknowns 5 is equal to zero. Hence, 
(4.1) cannot be inverted. 

THEOREM (4.2). The components N^ v are not independent. They 
satisfy the condition 

xy 

(4.3) PtWNrf + AT Ay(a V] = 0, 

xy = 12, 34 
and consequently, also 

(4.4) kfN," + N x kJ = 0. 

PROOF. Assuming first that (g 2) g = 0, we have by Theorems 
II (9.1)b, II (14.1)b A ^ 0. Then the last two equations (4.1) yield 

xx'z 

(4.5) = N x , zx (l - A) - N MX ,(X + A) = 



N zxx .) - X 

Z X' X 

This relation derived for z ^ x, %' also holds for z = x or z = %' as a 
simple inspection shows. Hence, using I (9.1) we may rewrite (4.5) 
in the form 

(4.6) WN J(XX ,) + N ij(x k x ,)1 = 

where the indices i, % are quite arbitrary. Hence, we have by 
virtue of I (10.7) 

xx' 

+ Nitfrkrf) = 0, 



and this equation is equivalent to (4.3). Equation (4.4) is then an 
immediate consequence of (4.3) and I (10.7). The remaining part of 
the proof (for (g 2) g = 0) will be given with the proof of 

THEOREM (4.3). The conditions (4.3) and (4.4) do not impose any 
new restriction on &/, for these conditions are identically satisfied. 

PROOF. It is obviously sufficient to prove that (4.5) is an 
identity. Put 

A(x, z) ^ (A - X)N VMX - (A + X)N ZXX ,. 

Z X Z X 
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Then we have by virtue of I (8.5) 

A(x, *) = (A - A)A^,/ - (A 



or according to (2.2)b, 

- A) 

X 

(A + A)3 2 A + (A + A) (A - 



A(x, z) = - (A - A) (A - A)8 Z A - (A + A) (A 

Z X X' Z X' X Z X 



= 0. 

Hence, (4.5) is an identity for any value of g(g 2). 

5. The vector S A . In this section as in the next one, we shall 
deal only with the case of the first class. Moreover, we shall also 
assume g ^ 0. 

One of the field equations of the unified theory is 

(5.1) S A ^S Aa = 0. 

Throughout sections five and six we assume that (5.1) is satisfied. 
THEOREM (5.1). The condition (5.1) is equivalent to 

(5.2) 2A A (S zxx . + S zx , x ) = - N m 



for all combinations of indices z ^ x, x'. 
PROOF. Condition (5.1) is equivalent to 

Su* + S zx ,*' + SnS = 0, 
and this equation may be written by virtue of I (8.5) 

(5.3) ^zxx f H~ ^zx'x ~f" ^zz'z == 0- 
On the other hand, we have from (4.2) 

(5.4) N m = 2A A S zz , z . 



According to our assumptions we have A A ^ 0. Therefore, we may 



substitute for S zz , z from (5.4) into (5.3) and, in this way, obtain 
(5.2). 

THEOREM (5.2). The equations (3.6) a and (5.1) admit a unique 
solution S. 
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PROOF. Equations (3.6) are equivalent to (4.1) and (4.2), and 
condition (5.1) is equivalent to (5.2). If we replace (4.1)c by the 
latter equation, we obtain a system of three equations with the 
determinant 

(5.5) A ^ 8(A A )2 (A + A) A ^ 0. i 

z xx' z z x zz'z 

Hence, this system yields SIM (*/* ^) while (4.2) gives the com- 
ponents S xyx . 

This Theorem will be needed in the next section. 

6. Product space. 

THEOREM (6.1). A necessary and sufficient condition that 

a) every pair of basic vectors of ktf be X^-forming and 

b) every basic value of k be constant is 

(6.1) V = - 

PROOF. Assume that (6.1) holds. Then (3.6)a yields 

(6.2) Ntf = 0. 

Hence, requirements a) and b) are satisfied by virtue of Theorems 

(2.2) and (2.3). Assume now that requirements a) and b) are satis- 
fied so that (6.2) holds. Then the equations (4.1)a,b, (5.2) and (4.2), 
together with condition (5.5), yield (6.1). 

In the next Theorem we denote by V n an w-dimensional Riemann 
space. 

THEOREM (6.2). Let requirements a) and b) of the previous Theo- 
rem be satisfied. Then our space-time is a V$, which is a product 
space, V = V% x V%. There is a coordinate system e x such that 

(6.3) Ids* = Aiafc 1 , e^)de^de* + hu(e*> e*)de*de* t 
and the connection F is given by 

(6.4) a F x * x = { x * x } = d x In h xx . 
(6.4) b the remaining F x z y = 0. 

PROOF. Assume that requirement a) of the previous Theorem is 
satisfied. Then there is a coordinate system e x in which the basic 

1 We have A = f or all possible x, z ^ x, x' because k^ is of the first 
class and g ^ 0. 
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vectors satisfy the conditions 

/ g\ QV __ ^ t 

These basic vectors satisfy I (8.4), where 

(/ Ai2 
To 1 o o 
\ A 4 s 

Assume now that both requirements a) and b) of the previous Theo- 
rem hold. Then the basic values involved in I (9.1)b for p = I, i.e., 
in 

(6.7) k x y = hh x y 

X 

are constant. Moreover, from (6.1), II (3.2) and II (3.1) we have 

// Q\ ri <u ( p \ 

(O.OJ 1 Y .. = \\ (. 

\ I A [* iyv [*j 

If 

(6.9)a K^ v = i 

and g ^ 0, then we see from II (5.10) and II (3.1), II (3.2) that 
(6.1) holds and vice versa. Therefore, by virtue of II (3.14) and (6.1) 

(6-9)b ^^ = 0. 

Consequently, by virtue of (6.6) and (6.7) 



= (A + A) 

y z 

On the other hand, we have 



A + A ^ for z ^ y' 

y z 



Cf. II (3.5). 
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so that according to (6.10) 

(6. 1 1) { x y z } = {/*} = for z ^ y'. 1 

Equation (6.1 1) yields for y' = x, z ^ x 

(6.12) W = W = 0. 

On the other hand, according to (6.1 1), for z = y' , z ^ x 

(6.13) {^} = {/*} = {^} = 0. 

Therefore, the usual definition of Christoffel symbols leads by virtue 
of (6.12) and (6.6) to 

(6.14) 



z ^x, x', 
so that 

(6.15) h xx , = h x v(efi,0t). 

Moreover, the same definition of Christoffel symbols yields 

(6. 1 6) {***,} = {**} = 02, { A } = 3^ In h xx ,. 

The equations (6.8) , (6. 1 1 ) , (6. 1 2) , (6. 1 3) and (6. 1 6) lead to (6.4) , while 
equation (6.3) results from (6.6) and (6.15). 

In the next Theorem we denote by E% (M%) a surface of zero 
Gaussian curvature and Euclidean (Minkowskian) metric. 

THEOREM (6.3). There is a factor of proportionality p such that 
for 



the constituents of the corresponding V are E% and 

PROOF. The factor p ^ A 12 A 34 reduces ds* involved in (6.3) to 



1 One must bear in mind that in our case, by (2.5), 

0. 



Furthermore, we have A + A ^ 0, h zv = for y' ^ z. 

z y 
2 This equation also results from (6.12). 
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Hence, if e l , e 2 , (0 3 , e 4 ) are constant, the corresponding F2-metric is 
of zero curvature. Two of the basic vectors being complex-conjugate 
and the remaining two real, the surfaces mentioned above reduce 
to 2 and M. 

PART II 

Degenerate cases 

7. First class. In this second part we shall deal with solutions 
of (1.1) in exceptional cases characterized by (1.2) and (1.3). In 
this section we consider the exceptional case of the first class char- 
acterized by 

(7.1)a k^Q 

(7.1)b g= 1 +2K + k = 0. 

LEMMA (7.1). We have 1 
(7.2)a a ^ A = - A = Vk, 

1 2 

(7.2)b j^A= -A= 1, 

3 4 

and 

(7.3)a 2 A = 0, 

34i 

(7.3)b A = 1 - *, 

12i 

(7.3)c A = 2(1 +eVk), 

aff 

(7.3)d A=(l +eV^)2, 

aaf 

(s = (- ])+/). 

PROOF. The equations (7.2) follow at once from 11(9.1) and 
(7.1). The equations (7.3) follow by simple inspection from II (9.2) 
and (7.2). 

In order to prove the next Theorems we need the following two 
Lemmas, which will be proved simultaneously. 

1 For the first class we have k < 0. 

2 See the footnote 1 on p. 104. 
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LEMMA (7.2). We have 
(7.4) F/e = 

and 

(7.5)a {[//]} + *{//} - i{</e} = 

(7.5)b {</,)} + i{//} + Ma'e} = 0. 

LEMMA (7.3). The following equation holds: 

(7.5)c Kief = /?$(/). 

PROOF. First of all, from I (9. 1) we have tor e ^ f 

k ef = Mlef(= AA,/) 
e / 

so that 



= 0. 

e 

Moreover, 

= 2^^^]^ = - 
and 

= 2V (f h e)a = - 

The equation (7.5)c follows at once from (7.4) and II (3.5). 
The following two Theorems will be proved simultaneously. 

THEOREM (7.1) a. The following equation holds: 

34 

(7.6) k (o ?K^ v P>* = Q;i 

it is equivalent to 

(7-7) K^Q>* = 0. 



THEOREM (7.1)b. A necessary and sufficient condition for (1.1) 
to admit at least one solution S^ y is 

(7-8) *<x'K^ 9 V* = 0. 

i C/. I (10.6). 
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PROOF. Since the scalar k is negative, it follows from (7.3) that 
the only scalars A which are equal to zero are A. Let us now consider 

ijk 34t 

the system II ( 1 1 .3) for x = e, y = f = e, z = a. This system can- 
not be solved uniquely for the S's, its determinant A being equal 

34a 

to zero according to the equation II (9.12). This system reduces by 
virtue of (7.3)a to 

(7.9) \K efa = - S efa U - S /a ,AA - S ae/ AA 

e1 ef ef 



fa fa fa 

\Kaef :== - Sg/aAA ^>/aeAA o ag /AA 
ae ae a e 

so that a necessary and sufficient condition for (7.9) to admit at 
least one solution is obviously 



(7. 1 0)a IKefa = XKfae = *K ae f. 

a e f 

On the other hand, the left-hand side of the first equation of II 
(11.3) vanishes for % = e, y = /, z = /. Hence, we must also have 

(7.10)b K eff =0. 

Equations (7.10)a,b can be condensed into 



(7.10)c K e fiX = Kf ie h = Kt e f A, (no sum for i). 

i e f 

Some of these conditions are satisfied as we shall see later. 

First let us consider the last of equations (7. 10)c which, by virtue 
of I (9.1), may be written as follows: 



Moreover, we may rewrite the same equation in another form re- 
sulting from (7.2)b: 



Remembering I (8.1), I (8.3), I (10.6), I (10.7) and I (10.8) we see 
that (7.1 l)a,b are equivalent to (7.6) and (7.7). On the other hand, 
(7.1 l)b is satisfied by virtue of (7.5)c. 
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From (7.10)c we have also 

- k [e 3K f]tj , 



= K efi l - \(K fie X + K ief X) 

i e 1 



or, by virtue of I (10.8)d, 

= Q<^ 



A simple inspection shows that equations (7.6), (7.7) and (7.8) are 
equivalent to (7.10)c. 

REMARK. According to II (3.2) we have 



In Chapter II (Corollary (7.1)) we found that a necessary and suf- 
ficient condition for t7" A/x = is 



If this condition is satisfied, then the conditions (7.6) and (7.8) are 
identically satisfied. However, we cannot use this result here, for the 
necessary and sufficient condition mentioned above was derived 
under the assumption g = which contradicts (7.1)b. 

THEOREM (7.2). Whenever (7.8) holds, the basic vectors a v , a v 
are X^-forming. 3 4 

PROOF. Whenever (7.8) holds, the system (1.1) admits at least 
one solution. Therefore, by virtue of II (3.1), the system II (2.1) 
admits at least one solution, and consequently, according to Theo- 
rem (3.4), the relationship (3.6) exists. Therefore, the system (4.1) 
exists. For % = e, #' = / ^ e y z = a this system reduces according 
to (7.3) to 

(7.12)a N ef =0 

(7.12)b N af f=0 

(7.12)c N ae e =0. 

The equations (7.12)b,c confirm the fact that A, A are constant (Cf. 

3 4 

1 No sum for i. 
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equations (2.2) b). Equation (7.12)a asserts, by virtue of Theorem 
(2.2), that the basic vectors a v t a v are ^-forming, i.e., 

3 4 

(7.13) fo^} = 0.i 

THEOREM (7.3). A necessary and sufficient condition for the 
system (1.1) to admit at least one solution is that the basic vectors a v , 
a v be X^-forming. 3 

4 

PROOF. The necessity follows at once from Theorems (7.1)b and 
(7.2). Assume now that a v , a v are AVforming, so that (7.13) holds. 

3 4 

Therefore, the equations (7.5) a,b reduce to 

(7.14)a {<//} = {A} 

(7. 1 4)b 2{ e '/} + {'/} + { e } = 

so that according to (7.4), (6.7), (7.13) and (7.2) 
(7.15) lK efa -*K fae = 

a e 

= - A{A[2{ e >} + { a * e } + {/,}] + A[{A} - {<//}]) = 0- 



Hence, the first equation (7. 10)c for i = a is satisfied. The remaining 
equations (7.10)c are satisfied by virtue of Theorem (7.1)a (equation 
(7.7)). 

8. First class. Continuation. 

THEOREM (8. 1). Let k^x be of the first class, and assume that (7. 1) 
holds and that the basic vectors a*, a v are X^-forming. Then the system 

3 4 

II (2.1) admits at least one solution II (3.1). Its skew symmetric part 
SxfS has the following nonholonomic components: 

a) The components S e /f are arbitrary (e ^ /). 

b) The components S e f a , Sf ae , S a ef we arbitrary except for the 

1 As a matter of fact we have k ^ 1, and therefore, (7. 12)a is equivalent to 

{[ a/ /]} = 0, 

and this equation is equivalent to (7.13), since the range of a and a' is the 
same, namely 1, 2. 
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single condition 

(8.1) \K efo> = 3S [eM . i 

c) The remaining components are 

(8.2)a 2S f ab 

^ /a 

/a& 

(8.2)b 2S aft/ - 

* ab 

fab 

(8.2)C 



(8.2)d 



a&c 



A's dra ^o 6^ ^A^n from (7.2) anrf (7.3). 

PROOF. According to previous theorems, the system (1.1) 
admits at least one solution. The left-hand side of the first equation 
II (1 1.3) vanishes for x = e t y = f = zso that this equation does 
not yield S e //. There is no other equation among II (1 1.3) yielding 
S e ff. Hence, S e ff are not defined by II (1 1.3). Equation (8.1) follows 
at once from the first equation of (7.9). The remaining components 
given by (8.2) result from II (1 1.5) a. 

REMARK. Put # = /, y = e ^ fin (4.2) : 



/ ffe 

The left term vanishes for A = A = const. (C/. equations (2.2)b). 

3 4 

The right term vanishes, since A = 0. Hence, not even (4.2) can be 
used for finding S e /f. ff e 

In the non-degenerate case, equation (5.1) imposes some con- 

1 Using (7.2)b, (7.3)a and (7.10)c we easily.obtain for e ^ f 

A A\ A- 1 

- K efi = K eft 



(no sum for i). f e f e 
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ditions on g^. In the degenerate case the requirement (5.1) does not 
impose any condition on g^ : 

THEOREM (8.2). There is a two-parameter set of solutions /Y , 
mentioned in the previous Theorem, which satisfy (5.1). Its skew 
symmetric part S w/ / has the following nonholonomic components: 

a) The components S e /f are given by 

(8.3)a S eff = - - - [K f(ab) + SAA/fo,*]], a ^ b, e ^ /. 



b) Two components, namely S e f a , are arbitrary while 



(8.3)b 2S aef = \K e1a - - K aba - S efa . 

2(1 k) 



c) TAtf remaining components are given by (8.2). 
PROOF. Equation (5.1) is equivalent to 
(8.4)a Sfef + Sfab + S fba = 

/flA\K C I C , C n ( 

( 8 - 4 )b S a& a + Safe + S ae f = 

From (8.4) a and (8.2) a we obtain for a ^ b, e ^ /, 



s eff = -r-: 



fab 



On the other hand, (8.4)b and (8.1) yield 

S a b a S e f a , 



Substituting from (8.2)c into this equation one obtains (8.3)b. 

9. Second class : The first case. The second class is charac- 
terized by the condition 

K ^ 0, k = 0. i 
There are two degenerate cases, namely 



1 Cf. II (14.6). 
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In this section we consider the case (9. l)a and prove first the follow- 
ing 

LEMMA (9.1). We have 
(9.2)a a = A=-A = 

1 2 

(9.2)b = A = A = 1 

3 4 

and 

(9.3) a A = 

34i 

(9.3)b A = A = 1 

12i aa/ 

(9.3)C A = 2. 

a// 

PROOF. Equations (7.2), (7.3) hold for any value of k which 
satisfies (7.1)b, (i.e., (9.1)a). Hence, they also hold for k = and 
reduce, in this case, to (9.2) and (9.3). 

The following two Theorems will be proved simultaneously. 

THEOREM (9.1) a. We have 

(9.4)a K^Q^P^ = 0. 

THEOREM (9.1)b. A necessary and sufficient condition for (1.1) 
to admit at least one solution S is 



(9.4)b KPP = 0. 

PROOF. A simple inspection shows that the required necessary 
and sufficient conditions may be written in the form (7. 10) a for 
A = and (7.10)b so that by virtue of (7.4) the equations (7.10)care 

a 

equivalent to 

(9.5) = K ief = - 2V (e k f)i = K l(ef} , e ^ f. 

For i = / we obtain from (9.5) equation (7.10)b which is satisfied 
because of (7.4). On the other hand, (7.10)b may be written in the 
form (9.4) a. Hence, the remaining necessary and sufficient conditions 
reduce to (9.5) for i = a, and this system is obviously equivalent to 

(9.4)b. 



122 CHAPTER III, SECTION 9 

THEOREM (9.2). A necessary and sufficient condition that (1.1) 
admit at least one solution S^ is that the basic vectors a v , a v be X%- 
forming. 3 4 

The proof of necessity follows the same pattern as the proof of 
Theorem (7.2). Assume now that a v , a v are ^-forming so that 

(7.13) holds. Therefore, from (6.7), (7.4), (7.5)a, (7.14)a and (9.2)a 
we derive for e ^ / 

Kfae = 



These equations together with (7.10)b are condensed in the first 
equation (9.5). 

THEOREM (9.3). Let k^x be of the second class, and assume that 
(9.1)a holds and that the basic vectors a v , a v t are X %- forming. Then the 

3 4 

system 11(2.1) admits at least one solution II (3 A). Its skew symmetric 
part Sfy v has the following nonholonomic components : 

a) The components S e /f are arbitrary (e ^ /). 

b) The components S e f a , Sf ae , S ae / are arbitrary except for the 
single condition 

(9.6) \K eU = 3S [eM . i 



c) The remaining components are 

(9.7)a 2S fab = K fab 

(9.7)b 2S abf = K abf 
(9.7)c S abc = 

(9.7)d 2S eae = \K eae . 

The proof follows the pattern of the proof of Theorem (8.1). As far 
as (9.7)c is concerned one must keep in mind that, according to 
I (9.1), I (8.5) and (9.2), the only component hy not equal to zero is 
34 = 43. Hence, we have 

V*k bc = 0, 
1 From (9.5) we have 



CHAPTER III, SECTION 10 123 

and therefore, also K a i>c = 0. This equation, together with (8.2) c 
and (9.3)b, leads to (9.7)c. 

THEOREM (9.4). There is a two-parameter set of solutions T 1 /^, 
mentioned in the previous Theorem, which satisfy (5.1). Its skew 
symmetric part S^ has the following components: 

a) The components S e /f are given by 

(9.8)a S eff = K f(ab ) ; a ^ b, e ^ /. 

b) The two components S e / a are arbitrary while 
(9.8)b 2S aef = if. - S efa . 



c) The remaining components are given by (9.7). 

The proof follows the pattern of the proof of Theorem (8.2). 

10. Second class: The second case. The second degenerate 
case of the second class is characterized by the conditions 



and (9.1)b, i.e., 

(10.1) g = 2. 

In this section we shall consider this case. 

LEMMA (10.1). We have 
(10.2)a oc^A = -A = i 

1 2 

(10.2)b ^A^-A^O 

3 4 

and 

(10.3)a A = 2 

12i 

(10.3)b A = A= 1 

34i aff 

(10.3)c A = 0. 

aaf 

PROOF. Equations (10.2) follow at once from II (14.1) and 
(10.1), because the last of these equations is equivalent to 2K = 1. 
The remaining equations follow from II (14.3) and (10.1). 

i C/. II (14.6). 
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THEOREM (10.1). A necessary and sufficient condition for the 
system (1.1) to admit at least one solution Sx^ is 

(10.4) K faa = 0. 

PROOF. According to (10.3) and II (9.12), the determinant / A \* 

of II (1 1.3) (for xyz ^ ) is different from zero. Hence, when xyz^=-, 
this system does not impose any condition on k^. Moreover, accord- 
ing to (10.2), (10.3) and II (9.12) it is obvious that the only possible 
restriction imposed upon k^ by II (1 1 .3) might result from the first 
of equations II (11.3) for x = f, y = z = a. * This restriction is ( 1 0.4) , 
which obviously is not only necessary but also sufficient for the 
system II (1 1.3) (equivalent to (1.1)) to admit at least one solution. 
In the next Theorem we denote by the name "the trajectories of 
a v " the set of curves with the tangential vector field a v . 

a a 

THEOREM (10.2). A necessary and sufficient condition for the 
system (1.1) to admit at least one solution is that the trajectories of a v 
be geodesic lines. a 

PROOF. First of all we have (for e ^ /) 
( 1 0.5) K faa = K faa + 2W a h fa = 



= l\V a k fa 

a a 

Hence, we see from II (13.1)a that (10.4) is equivalent to 

(10.6) aPaty^ax^O. 

a a 

Assume now that the trajectories of a v are geodesic lines 

a 

(10.7) *|7 A a" = Wa\ 

a a aa 

Then (10.6) is satisfied, and therefore, by virtue of (10.5), (10.4) 
is also satisfied. Conversely, assume now that (10.4) is satisfied. 
Then we see from (10.5) that (10.6) holds, and this condition is 
equivalent to 

(10.8) 



db b 



1 The second equation II (11.3) reduces to the identity = 0, while the 
last equation reduces to the first one. 
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b 

so that if we multiply (10.8) by a vt we obtain by virtue of I (8.1)a 
and I(8.16)b 



ab b ab a 



a a a 



The last term is obviously equal to zero, for a v is a null vector. 
Hence, we have W = 0, and (10.8) reduces to (10.7) (for !F = W). 

ab aa a 

THEOREM (10.3). A siifficient condition for the system (1.1) to 
admit at least one solution is that the basic vectors a v and a v be X%- 
forming (a = 1 or 2, f = 3 or 4). a * 

PROOF. Assume that a v and a v are X%-i orming : 

a f 

(10.9)a {[*"/]} = u^a,f. 

It is easily seen that for b ^ a 
(10.9)b K faa = K faa 



Hence, if (10.9) a is satisfied, so is (10.4). 

REMARK. If we substitute into (4.2) % = a, y = /, and then 
x = /, y = a, we obtain, according to (10.3)c and (10.2)b, 

(10.9)ci AT a / = 0, 

a ^b, e = f. 
(10.9)c 2 



However, these equations are not sufficient for a v and fl^ to be X%- 

t a 

forming, since condition (2.3) a is not satisfied for z = e t x = /, 



THEOREM (10.4). Let k^^ be of the second class, and assume that 
(10.1) holds and that the trajectories of a v are geodesic lines. Then the 



126 CHAPTER III, SECTION 10 

system II (2.1) admits at least one solution T/^. Its skew symmetric 
part S^" has the following nonholonomic components: 

a) The four components Sf aa <we arbitrary. 

b) The remaining components are 

(10.10)a S efg = S abe = 

(10.10)b 

(10.10)c 

(10.10)d 

(10.10)e 2S afg = K afg . 

PROOF. Here we have 
(10.10)f r 

and therefore, 
(10.11) 

The remaining steps of the proof follow a pattern similar to the one 
used in the proof of Theorem (8.1). 

REMARK. The equations (10. 10) a may be condensed into one 
set: 

xy xy 

Q<*nP x *S WfJLV = 0, (xy = 1 2 or xy = 34) . 

Contrary to the situation in the previous degenerate cases, 
condition (5.1) now imposes a restriction on g^. The next two 
Theorems, which describe this situation, will be proved simul- 
taneously. 

THEOREM (10.5). A necessary and sufficient condition that the 
solution described in Theorem (10.4) satisfy (5.1) is 

(10.12)a PJK^P^ = 

xy = 12, 34; xyzt ^. 

If this condition is satisfied, then 
( 10. 12)b S 0/6 = 0, S af6 = 0, 2S a6/ = K af>f , 

(a^b.e* /), 
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while the remaining components of S remain the same as in Theorem 
(10.4). 

THEOREM (10.6). Condition (10.12)a for xy = 34, zt = 12 is 
equivalent to the requirement that the basic vectors a v and a v be 
forming. l 2 

PROOF. We have f or a ^ b according to (10.10)f 
(10.13)a KW - V f k ba + V a kfb + V b k fa = -2V {a 



and moreover, 

(10. 13) b Kfab = Kfab - (W a h fb + W b h fa ) = 

a b 



Hence, the condition (10. 12) a for zt = 12 is equivalent to 
(10.13)c {[a"*]} = 0, 

so that a v and a v are -XVforming. The condition (5.1) is equivalent 
to (8A),\.e., 



Sfab + Sfba + Sf e f = 
Safe + Saef + Saba = 

(a ^ b t e ^ /), 

or according to (10.10) and (10. 13) a 
(10.14) = - S M = 2S fM} = \K fW fy 

= Saba = 2S a (fe) = &a(fe) = 



The conditions (10.14) are equivalent to (10. 12) a. Substituting from 
(10.14) into (10.10)c,d,e, we obtain (10.12)b. 

NOTE. The singular case characterized by f) = Det 
is dealt with in Hlavat?, V., (21). 

i We have 

K af e == Vakef + Ffkae + Pekaf 



CHAPTER IV 
GEOMETRY OF FIELD EQUATIONS 

1. Curvature tensor. By field equations we mean a set of 
partial differential equations for g A/r This chapter concerns the 
geometry of field equations. Their physical application will be 
studied in the next chapter. Some of the results of this chapter are 
so formulated that they hold for any number n of dimensions. In 
all cases we assume 

g(g-2)*0. 

This section is devoted to the study of the curvature tensor. Let 
jT/^ be an arbitrary connection; let 

c v def rt c def c a 

A/* = l [A /u] A = ^Aa 

be its tensor and vector of torsion and D^ the symbol of the co variant 
derivative with respect to T/^: 

(l.l)a D^^d^ + F^ 

(i.i)b ^A = 3^A-Ayv 

THEOREM (1.1). Put 

( i .2) R^ ^ f 2(d [ll r l tf w} + r a %r |A| w] ) . 

Then R w ^ is a tensor involved in the following identities 



1 .3)b 
PROOF. We obtain from (1.1) 



+ rj^rifi + 



The relation (1.3)b could be obtained in a similar way. The differ- 
ence 
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is a tensor for any arbitrary vector v v . Hence, R^^ must be a 
tensor. 

DEFINITION (1.1). The tensor R^ is termed the curvature tensor 
of /Y^. The tensors 

(\4\ R i^*R ^ V ^R a 

V L *T/ lx fiA = V a/*A K a>/i = lv a>/ua 

#r0 c#//^ A0 />$ and second contracted curvature tensors of P/ 
respectively. 

NOTE I. The equations (1.3) can be generalized for arbitrary 
tensors : 



4- R ^T v '"f 4- -I- R 

r lv cu/xA ^ a-iy i ' i ^cofti/ 

_L OC a/) 7^"'f 
T" ^ayi ^a ^ A-17' 

Moreover, if a is a density of weight w t then 
( 1 .3)d 



NOTE II. For the algebraic decomposition of R^^ see Lamson, 
K., (1). 



THEOREM (1.2). Tfe curvature tensor R^^ satisfies the following 
identities: 



(1 .5)b 
( 1 .5)c 

(Bianchi's identity}. 

PROOF. (1.5) a follows immediately from (1.2). In order to prove 
(1.5)b,c we use an obvious relation 



valid for any vector v v . From (1.3)c we obtain 
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so that the right-hand term in (1.5)d is 



The left-hand term of (1.5) d may be computed in a similar manner. 
Substituting these results into (1.5)d and equating the coefficients 
of w* and DpiP, we obtain (1.5)b,c. 

THEOREM (1.3). 1 // II (2.1) holds, then 



where 



PROOF. From II (2.1)b we have 

2%D]ffi^ = 4 
Substituting into the left hand term from 



and using II (2.1)b again, one gets (1.6). 

THEOREM (1.4). The contracted curvature tensors are related by 
(1-7) 27?^ + V^ = 2(0^ + 2S l<0 S^. 

If II (2.\)b holds, then 



PROOF. Summing for to = v in (1.5)b we obtain (1.7). If II 
(2.1)b holds, so does II (2.6)a, and we get by virtue of (1.3)d 



Cf. also Bose, S. N., (3). 
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or 

V (0) = 2(D K S cd - S (o S a ) = 23^,. 

Substituting from (1.8)b into (1.7) one obtains (1.8) a. 

2. Field equations. From now on we shall assume that II (2. 1 ) 
holds 

(2-1) J>*v = ^Vftfc- 

THEOREM (2.1). Put 

(2.2)a iv ^ a a r A <v - r^r^ + r^r^, 
- i(W> + ^AA))- 

TTiew 

(2-2)b R# + P* = D lt S x 

so that PX^ is a tensor. 

PROOF. An easy inspection shows that II (2.6) a is equivalent to 

(2.3)a ^==R>8--S W . 

Adding 2S W to both sides of this equation, one obtains 

(2.3)b / 1 B = *3lnfl + S a , 

so that 

(2.3)c 2/V ot) = a a ,lng.i 

On the other hand, we see from (1.4) and (1.2) that 

(2.4) R^ = a M r A B - a a r A ^ + r^rft - r^r^. 

The equation (2.2)b follows easily from (2.2) a, (2.3), and (2.4). 

Einstein, A., (6) first proposed the following set of twenty field 
equations 

(2.5)a S A = 

(2.5)b P^ = 

for sixteen unknowns g^. From Theorem (2.1) we see that the 
second set reduces by virtue of the first set to 

(2.5)c R^ - 0. 2, 3 

1 This formula follows also from II (7.1)c. 

2 Einstein had a formula equivalent to (2.3)c. He does not have the formu- 
lae (2.3)a,b. 

3 C/. also Einstein, A. Kaufman, B., (1). 
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Later l Einstein proposed a weaker set consisting of eighteen 
field equations (2.5) a and 

(2.6) a) RW = 0, b) d^R^ = 0. 
The set (2.6)b is obviously equivalent to 
(2.6)c RW = d^X x] 

where X x is an arbitrary co variant vector. The set consisting of (2.6) a,c 

also includes (2.5) c. One obtains it by choosing a gradient for X A . 

Einstein's unified theory is governed by the following set of 

equations: sixty-four equations determining the connection J 1 /^, 

(2.7) D^ = 2S^g Aa 
and twenty field equations 

(2.8)a S A = 

(2.8)b fl^u = d^Xn 

(2.8)c #( MA ) = 

for twenty unknowns g^ and X^ Substituting the solution Ftf^ 
from (2.7) into (2.8) one obtains four differential equations (2.8) a 
of the first order and sixteen differential equations of the second 
order for g^. Hence, there are twenty differential equations (2.8) 
for twenty unknowns, g^ and X x , and sixty-four algebraic equations 
(2.7) for sixty-four unknowns, T/^. 2 

NOTE. The systems (2.7) and (2.8) may be considered from 
another point of view. 

One could start with sixteen differential equations (2.8)b,c of the 
first order with respect to the unknowns jT/^ which unknowns are 
subject to the algebraic system (2.8) a. Then the system (2.7) has to 
be considered as an overdetermined system of sixty-four differential 
equations of the first order with respect to the unknowns g^. In 
this way the system consisting of (2.7) and (2.8) is split into two 
systems each of the first order and an algebraic system. We shall 
see later that this way of considering the fundamental equations 
(2.7) and (2.8) permits us to solve them by elementary algebraic means. 

1 Cf. Einstein, A. Kaufman, B., (1). 

2 Stephenson, G., (2) replaces (2.8)a by another condition which amounts 
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3. Continuation. The curvature tensor H^ of {^ v w } is defined 
in the same way as is the curvature tensor R^ of /y^: 

(3. 1) H^f ^ 2d [lM { {X ^} + 2{ a V) {, Al w] }. 

All results of the first section are valid for 
(3-2) AV = {/}. 

The most important of these results are the following: The 
identities (1.3)a,b,c,d reduce to 

(3-3)a 
(3-3)b 
(3.3)c 2F [a) F^j 7 



(3.3)d 2P [w F M] O = 0. i 

The identities ( 1 .5) reduce to 
(3-4)a H^ - H^' 

(3-4)b H WA f = 

(3.4)c 7 l( H^tf = (Bianchi's identity). 

The equation (2. 1 ) has to be replaced here by 
(3-5) F,^ = 0, 

and consequently, (1.6) a reduces to 
(3-4)d tf^U,) = 0. 

By the same token we have from (1.8)b 
(3-6) H^ = 

while, according to (1.7), the tensor 
(3-7)a H^H^ 

is symmetric 

(3.7)b H llM = 0. 

Therefore, an easy inspection leads us from (3.4) c to 
(3.4)e P x (H Xv - \H&*) = 

1 We are anticipating here the result described by (3.6). 
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where 

(3.8) H ^ H Xp h^. 

NOTE. Equation (3.4)e is a consequence of Bianchi's identity 
(3.4)c. If one uses the generalized Bianchi identity (1.5)c, one could 
express 

D X ( V - **$ l 

in terms of the curvature tensor and the torsion tensor. In this way 
one obtains a generalization of (3.4) e. 2 3 

The field equations (2.8)b,c exhibit some properties of J?^. We 
can express them by means of H^. 4 To this effect we shall first 
prove the following 

THEOREM (3.1). Put 

(3.9) V^S^'+tfV 
Then 

(3- 10) R^' = H^ + 2P [ft r |A|(o] " + 2T a ^T^f. 

PROOF. We have 

(3-11) ' AV = {/,J + ?V. 

Substituting (3.11) into (1.2) and remembering (3.1), we obtain 
(3.10). 
In the next Theorem we shall use the following abbreviations 

(3.12)a 



(3.12)b - M^ ^ - F a C7% + UP^U"^ + V^ U x 

+ K 



1 Here we put 



2 The computation requires the use of III (3.5)c. 

3 Cf. also Bose, S. N. f (1), Einstein, A., (3) and Lichnerowicz, A., (3), (4); 
Schrodinger, E., (4); Winogradski, J. f (5). 

4 This result will be necessary for physical applications. 

5 Tensor Kis defined by II (3.5). Vector U x is defined by II (7.1)c. 
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THEOREM (3.2). The field equations (2.8)b,c are equivalent to 
(3.13)a a^Xjj = W**^ + *A [a) ^ 

+ SfcpS^ + Sf^K^ - 27 aj3[/ ^ eo f ) 
(3.13)b H^ - IK^tKtf - M^ + P (/ , S A) - S f Uf^ = 0. 

PROOF. The equation (3.10) leads to 
(3. 14)a R^ = ^ A + P^ T A - P a r^ 

+ zViy - r a iv 

where 

(3.14)b IA^T*-. 

From (3.9) we obtain by virtue of (3.14)b and II (3.6) 

(3.15)a T X = S X +U X 

(3.15)b TV = \K^ - 2[7^^ ]a + C/V 

Substituting from (3.15)a,b into (3.14)a and remembering (3.7)b 
and II (7.1)c, one obtains (3.13) by virtue of (2.8)b,c. 

NOTE I. Using II (7.23) one could express T\ in terms of U\ vlk . 
This, however, is not necessary because of (2.8) a. 

NOTE II. It is illuminating to compare the fundamental 
equations of the gravitational theory with those of the unified 
theory. The fundamental equations of the former theory consist 
of (3.5) and 

(3.16) ^-**^ = ***r v 

where *k is a constant and *r Aft is the momentum energy tensor of 
matter. The fundamental equations of the unified theory consist 
of the sets (2.7), (2.8)a and (3.13). Hence, physics is not involved 
in the formulation of these latter equations. There is still another 
difference between the two systems of the fundamental equations. In 
trying to solve the fundamental equations of the gravitational theory 
one starts with the assumption that the matrix ((h^)) is a diagonal 
one. This assumption is at least partly justified by the observable 
spatial isotropy of our three dimensional space. The Schwarzschild 
diagonal form of ((h^)) is enforced by Lame's conditions which have 
to be incorporated into the fundamental equations (3.5) and (3.16). 
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Their presence in this connection is at least partly justified by the 
spatial isotropy of our three-dimensional space. Moreover, the re- 
striction imposed by them on the solution h^ is at least partly 
counterbalanced by *T^ whose form has not been exactly described. 
This situation changes considerably for the unified theory where 
we are faced with the problem considered in section II (21). We see 
from II (21.9) that ((h^)) is again a diagonal matrix, and this re- 
striction could be justified as before. However, there are more 
restrictions dealing with k^ which are not justified by observable 
data. They require new conditions for g Aft , namely II (21.8)a, i.e., 



which have to be incorporated in the system of fundamental 
equations. We know that this set is equivalent to a set of sixteen 
conditions. These new conditions are not justified by observable 
data and, what is more unfortunate, they are not counterbalanced 
by a more or less free choice of a tensor involved in the theory. l 
Therefore, it is doubtful whether solutions g A/x obtained from this 
enlarged system of thirty-six field equations are suitable for physical 
applications. Thus, for instance, the third class, very important for 
celestial mechanics, is not included among these solutions. Of 
course, a similar criticism could be directed against the conditions 
II (6.4), II (7.4)a and II (7.22)a. However, the latter two conditions 
may be easily converted into physical requirements as we shall 
see later. 

4. Uniqueness Theorem. In this section we shall investigate 
the relationship between the field equations (2.8) and the tensor 
field defined by I (15.2), i.e., 



THEOREM (4.1). The conditions (2.8) a and 
(4.2)a a [a> /^ A] = 

are equivalent. 

1 We have twenty equations (2.8) for twenty unknowns g^ , X^ 
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PROOF. The equation I (15.1) yields 



equivalent to 

(4-3) 39 

Therefore, we obtain by virtue of II (6.14) 

(4.4) 308^ = S.Vlfll W**,^. 

Our statement is then an immediate consequence of (4.4) and Theo- 

rem I (14.1). 

NOTE I. If and only if (4.2)a holds, then there is a vector / A 
such that 



Therefore, we see from I (15.17) that the field equation (2.8)a 
enables us to express sixteen components g^ in terms of fourteen 
components h^ and f\, 

(4-5) g Av = h Xv + -?- [|* w P/P - ^[fl a [A / ]] 

ve 

NOTE II. The question arises whether there is another skew- 
symmetric tensor m^ v besides / Av for which we have 

8 feo"VA] = 

by virtue of the field equations. To answer this question we first need 
a definition and two Lemmas. 

DEFINITION (4.1). A tensor field m^ is termed a Maxwell tensor 
field belonging to g^ if it satisfies the following conditions: 

a) it is skew-symmetric, 

b) it is obtainable from g A/Lt by a purely tensorial construction, 1 

c) it is a function of g^ alone and does not contain derivatives of g^ 

d) it satisfies the condition 

(4.6) a^m^ = 

*/ and only if the field equations (2.8) are satisfied. 

1 i.e., by a construction every step of which is the same in every coordi- 
nate system and the resulting tensor is defined up to a constant factor of 
proportionality. 
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xv 
The following Lemma is concerned with the tensor Q^ defined 

by I (10.6)b (see also I (10.8). Hence, this Lemma involves only the 
first two classes. 

xy 

LEMMA (4.1). The tensors @ wf4 may be expressed as linear combi- 
nations of k^ and fxp 

xy xy xy 

(4.7)a Q 0> n = ak <a(l + bf u>ll 

where the scalars a, b satisfy the condition 



(4.7)b 



12 12 

a b 

34 34 

a b 



" 



PROOF. If we substitute from (4.1) for ex VOL pk*P into I (10.6)b 

xy xy 

we obtain (4.7) a where a and b are obviously scalar functions of 

12 34 

g AjLt . From I (10.8) we see that Q^ and (? w/i are not proportional. 
Therefore, (4.7) b holds. 

In the next Lemma we shall again confine ourselves to the first 
two classes. 

LEMMA (4.2). Every tensor field m^ satisfying the conditions 
a) b) c) of Definition (4. 1 ) is of the form 

( 4 -8) w v = */ A/ * + y*V 

where x y y are scalar functions of g^ which contain no derivatives of 
V 

PROOF. We know from I (8.1)a and I (9.3) that 



On the other hand, any skew symmetric tensor m\^ may be ex- 
pressed as follows : 

x y 

(4. 10) 



The construction of such a tensor requires the construction of the 



x y 



tensors a^a^]. From (4.9) we see that a purely tensorial con- 
struction based on g^ and not on its derivatives could only provide 
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X 

us with tensors a\a v . We achieved this result in finding the tensors 

X 

/ (see 1(10.10) and 1(10.11)). Hence, a purely tensorial con- 

X 

struction of a quadratic tensor, based on g^ and not on its de- 
rivatives, yields only tensors of the form 



If m^ v is skew symmetric, we have by virtue of (4.10), I (10.1 1) and 
1(8.16) 

m\ = m2, m$ = m^ 

so that m must have the form 

12 34 



12 34 

Substituting into this equation from (4.7) a we obtain (4.8). Accord- 
ing to the manner in which we obtained this equation it is clear 
that x, y must be scalar functions of g A)Lt which contain no derivatives 
f V 

THEOREM (4.2). In the case of the first class there is only one 
Maxwell tensor field (but for a multiplicative constant) belonging to 
g A/x , namely the tensor field / A ^. 

PROOF. According to Theorem (4.1) the tensor / A/Lt defined by 
(4.1) is obviously a Maxwell tensor field. According to Lemma (4.2) 
any other Maxwell tensor field m^ must be of the form (4.8). Such a 
tensor is a Maxwell tensor field if and only if the condition d) of 
Definition (4.1) is satisfied. This condition is according to (4.2)a 
and (4.8) equivalent to 

x = 0. 



Using I (15.7) in the simplified form 
(4. 12)a k^ = a/^ 

with 



(4.12)b a d A< - 

Ve 

* Seel (15.16) and I (2.11)b. 
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we may write, instead of (4.1 1), 

(4.13) fwflJix + ay) + e aj8[/ , A 3 a)] (y j 8/ a Vl). 
This equation is equivalent to 

(4.14) fa9rf(x + ya) + fr^ a WfVm = 0. 

Assume first that (4. 14) is not an identity. If m^\ is to be a Maxwell 
tensor field, (4.14) has to be satisfied by virtue of (2.8). Among this 
latter set of differential equations there is only one set of the first 
order, namely (2.8) a. Moreover, an easy inspection shows that the 
left-hand term of (4.14) cannot be a first integral of (2.8)b,c. Hence, 

(4.14) must be a consequence of (2.8) a alone. On the other hand, 
(2.8) a is equivalent to (4.2)a, and this latter equation is different 
from (4.14). Hence, (4.14) is not a consequence of (2.8)a, either. 
Therefore, it represents a set of new conditions besides (2.8) a. In the 
case of the first class there is only one set of conditions, namely (2.8). 
Hence, our result is at variance with the assumption that g^ 
belongs to the first class. Therefore, (4.14) must be an identity 

(4.15) x + ya = c (= const), * yp = 0. 

Comparing the second equation (4.15) with the second equation 
(4.12)b, we obtain y = so that the first equation (4.15) yields 
x = c. Substituting these values into (4.8) we have 



NOTE I. Theorem (4.2) will help us in identifying /^ with the 
electromagnetic field tensor. 

NOTE II. If we replace (2.8)a by another condition, we obtain 
another Maxwell tensor field. Thus, for instance, 

^ttO/LtAl = 

leads by virtue of II (6.12) to 



NOTE III. If we admit other restrictions besides (2.8), we obtain 
more than the one Maxwell tensor field, /. Thus, the condition 



1 For the first class, /^ is not a simple bivector. 

2 See Theorems II (7.5) and II (7.6). Physical consequences and applications 
of this condition are described in Hlavaty, V., (18). C/. also Clauser, E., (2). 
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yields a Maxwell tensor field 
(4.16) 




NOTE IV. If we drop condition c) of Definition (4.1) we are 
able to find at least two fields satisfying (4.6). One is f^\ and the 
other is K^j (C/. (2.8)b). * 

5. Digression: Solutions of (2.7) and (2.8). In this section 
we shall display a solution of (2.7) and (2.8). Assume /^ to be of the 
form 






introduce the abbreviation z ^ x 111 x iv , denote by a = CL(Z) 
an arbitrary function of z, possessing at least the first two de- 
rivatives with respect to z 3 , and introduce the vectors 

(5.2)a * A (0, 0, 1, - 1) 

(5.2)b u \( cos a > si n a > 0> 0) 

which satisfy the conditions 
(5.2)c a^a^ = w*a^ = *^ 1=0. 

The tensor g A/i = h^ + ^ with 

(5.3) * v = 2 CA |i] 
is obviously of the third class : 

(5.4) 1 = 0, K = 0, = f). 

1 See preceding footnote. 

2 Finzi, B., (2) uses a tensor *# A similar to P^ (see (2.2.)b) and neglects 
(2. 8) a. From his field equations 



Rot *R = Div *7?/* A = 



it is clear that *R fJ> x cou ^ e identified with the electromagnetic tensor field. 
C/. also Zanella, A., (1) ; Martuscelli, L., (1) ; Schrodinger, E., (2) ; Graiff, F., (2). 
3 Derivatives with respect to z will be denoted by primes. 
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Moreover, since z = # in x iv , 

(5.5)a P u k^ = S^k^ = 2 [/t 8 0) M A] = 2 tM 0) ' A] = 

(S.5)b P0 A A * = a0( A - A 0) = 0, 

so that by virtue of II (3.5) and (5.2)c 

(5.6)a X^ A = 2P A k^ = 4a A [o X, t ], 

(5.6)b ktjKtof = 2(a (lt uP - u^tP) ( A) w' v - ' A > )/} = 0. 

Therefore, we have according to Corollary II (7.1) (or by virtue of 

II (18.3) 

(5.7) C7% = 0. i 

On the other hand, the equation I (3.9)b reduces by virtue of (5.4) to 



so that, by virtue of (5.4) and Theorems II (6.3) and I (14.1), or 
according to (5.7), II (7.23) and (5.5)b we have 



Hence, (2.8) a is satisfied, and the equations (3.13) reduce according 
to (5.7) and (2.8)a to 

(5-8)a 3^, = W.K." 

(5.8)b = H ftX -^K^K^. 

Remembering (5.2)c, (5.6)a and (5.1) we obtain 



= 0. 

Therefore, the field equations are satisfied by X\ = 3\X and 
S*n = fy^ + *v where h Xfl and k^ are defined by (5.1) and (5.3). 
The solution T/^ of (2.7) is given by II (3.1), and this equation 
reduces in our case to 



where S^ v is given by II (17.3). Even this latter equation reduces 

1 Another solution with (5.7) is in Ingraham, R., (1). The author derives 
it assuming the existence of vectors which are covariant constant with 
respect to {/ /1 }. The existence of a covariant constant vector with respect to a 
non-symmetric connection is required in Stephenson, G., (1). 
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considerably in our case because of 

K u*p k v f = tepafau'dfauP u v aP) = 0. 
Hence, we have by virtue of (5.9) a and II (17.3) 
(5.9)b AV 



NOTE. It will be shown later that this particular case of g^ 
describes the plane wave in the electromagnetic theory of light. 

Another solution of (2.7) and (2.8) is exhibited by Hlavaty, V., 
(13) in terms of polar coordinates 



(0 <; ^ n). 
It consists of the vector X^ fyX and of the tensor 



(S-10)a - 




_ 



where 




(5.10)b *nv = e\BA\r~2, AIVIV = B(\ - 

( = 1) 

and B is a positive constant, while A is a negative constant. The 
solution of (2.7) is given by 1 

(5.11) AI'II = - r, r ui hu = - r sin2 0, 



AII I]C III = sin cos 6, 

A n n = r u u i = Ani ra = 
Ai ni in = Annin = cotg 
TAv = ~ Av r i = - 2r n ii 

= 2riv m ra = 2r-i*i iv 
the remaining .T/^ = 0. 

In subsequent considerations we shall use these particular solutions 
of (2.7) and (2.8) for constructing a general solution of this system. 

1 Primes indicate derivatives with respect to r. 
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6. General solution of (2.8). In this section we start with a 
particular solution r/^ of the system (2.8) in order to get its 
general solution. We could use either one of the two previous 
particular solutions. However, we shall generalize the problem 
slightly, assuming that o/y^ is a solution of (2.8) b,c not requiring, 
in particular, that Vfe ^] = 0. All objects defined by means of 
AV w iU be labeled by . Thus, in particular, we define 

(6.1) o r A /^ fo S A / + tfV 

THEOREM (6.1). Let o r A ^ be a particular solution of (2.8) b,c. 
A necessary and sufficient condition that 

(6.2) r/ M = ory; + &/ 

be a solution of (2.8)a,b,c is: The tensor Q^ is a solution of 

(6.3) S A + Qtof = 0, 

(6.4) a [p Z A] = o/^0 A + 2 oSft 



Here Z A is a suitably chosen vector, and 

(6.5) Qx^Q*?. 

PROOF. Using (6.2) and (1.2) we obtain 
(6-6) R^' = o/j^ + 



so that 

(6.7) 



The condition (6.4) follows from (2.8)b,c and (6.7). The condition 
(6.3) follows from (6.2) and (2.8) a. 

NOTE. This Theorem is very handy for finding new solutions by 
means of / 1 / M . An application of this kind is exhibited by Hlavaty, 
V., (13): One starts with the connection ^F^^ given by (5.11) and 
finds a connection 
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where the conditions (6.3) and (6.4) define the vector p v . However, 
the actual computation is uninteresting. The final result for p v is 



(c = const). 

THEOREM (6.2). Let *r x \ be a solution of (2.8). Let J 1 /^ be 
another solution of (2.8) with the following properties: 

a) it has the same skew symmetric part as /A^, 

b) it has the same autoparallel lines as V/p. 
Then 



(6.8) 

where the vector p\ has to satisfy the conditions 

(6.9)a OZ^A) = pj x 

(6.9)b a^s^J = o. 

77*0 s^ o/ a// vectors px satisfying these conditions is not an empty set. 

PROOF. It is very well known that the conditions a) and b) are 
satisfied by the connection (6.2) if and only if 

(6.10) 



where p\ is an arbitrary vector. The equations (6.3) are satisfied 
because of S A = and by virtue of (6.10). The equations (6.4) 
reduce to 



and may be split in (6.9) a and 
50D^ x] + 
The last equation is equivalent to 



and (6.9)b are its integrability conditions. In order to prove the 
last statement we start again with the connection o/y^ given by 
(5.11). Then a simple inspection shows that the vector 



(O, 0, 0, ), (c = const) 

\ c t / 
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satisfies the conditions (6.9). Hence, the set of all vectors satisfying 
these conditions is not an empty set. 

THEOREM (6.3). Let /A^ be a solution of (2.8)b,c which does not 
satisfy (2.8) a. Then 

(6.11) AV 

is a solution of (2.8)a,b,c. 
PROOF. Put 



Then (6.3) reduces to 

(6.12) S A -1?A 

The equations (6.4) reduce to 

(6. 13) c^ = 2(0^ ?A] + 

Hence, 

fc = tSA 
solves our problem. 2 

7. Algebraic solution T/^ of (2.8). In this section we shall 
exhibit a device for solving the field equations (2.8) by a purely 
algebraic method. To this effect we shall first prove the following 

THEOREM (7.1). Let Z^ be an arbitrary tensor. A sufficient 
condition that the curvature tensor R^ of the connection (6.2) satisfy 
the equation 

(7.1) R^f = V 
*'s: The tensor Q^ is a solution of 

(7.2) 'DpQto' + Q^Q^ + 



1 A similar equation is also considered in Einstein, A. Kaufman, B., 
(1) ; Horvath, J., (1). Cf. also Winogradski, J., (2) ; Husain, S. G., and Mishra, 
R. S., (1). The connection /y/* defined by (6. 1 1) is invariant with respect to 
the transformation ^ 



2 For the existence of a general solution of (2.8) see Lichnerowicz, A., (1), 
(2), (3), (4). For particular solutions see footnotes on pp. 50 and 71, and Frei- 
stadt,H.,(l);Narlikar,V.-Vaidya, P., (1); Papapetrou, A. Schrodinger,E., 
(1); Rickayzen,G. Kursunoglu, P., (1); Wyman, M., (1); Udeschini, P., (8). 
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PROOF. Substituting from (6.2) into (1.2) one obtains 
(7.3) R^ = O^A" 



On the other hand, (7.2) yields 

(7.4) A^|W + Q^Q^f + *S^ 

Substituting from (7.4) into (7.3) we obtain (7.1). 

In the next Theorem we shall use a set of algebraic equations in 



(7.5) E Qf E l9 E 2 , ... 

constructed in the following way: 

a) We denote by EQ the system (6.3). 

b) Differentiating EQ and eliminating from the result 
by means of (7.2), we obtain 

(7.6)a 0^05, _ Q^Q^f - WwjQaJ = - Z^tf- 
Differentiating (7.2) and alternating indices, we obtain a set of 
equations for D [f D^ Q X J. Using (1.2) and (7.2) we eliminate 
Au(?A// fr m these equations. Let the resulting set be denoted by 

(7-6)b Efrrf = 0. 

We denote by E\ the set consisting of (7.6) a,b. 

c) Differentiating E\ and eliminating from the result ^ 
by means of (7.2), we obtain E%. 

d) Continuing this procedure we finally get (7.5). 

THEOREM (7.2). In order that the system of equations (6.3) and 
(7.2) admit a solution QxJ, it is necessary and sufficient that there 
exist a positive integer N <^ n 31 such that the equations of the set 

(7.7) o, Ei. E 2 , ..., E N 

are compatible for all values of the x's in some domain, and that the 
equations of the set EN+I be satisfied because of (7.7). // p is the number 
of independent equations in the set (7.7), the solution involves n* p 
arbitrary constants. 

PROOF. This is almost an exact wording of a more general 
Theorem in Eisenhart, L., (2) where its proof may be found. 

1 w 3 is the number of components of 0;u v in an n dimensional space. 
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NOTE. The importance of this Theorem lies in the fact that it 
yields the solution by an elementary algebraic method. l Whenever this 
solution exists, it is a solution of the algebraic system (7.7). 

THEOREM (7.3). Let 'Z^tf be an arbitrary tensor satisfying the 
condition 

(7.8) '/r MA = o 

and put 

(7.9) Z^ ^ -- i ^a [M Z A] + 'Z^/. 

n j 

// the conditions of the previous Theorem are satisfied for the special 
form (7.9) of Z w ^ y then the solution Q^ of (6.3) and (7.2), obtained 
by purely algebraic methods, is also a solution of (6.3) and (6.4). 

PROOF. Equations (7.4) follow from (7.2). If we put o> = v in 
(7.4) and sum, we obtain 

(7. 10)a "D^A - 



On the other hand, we have according to (7.8) and (7.9) 
(7.10)b 2Z MA = a^Ztf 

so that (7.10)a reduces to (6.4). 

NOTE I. Having obtained the solution Q^ v of (6.3) and (6.4) 
in a purely algebraic way, we substitute it into (6.2) and obtain in 
this way the solution Ftf^ of (2.8) by a purely algebraic method. 

NOTE II. We replaced the underdetermined system (6.4) of n 2 
equations by an overdetermined system (7.2) of n 4 equations. 
However, this overdeterminacy is offset by the arbitrary tensor 
Z^ involved in (7.2). According to (7.8) 'Z^/ represents n 4 n 2 , 
arbitrarily chosen functions involved in the set (7.2) of w 4 equations. 
Therefore, this set could be looked upon as representing only 
n* (n 4 n 2 ) = n 2 conditions for Q^ v as does the set (6.4) with 
which we started. 

1 The method which yields a solution of a completely integrable system 
by means of power series is considered here (and in subsequent results) as an 
elementary algebraic method. 
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8. Algebraic solution F x v ^ g Xfl of (2.7) and (2.8). Upon 
substituting the solution F\ v fA of (2.8) into (2.7), we obtain an over- 
determined set of n* differential equations of the first order for n 2 
unknowns g^. It is not difficult to derive from (1.6) a a set of 
algebraic homogeneous equations of the first degree for g^p which 
yields the solution g A/Ll of (2.7). However, we shall use a slightly 
different approach which seems to us more advantageous. 

Assume that we have a particular solution g A/Lt , ^/^ of (2.7) and 
(2.8) (see, for instance, the solutions exhibited in section five). The 
question arises whether we could express gx^ by means of g Aft 
in a way similar to that by which we expressed jT/^ by means of 
o/y^. In order to answer this question we put g^ * n the f rm 

(8.1) g*p = *g* + X^ 

and find -X^. 

THEOREM (8.1). Denote by g p A/[Z , ./y/4 a particular solution of 
(2.7) and (2.8). In order that there exist a tensor (8.1) which together 
with the ry^ is a solution of (2.7) and (2.8), it is necessary and suf- 
ficient that the system 



(8.2) o D ^ = 

admit a solution. Here 

(8-3)a 0& W Q^ % + WQ^fi + 2 os^ 

(8.3)b G^ ^ "g^Q^ - 2 o Sa) / 9Q. 

PROOF. We have according to (6.2) and (8.1) 



25^^ - 2 oS^-Otab + X^) + 2Qi (0lt f(g >a + 
so that 
(8-4) D^ - TS^g^ = oZ? w 

+ ODX - 2 os-X - o 



According to our assumption, g^ is a solution of 
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Hence, a necessary and sufficient condition for g^ to satisfy (2.7) is 
that (8.4) reduce to (8.2). 

In the next Theorem we shall use the following abbreviations: 

(8.5)a 



(8.5)c 



(#=1,2, ...). 
Moreover, we denote by ((AB)) a rectangular matrix of n 2 + 1 

columns. The elements of its first n 2 columns are A^^.^^l the 
elements of its last column are Bf p+1 ...f iaj ^. The first n 2 columns are 
labeled by the superscripts a/9 of the A's. The rows of ((AB)) are 
labeled by the subscripts P +I. . .ficoA/* of the A's and B's, p = 1, 
2, .... The matrix which one obtains by leaving out the last 
column of ((AB)) will be denoted by ((A)). 

THEOREM (8.2). In order that the system (8.2) shall admit a 
solution, it is necessary and sufficient that the matrices ((A)) and 
((AB)) of the nonhomogeneous linear system in X^ 

( 8 - 6 ) XtfA^-tK^n = %-io>A/i 

(#=1,2, ...) 

be of the same rank n 2 q (0 <> q < n 2 ) in a certain domain of the 
coordinates #\ // this condition is satisfied t then the solution X^ 
involves q arbitrary constants. 

PROOF. Using (8.2) one obtains 

(8.7)a AfAA = Af(?iV^ + G ^)- 

The left-hand term may be transformed by means of (1.3) 



Eliminating D a X A/x from (8.7)a,b and (8.2) we obtain (8.6) for 
p = 1. Differentiating this equation and eliminating ^D^X^ by 
means of (8.2), we get (8.6) for p = 2. Continuing in the same way 
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we obtain (8.6) f or p = 1, 2, 3, ---- Now, our Theorem is only an 
application of Eisenhart's Theorem which we mentioned earlier. 

NOTE I. The importance of this Theorem lies in the fact that, if 
Xfa defined by (8.2) exists, it may be obtained by an elementary 
algebraic method. Recapitulating our results we see that the knowledge 
of a particular solution g r ^, ^Ftf^ of (2.7) and (2.8) enables us to find 
other solutions g^, Fx v fJL of these equations by elementary algebraic 
methods. 

NOTE II. For a solution of (2.8) by means of Cauchy's problem, 
see Lichnerowicz, A., (2), (3), (4). 

9. Conformal change. In the concluding sections, nine 
through eleven, of this chapter we shall investigate the conformal 
change of the tensor g^ in relation to the connection J 1 /^ given by 
(2.7) and with the vector S^ involved in (2.8) a. 

Let Q = Q(x) be an arbitrary function of position with at least 
two derivatives. Put 



This conformal transformation enforces a change of the connection. 
This change can always be expressed as follows: 

(9.2)a T A ^ = T/ M + qtf 

where the tensor q^ has to be found. Here, of course, T/ M is the 
same function of 'g^ as /y^ is of g A/i . In subsequent considerations 
we use the tensors s^ and u v ^ defined by 

(9.3) V = ftW- M V 

and the tensors a^, b^ defined by 
(9.4)a a^ ^ wji^ + w^ 

(9-4)b b^ ^ w^ + w^ 

where 

(9.4)c u> a ^3Q- 

Using (9.3) we may write (9.2)a as 
(9.2)b T A ' M = F^ + V + % 

We have now, besides h and A Av , also the tensors 
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Throughout sections nine, ten and eleven we shall hold to the 
following agreement: If T is a function of g Apl , then we denote by 'T 
the same function of 'g Aft . If, in particular, T is a tensor, so is T, 
and our rule implies that the indices of T (of 'T) be raised and/or 
lowered by means of h Xv and/or h^ (by means of 'h** and/or 'A A/ J. 

THEOREM (9.1). The tensors S A/ / and u v ^ involved in (9.2)b 
satisfy the following relations: 



(9.5)a a^x = 2u x ^ 

(9.5)b VA = 2^A 

PROOF. A simple calculation based on (9.2)a and (9.1) yields 
(9.6) ^('D^- 



The tensor g A/Lt satisfies (2.7) and the tensor 'g^ satisfies the relation 
(9-7) '^' 

Therefore, (9.6) reduces to 

( 9 - 8 )a w^hfy = 

(9.8)b w^kfr = 

The equations (9.5) follow from (9.4) and (9.8). 
THEOREM (9.2). The equations (9.5) are equivalent to 



(9.10) 






ts ^/m^ 6y II (3.1 1). 



1 The coefficient of U^o in II (7.2) is the same as the coefficient of u^o 
in (9.9)b. 



CHAPTER IV, SECTION 9 153 

PROOF. The last part of (9.10) follows from the middle part and 
from (9.4). The equation (9.9)a ((9.9) b) is the result of the elimi- 
nation of u^py (of s aj g y ) from (9.5). 

In the next Theorem we use the tensor Z^ v defined by II (10.3). 

THEOREM (9.3). Consider the first two classes, and put 



Then 

(9. 1 2)a 25^^ = l^ v + 3l [afiv} 

(9.12)b 2w vV = a^ v 

so that 

(9. 13) T/ M = r^ + i[ V + V 



PROOF. The structures of II (3.12) and (9.9)a are the same. 
Therefore, we may apply the method of section II (1 1) for solving 
(9.9) a. Remembering in particular II (1 1.1) and II (10.6) we obtain 
(9. 1 2)a and (9. 1 1 )a, where, of course, the nonholonomic components 
Ixyz of / w/tv are given by 

(9.H)b lxyz = -rk xyz . 

A 

xyz 

Substituting from (9.12)a for s wfJLV into (9.5)a one obtains (9.12)b. 
The equation (9.13) follows from (9.12) and (9.2)b. 

In subsequent considerations we shall need two Lemmas. The 
first one is 

LEMMA (9.1). We have for all three classes 
(9.14)a 



PROOF. Consider the first two classes. The equation (9. 12) a 
may be rewritten in nonholonomic components by means of (9.1 l)b 
andI(9.1)a(for/>= 1). Then 

6 A S[ X yz\ = 3k[ X yz\ + 
xyz xy 

+ 2>XXk[y ZX 1 + 3A,Mt[ ZX y] = 3 A 

y z zx xyz 
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and this equation is equivalent to the first equation (9. 14) a. The 
second equation (9. 14) a follows from the first one and from (9.10). 
The equations (9.14)b follow directly from (9.4) a and (9.12)b. The 
proof for the third class will be given later. 

In the second Lemma we also use nonholonomic components with 
respect to the nonholonomic frame exhibited in sections 1(12) and 
I (13). 

LEMMA (9.2). For the third class we have 
(9.15)a ^[24] = 

(9.15)b 434 = 

and 
(9.16) V* V*A) y * aj 8y = 0. 



PROOF. The equations (9.15) follow directly from the non- 
holonomic form of (9.10) and from I (12.3) and I (13.1). Then the 
proof of (9.16) follows the pattern of the proof of Lemma II (18.1). 

THEOREM (9.4). We have for the third class 

(9- 17) a 25 o>/^ = k a>fJL V 2k [ k ^ k ^ 

(9.17)b 2u vXfA = v + Th 



Here 

(9-18) *^^V*/ 

Therefore, the connection '/Y^ is given by 



2*i* u r V - 2<5 ( 5 V W 

PROOF. The structure of II (3.12) and II (15.3) being the same 
as the structure of (9.9)a and (9.15), we obtain (9.17)a by replacing 
the tensor K wfMV with k wfJLV in the solution II (17.3). The equation 
(9.17)b follows from (9.17)a, (9.5)a and (9.16). (Cf. also the proof of 
Theorem II (18.1)). The equation (9.19) follows from (9.17) and 
(9.2)b. 

NOTE. Using (9.17) we may easily prove Lemma (9.1) for the 
third class by means of I(13.1)a,b. According to these latter 
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equations the only nonholonomic component of k^k^k^^ which 
does not identically vanish is &*[24]. This component is equal to 
zero because of (9.15). Therefore, we obtain from (9. 17) a 



The equation (9.14)b follows in a similar way from (9.17)b. 

In the next section we shall derive some consequences of Theo- 
rems (9.3) and (9.4). 

10. The vector 'S A . In the next Theorem we shall use the vectors 

c def c a. 'C def >c 



THEOREM (10.1). The vector S A is transformed by the conformal 
change (9.1) as follows: 

(10.1) 'S A = S A + w a * A 

PROOF. We have from (9.2)b 

(10.2)a 'V = V + V 

so that 

(10.2)b 'S A = 5 A + SAa 

Consider the first two classes. The nonholonomic components of 

*A^A a 
are 

(10.3) a s x = s xx , x + s xzz > + s xz , z . * 

Therefore, we have according to (9.11)b, (9.12)a and 11(9.1), 
11(14.1), 

2s x = k xx , x + ~~ \k x zz' + k xz , z + 6hhk[ XZ z>}[* 

A, A xz 

xx'x xzz' 

This expression reduces by virtue of (9.10) to 

s x == Xw x 

X 

equivalent to 

(10.3)b s A = ^ a ^ A . 

1 The primed indices are defined in the proof of Theorem III (2.3). If the 
range of x is 1, 2 (or 3, 4), then the range of z is 3, 4 (or 1,2). 
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Substituting this value into (10.2)b we obtain (10.1). 

Consider now the third class. Then we have from I (13.3) 

= o <3) = 



so that according to (9. 17) a and (9.10) 
(10.3)b 2s w = !* + 2k [ 



Hence, even in this case we obtain (10.1). 
According to Theorem I (14.1) the tensor *h* v is of rank 4. 

_! _! 

Therefore, there is only one inverse tensor *A A/X = *hp\ satisfying 
the condition 

(10.4) *A^W = %. 

We shall use this tensor in the next theorem. 
THEOREM (10.2). In order that 'S A vanish 

(10.5) - 'S A = 0, 

it is necessary and sufficient that there exist a scalar Q such that 

(10.6) l *V8 A Vj^*^ = V 3 a 

V|fl| 

-i 
PROOF. Multiplying II (6.14) by *A flv we obtain 



so that (10.2)b reduces by virtue of (10.3)b to 



The proof follows easily from this equation and (9.4) c. 

In the case of the first class we have k ^ 0, and therefore, there 

~i 
is only one tensor k^ satisfying the condition 



(10.7) 

We shall use it in the next Theorem. 
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THEOREM (10.3). In order that (10.5) hold for the first class it is 
necessary and sufficient that 



(io.8)a a [/x ,f *A(3 y \*fty^) - = o. 

If this condition is satisfied, then 
(10.8)b w m = d^Q 



m ^ , 

v|g| 

-i 
PROOF. One obtains (10.8)b by multiplying (10.6) by kj*. The 

conditions of integrability of (10.8)b are (10.8)a. 

NOTE. Theorems (10.2) and (10.3) show under what circum- 
stances the field equation (10.5) could be enforced by conformal 
change (9.1). 

11. Conformally invariant connection /*/ . 

LEMMA (11.1). Put 

(1 l.l)a Z^ ^ s^g^ + s^gfr + u^g^ + %&.. 
Then 

(H.l)b v* = W V 

PROOF. The tensor Z^ may be written 



Substituting for the last two terms from (9.5) and using Lemma 
(9.1), we easily obtain (1 1.1 )b. 

We shall need this Lemma in the proof of the next Theorem. In 
order to state this Theorem clearly we have to explain some new 

notation. If F is a function of MX, then we denote by F the same 

~i 
function of the argument A/5 a . Thus, for example, 

^A=^A a S a . 

We obviously have 

v = v. v = v 

so that 

-i ~i 

'-*,. _ ', 'C _ A 'C 
w \ K \ a ^A a- 
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THEOREM (11.1). Let g^ be of the first class. Then there is only 
one connection jy^ with the following properties: 

a) it satisfies the conformally invariant conditions 

-i 
( 1 1 .2)a 3^ - /A-^ - r V*. = *" S Ai 

(H.2)b 5 A ^r [A a] = 0, 

b) # is invariant with respect to (9.1) 



TTws connection is given by 

(n.4) /vv = r 

= AV - KV + V + 
PROOF. The equations (10.1) and (10.7) yield 

(1 1.5) = ('S A - S A ) V = '* - ^. 

The tensor Aj w/tv defined by (9.10) is a homogeneous linear function 
of Wfr Hence, 

(H-6) k^ 

where, of course, 



Therefore, 
(1 1-7) 



The tensor ZJ^ involved in (9.11)a is a conformal invariant 1 . 
Therefore, there is an equation similar to (11.7) for / WftA , 7 w/iA and 
lupX. By the same token we obtain from (9.12) similar equations to 

1 The scalars K and k involved in II (10.3)b are obviously conformal 
invariants. So are the tensors E t since 



xy xy 
The conformal invariance of QQ^" is then evident. 
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(1 1.7) for S^A, f S w ^ s w px and w vA/Jt , 'w vAfA , i* vA/t so that finally, 
(11.8) V = V- V 



Substituting from (1 1.8) into (9.2)b we get, after a slight rearrange- 
ment, 

/1 1 Q^ TV def A" _ ^ v _ u v \ 'A" _ '4\ v _ '*;/*\ 
( 1 1 .y; -* A /* = * A /A 5 A/u ^ A/u - * A /i 6 A/t w A/r 

The tensors S A/ / and u^ are to be constructed according to the 
pattern of (9.12). 

(11.10) 2i^ 9 = l^ v + 3/i^iV V 



In this way we obtain (1 1.4) from (1 1.8) and (1 1.9). If we remember 
II (2.1) a, we see from (1 1.4) that 

Va>8Xp * A o>?a/t * a> pSXot, === ^coAft 

where fi^ is to be constructed in the usual way from Z^ given by 
(1 1.1) a. Therefore, (1 1.2) a holds by virtue of Lemma (11.1), which 
obviously is also valid for ^ wAft and w w . 
Using (11.4) we derive 

S x v C. v _ 4. v 
A/i, A/t ^A/i 

so that 

(ll.ll)a S A = 5 A -s A . 

On the other hand, we have from (10.3)b 

(ll.ll)b s x - ^kf^ljSpkf = S A . 

The equation (1 1.2)b follows from (1 1.1 l)a,b. 

Assume that there are two connections jT/^ and */ 1 A f; /A satisfying 
(1 1.2) a. Denote by C A/ / the tensor 



1 Here, of course, 

V = ' V*"* 
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From (1 1.2) a we easily derive for C A/ / the condition 
(H.12) Ctfg^ + C^gfr^O. 

Comparing this system to II (2.1)a we see that the uniqueness of 
the solution T/^ of II (2.1)a implies C^ = 0. Hence, there is only 
one solution /y^ of (1 1 .2). 

An easy inspection of (1 1.2)a shows that 

(11.13) Kgip - Ffv'gap ~ A,V& = (VS + 

Using (11.5) we see that 

-i -i 

*"$ + = & + = 'w* = V 

Thus, (1 1.13) reduces to 



Comparing (11.14) and (11.2)a we see that this latter equation is 
conformally invariant. 

NOTE L The equation (1 1.2)b may be looked upon as the field 
equation belonging to jT/^, which replaces the field equation 
(2.8) a belonging to J 1 /^. While this latter equation has to be postu- 
lated, (1 1 .2)b is satisfied automatically, even if (2.8)a does not hold. 

NOTE II. The equations (11.2)a are substantially of the type 
suggested by Bose, S. N., (2) in his attempt to generalize Ein- 
stein's unified theory. l 

This concludes the study of the geometrical aspect of field equa- 
tions (2.8). The results obtained will lead us in a quite natural way 
to their physical interpretations, dealt with in the next chapter. 



1 Another type of transformation of the connection is considered in 
Mishra, R. S., (1). 



CHAPTER V 
PHYSICAL INTERPRETATION OF FIELD EQUATIONS 

PART I 

Third class 

1. Prerequisites *. In this chapter we shall consider the 
physical interpretations of the field equations 

(l.l)a S A = 0, 



(l.l)c RW = O 

in four-dimensional space-time. The first part is concerned ex- 
clusively with the third class. The second part is devoted to the 
first two classes. 

According to Definition I (1.1), the third class is characterized by 



so that I (3.3)b reduces to 



Therefore, by virtue of II (7.1)c we have 
(1.2)c C7^= 17%, = 0. 

Equations I (15.2) reduce by virtue of (1.2) and I (2.1 1) to 



1 .3)b 



i This chapter is based on results in Hlavat^, V., (12), (13), (15), (16), 
(17), (20). 
* Cf. I (1.5). 
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and yield 

(1 .4)a ** = -- 



= -|- VI 
According to Theorem IV (4.1) the equation (l.l)a is equivalent 



to 



which represents the integrability conditions of 

/ M A = VA1- 2 



Substituting from (l.l)a, (1.2)b and I (3.9)b into II (6.14), one 
obtains 

This equation also follows from (1.3) a and (1.5) a. 

In subsequent considerations we shall use the vector v v defined 
as follows 

DEFINITION (1.1). We put 

(1.6) v v V \f) | ~ f a VOL fa' S a o . 
AGREEMENT (1.1). In this part we assume 

(1.7) S [aj3y] SNto ;> o. 

The vector v v defined by (1.6) may be expressed in a slightly 
different way. 

THEOREM (1.1). We have 

(1.8) i 

- z 

f* *y _____ 

= v* ft| 3 a fy y = ? v |l)| P a k ?y . 

The proof follows from II (6.12), I (2.11 )a and (1.6). 

1 Cf. I (15.17). 

2 Cf. IV (4.2)b. 
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2. Tensors K mjJLV9 S wfM ,, and U V(ofA . 

THEOREM (2.1). The tensor K wfJ>v defined by II (3.5) may be ex- 
pressed in terms of v v and /^ as follows: 



(2. 1) K^ = 

PROOF. By virtue of I (2.12)d the equation (1.8) yields: 



so that according to II (3.5) 



Substituting into the last term of this equation from (1.4)b one 
obtains (2.1). 

In the next Theorem we shall denote by S^ the tensor " 
defined by II(16.1)b and expressed in terms of 

THEOREM (2.2). Put 

(2.2)a 2 05^ ^ oS&e^ V y /h. 

Then 
(2.2)b 25^ = o 



and the tensor S w/[il , does not contain v v . 
PROOF. The equation II (17.3) is equivalent to 



Substituting into this equation from (2.1) we obtain (2.2)b. The 
statement about the tensor S a)/ii; follows by simple inspection from 
(2.2)a, (1.8) and II (16.1)b. 

In the next Theorem we shall denote by U*j the tensor 
2S* ( f|8| kpf expressed in terms of /^. 

THEOREM (2.3). Put 
(2.3)a W 

Then 

(2.3)b U v ^ 

and the tensor Q U V does not contain v v . 
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PROOF. The equation (2.3)b follows from (2.2)b and II (3.2). 
The statement about the tensor f/^ /i is obvious. 

Theorems (2.2) and (2.3) will play an important role in the 
physical interpretations of the field equations. 

NOTE. Substituting the vector U^ computed from (2.3)b into 
(1.2)c one finds 



(2.4) w* CTr** + t/ = . 



This equation does not restrict v v : it reduces to an identity by 
means of (1.6) and (1.2)a. 

THEOREM (2.4). The connection r x v pt defined by II (2.1) may be 
expressed in terms of h\^ f XfJL and v v as follows: 

(2-5) Ft, = tfj + ov 



The proof follows from II (3.1), (2.2)b and (2.3)b. 

3. Digression. If we neglect the dielectric constant and the 
permeability and use suitable units, then Maxwell's equations for 
an electromagnetic field /^ 1 acquire the following simple form : 



(3. l)b * Vlljj = S A /A" VI = 

The equation of continuity of the charge and current, i.e., 
(3.1)c (VW\ ?* ^=) ^VW\ = 0, 

follows from (3.1)b. 

In the next Theorem we shall use the curvature tensors H 
and H^ defined by IV (3.1) and IV (3.7)a. 

THEOREM (3.1). Every solution of (3.1) is also a solution of 
(3.2)a 

where 
(3.2)b 



i Here we use on purpose the symbols /^ , v v introduced in previous 
sections. 
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and 

(3.2)c -A^KtV^Vp. 

PROOF. The equation (3.1)a is equivalent to 



Applying P< ^ & Aa> P A to this equation we find 

(3.3) ^A + 2P-F [/ ,/ A]w = 0. 

On the other hand, one obtains according to IV (3.3) and (3.1)b 

(3.4)a 2P V^ / A]a = 2[P^ F/ A]a + 



This equation can be simplified. We find according to IV (3.4)b 



so that (3.4) a reduces to 

(3.4)b 2P V^ / A]a - - 

Substituting from (3.4)b into (3.3) we obtain (3.2) a. 

NOTE I. The equations (3.2)a will be referred to as condensed 
Maxwell's equations for the field / Aft . 

NOTE II. It is not difficult to express v v by means of the vector 
fx involved in (1.5)b 

2v v = Af* - P*P A / A + Hjf*. i 

Substituting from this equation into (3.2)a, and using again (1.5)b, 
one obtains a set of differential equations for / A . 

4. Field equations (l.l)b. In this section we shall use the 
tensor *-4[ a)jLt ] defined by IV (3. 12) a and put 

(4-1) A 

1 Cf. also Todeschini, B., (1). 
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where 

(4.2) S^ ^ faSfl 

THEOREM (4.1). Neither one of the conditions 

(4.3) (l.l)b,ca*rf(1.2)a 
yields 

(4.4)a S^ = 0. 

PROOF. Substituting into (4.2) from II (17.3) * and II (18.3), 
one sees that (1.2) a cannot yield (4.4) a. Remembering that Theorem 
IV (3.2) asserts the equivalence of IV (3.13)a (of IV (3.13)b) and 
(l.l)b ((l.l)c), we see that neither one of the conditions (l.l)b,c 
could yield (4.4) a. 

NOTE. The importance of this Theorem will be seen later. It is 
obvious that if and only if (4.4) a holds, we also have 

(4.4)b ^w/i^^tcu/il- 

THEOREM (4.2). The tensor *A[ (ofJt ] may be expressed in terms 
of fxp and v v as follows: 



(4.5)a M ^ - ^ + A^ifi + A^itiT + 

where 

(4-5)b K, M A, ^ 



and the tensors 4 wf4 , A WfJL ^ A^^v have the following properties: 

a) they are skew symmetric in coju, 

b) they are well-defined functions of /^, h^ t and their first two 
covariant derivatives, 

c) they do not contain the arguments Af^, v v , V^v v . 

PROOF. Substitute into IV (3.12)a for k^, Up, U^ r K^ y from 
(1.4), (1.2)c, (2.3)b and (2.1) respectively. The Theorem then follows 
by simple inspection of the result of the above substitution. 

THEOREM (4.3)a. The system (l.l)b of field equations is equi- 
i or from II (7.23). 
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valent to 

(4.6)a t^Xfl = i(PV) (a^ + a^) 

+ A** + vV + 9A + eApP + S. 



PROOF. We have by virtue of (2.1) 
(4.7) W*^ = y [(P^WA + 

Substituting from (4.7) and (4.5) a into IV (3. 13) a, and remembering 
(4.2), we obtain (4.6)a. 

THEOREM (4.3) b. The system (l.l)ab of field equations is equi- 
valent to (3.1)a and 

(4.6)b 



The proof based on Theorem (4.3) a and equation (4.2) is obvious. 

NOTE. The system (4.6)b may be looked upon as a system of six 
partial differential equations for six unknowns /^ expressed in 
terms of auxiliary variables 

(*) *A. V * 

and their derivatives : 

(4.8) /v 



THEOREM (4.4). Upon computing k^ from (1.4) and (4.8) and 
substituting it into the defining equation (1.6), we obtain four partial 
differential equations (3.1)b of the second order for the four unknowns 
v v . 

PROOF. Equations (1.8) and (1.6) are obviously equivalent so 
that we may deal with (1.8). Substituting into its right-hand term 
for kp r computed from (4.8) and (1.4), we obtain on the right hand 
side V x v v as an argument, while the left hand term of (1.8) does not 

1 It is not necessary for our purposes to single out other derivatives of the 
arguments (*). 
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contain it. Therefore, (1.8) is no longer an identity. It becomes a set 
of four partial differential equations for four unknowns v v . From 
(4.6)b we see that / A/Lt in (4.8) contains P'V but no other derivatives 
of v v . Therefore, the above set (1.8) is of the second order with 
respect to v v . Using (1.4) one finds that (1.8) is equivalent to (3.1)b. 

NOTE I. Substituting into (4.8) the solution 
(4.9)a & = iP(X.,h..)i 

of (3. l)b, we obtain /^ expressed in terms of h^ and X^ 
(4.9)b /A^/A^A..)- 1 

NOTE II. There is still another path leading to (3.1)b. Substi- 
tuting into (1.6) from II (6.12) and (1.4)b, we obtain 

(4.10) v v VW\ = W Xv ^W\' 

This equation does not have the operational meaning of Maxwell's 
equations. It is a definition of v v and not a set of differential equa- 
tions for /^. We could give it an operational meaning if we had still 
another definition of v v and substituted from it into (4.10). The set 
(4.6)b could be looked upon as another definition of v v . Substituting v v 
defined by (4.6)b into (4. 10), we convert this latter defining equation 
into a set (3. l)b of four partial differential equations for f^. 

In order to derive some consequences from the previous results 
we need the following 

LEMMA (4.1). We have 

(4.1 1) t)2 def h^(v*VW\) (**Vfoj) 0. 2 

PROOF. From (1.8) and I (2. 13) a we find 



so that according to I (2.12)d, II (6.12) and (1.7) 



NOTE. We know that (l.l)a is equivalent to the first set (3.1) a. 

1 Cf. the footnote on the preceding page. 

2 We remind the reader that the signature of h^ is (+ + H -- ). 
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Moreover, we obtained the second set (3.1)b via (4.6)b, equivalent 
to (l.l)a,b. Thus, (3.1)a,b result as consequences of (l.l)a,b. More- 
over, (3.1)a,b have the form of Maxwell's equations. This fact 
justifies the following 

AGREEMENT (4.1). We identify 

a) fx v with the electromagnetic field tensor, 

b) v"V|Ij| with the current density vector, 

c) (3.1)c with the continuity equation of the charge and current, 

d) to= |D 2 |* with the charge density whenever D 2 ^ 0. l 2 

5. Generalized Maxwell's set. 

THEOREM (5.1). A necessary and sufficient condition for pure 
radiation 

(5.1)3. v v = 

is 



The proof follows at once from (1.6). 3 

NOTE. Each of the conditions (5.1)ab is equivalent to 



THEOREM (5.2). The system (4.6)b is equivalent to Maxwell's 
equations (3.1) in the sense that every solution of (4.6)b is also a so- 
lution of (3.1). 

The proof will be accomplished in four steps. 

1) We know from Lichnerowicz' result (3) that (1.1) admits a 
unique solution with prescribed boundary conditions for g^ along 
#iv const. 

2) The system (4.6)a, equivalent to (l.l)b, might admit a so- 

1 According to the previous Lemma we have to 2 < whenever to 2 ^ 0. 

2 For another definition of current and charge in some special cases of 
gfy see Mavrides, S., (5). Another identification in the general case is in 
Mavrides., S., (1), (2), (3), (4). 

3 Using the method of successive approximations, Schrodinger, E., (6) 
proved that (5. l)b is not a consequence of (1. 1). On the other hand, there are 
tensors g\ which satisfy (1.1) and (5.1)b (Cf. the first example in section 
IV (5)). The condition (5. l)b appears also in Stephenson, G., (3). 
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lution satisfying 

(5.2) Scco/^O. 

This holds even when (4.4)a is satisfied, in which case (4.6)a reduces 
to (4.6)b. On the other hand, we know (Cf. Theorem (4.1)) that, in 
the frame of our conditions (l.l)a and (4.3), it is only (l.l)a which 
implies (4.4)a. The condition (l.l)a is equivalent to (3.1)a so that 

(5.2) cannot hold. 

3) Assume that we are dealing with a charged particle so that 
(5.1) is not satisfied. By the manner in which we obtained (3.1)b 
from the defining equation (1.6) by means of (4.6)b, it is clear that 
every solution of (4.6)b must satisfy (3.1)b. 

4) If we are dealing with pure radiation, then (5.1)b must be 
satisfied. Then the conditions imposed on gx^ are (5.1)b and 

(5.3) (1.1), (1.2)a, 
and (4.6)b reduces to 



(5.4) 3 [<0 X M] 

In other words, we have 

(5.5) Y^ ^ 

+^o>^A^ A + A^ifiif = 0. 
The system (4.6)b might admit a solution with 

(5.6) d x VW\f Xv * 

even if (5.5) holds. We see from (1.6) that (5.5) cannot be a conse- 
quence of (1.2)a. * According to the Note following Theorem II (7.7), 
we know that (l.l)a for the third class is equivalent to II (7.25). 
This latter equation may be rewritten according to (2.3)b and (1 .4) a 
as 

= 0. 



It is not difficult to see that this condition, equivalent to (1.1) a, 
does not yield (5.5). The same is true for (l.l)b. Finally, the form 
IV (3.13)b of (l.l)c shows that even this condition cannot yield 
(5.5). By the same token the conditions (5.3) combined together 

1 An easy inspection based on II (18.3) shows that neither one of the scalars 
K t k nor their derivatives are involved in R [ft A]- 
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do not yield (5.5). Hence, the only remaining condition in the 
frame of our restrictions (5.1)b and (5.3) which yields (5.5) is (5.1)b. 
This latter condition is equivalent to (S.l)csothat (5.6) does not hold. 

THEOREM (5.3). The system (4.6)b is equivalent to the set (3.2)a 
of condensed Maxwell's equation in the sense that every solution of 
(4.6)b is also a solution of (3.2) a. 

The proof follows easily from Theorems (3.1) and (5.2). 

Previous results justify the following 

DEFINITION (5.1). The system (4.6)b will be referred to as the 
generalized Maxwell set. 

NOTE I. The generalized Maxwell set may be reduced to a set 
of four equations not containing X^, 

(5.7) ^Kfl^lAv - <"WlAv) FV + ^UlA" A 

= 0. 



These equations follow from (4.6)b and 

d^uXfA = 0- 

In any case, the generalized Maxwell set is not linear in /^ and its 
derivatives. This fact distinguishes it from Maxwell's set (3.1) as 
well as from the condensed Maxwell set (3.2) a. 

NOTE II. Theorem (4.4), based on (4.6)b, holds also in a slightly 
different form for (5.7). The proof is similar to the corresponding 
proof of Theorem (4.4). It is not based on the solution (4.8) of 
(4.6)b but on the solution 

(5.8) /A = /A(A..,*r, P^,F-FV) 

of (5.7) and on ( 1 .5)b, following from (3. 1 )a. 

6. Auxiliary results. In order to find physical interpretations 
of (l.l)c we need some auxiliary Theorems which will be proved in 
this section. 

In the first Theorem we shall express the tensor Mgj^, defined 
by IV (3.12)b, in terms of f^ and v v . 

THEOREM (6.1). The tensor *A( fJt x> may be expressed in terms of 
fx^ and v v as follows: 



172 CHAPTER V, SECTION 6 

(6.1) *^A>= O M A+^AX+^^ 

where the tensors J5 ftA , B^ vt B^ V(t) have the following properties: 

a) they are symmetric in /iA, 

b) they are Well-defined functions of / A/i and their first two covariant 
derivatives, 

c) they do not contain the argument v v or its derivatives. 

The proof is similar to the proof of Theorem (4.2). Of course, 
here we have to use IV (3.12)b instead of IV (3. 12) a. 
Another tensor used later is the tensor 

(6.2) 



(M - 

THEOREM (6.2). The tensor Q^ may be expressed in terms o 
and v" as follows: 

(6.3) 



where 
(6.4)a 
and 
(6.4)b 

PROOF. From (2. 1) we find, after some elementary computation, 
(6.5)a 



Consequently, 

(6.5)b - 

On the other hand, we derive from (1.6) 

(6.5)c - ^ y ^fS^5 = 

Substituting from (6.5)abc into (6.2), we obtain, by virtue of (6.1), 
the equation (6.3). 

NOTE I. The defining equation (6.2) is purely geometrical. It 
expresses Q^ in terms of 

5 a3 U K and - 
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The same tensor may be expressed in terms of physical quantities 
/A/A> v v > an d auxiliary variables in the form (6.3). We shall need both 
equations (6.2) and (6.3) later. 

NOTE II. The equation (6.4)a can be expressed in a slightly 
different way. The first equation (1.2) a may be rewritten by virtue 
of (1.4) 

4K = k^frf* = - fop* = 
so that 

(6.6) W)(Vatto) = -1toAb r 

The second term in (6.6) can easily be computed from (4.6)b. In 
this way we obtain for the last term, on the right-hand side of (6.4) a, 
an explicit function of d^X^. Therefore, the choice of Xx affects 
the value of the scalar A. 

7. Digression. In order to understand the results of the next 
section we have to remind the reader of some facts about the field 
equations IV (3.16) of the gravitational theory. l We know that the 
constant *k involved in IV (3.16) is a constant multiple of the 
gravitational constant. The momentum energy tensor *jf^ of 
matter, for the simple case of incoherent matter, may be written 

(7-1) *Z> = VA 

where the vector field w^ is tangential to the trajectories of the 
particles. Assuming that these trajectories are not minimal curves, 
we may express w^ as follows : 



(7.2) 

Here MV|t)| is the mass density of the matter, and u\ is a unit 
vector. Therefore, IV (3.16) acquire the form 

(7.3) H^ 



The equations IV (3.4)e and IV (3. 16) lead to the law of conservation 
of momentum and energy 



(7.4)a j7 A *r A " = 

1 By gravitational theory we mean the theory usually called the general 
theory of relativity. 
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which in our case takes the form 

(7.4)b = V^Mu*u v = u v V x Mu* + Mu* P A u v . 

The vector u v being a unit vector, the vector W A P A u v is either equal 
to zero or perpendicular to u v . Therefore, (7.4)b splits into two 
equations 

(7.5) a 
(7.5)b 

If we denote by s the arc length of the trajectory under consider- 
ation, we find easily that (7.5) a is equivalent to 

d*x v , , dx* dx* 

("I -*r + Wl5-n5- a 

This set of four equations defines an autoparallel line with respect to 
{/ jj which line is usually referred to either as a geodesic with respect 
to the gravitational field A Aft or as a path of {^ V IJ }. Therefore, the 
physical meaning of (7.6) may be expressed by the gravitational 
law of inertia: If a particle moves freely in the gravitational field 
h^, it describes a geodesic of this field. Moreover, we know that 
under certain conditions the first three equations (7.6) reduce to 
the Newtonian gravitational law at an arbitrary point, while the 
fourth one reduces to an identity at this point. 
The equation (7.5)b is obviously equivalent to 



(7.7) d\M$\ u* = 

which is the equation of continuity of matter. Therefore, we see that 
this equation is a consequence of the gravitational field equations. l 

NOTE. In cosmological theory the gravitational field equations 
are slightly different from IV (3.16), namely 

(7.8) H^ 



If we wish to preserve the conservation law (7.4) a, then we must 
have by virtue of (7.8) and IV (3.4)c 



1 Note that the equation (3. l)c of continuity of the charge and current 
follows from (3.1)b which is a consequence of the generalized Maxwell set 
(4.6)b. 
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and this equation is equivalent to 
(7.9) d^*A = 0. 

Hence, *A is a constant. It is referred to as the cosmological constant. 
It is assumed to be negligibly small and has negligible effect so far 
as distances within our solar system are concerned. 

8. Gravitational field equations. Metric. In this section we 
shall use the results of the two previous sections. The expressions 
HX^ and H involved in the next Theorem are defined by IV (3.7) a 
and IV (3.8). 

THEOREM (8.1). The system (1.1) a, (l.l)c of field equations is 
equivalent to (3.1)a and 



where 

(8-2) T 

and the middle member of (8.2) is defined by (6.3) and (3.1)b. 
PROOF. First we obtain from (l.l)a and IV (3.13)b 

(8.3) H^- 
so that 

(8.4) H 

Consequently, we have according to (6.2) and (6.5)c 



and this equation is equivalent to (8.1) where T^ is defined by 
(8.2). 

NOTE. (8.1) has a form similar to IV (3.16). The tensor T^ has 
a form similar to (7.1), but for the term Q^ which is due to electro- 
magnetism. These facts justify the following 

AGREEMENT (8.1). We identify h^ with the tensor of the gravi- 
tational field and T^ with the momentum energy tensor of matter and 
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electromagnetism. l The equations (8.1) will be referred to as gravi- 
tational field equations. 

NOTE I. We mentioned in the previous section that the equa- 
tion of continuity f or \ , , , } lies within the frame of 
> + i (charge and current! 

the J rav i theory. On the other hand, the equation of 

\ unified J 

continuity for matter cannot be derived from the field equations 
(l.l)abc. If we assume its validity for our new theory as well, then 
we may derive a relationship between the mass density M V\f)\ and 
electric charge density t> = V|v 2 J)|. 2 

If the trajectory of a charged particle is not a minimal one, and if 
M is the mass of the particle, then we have 

(8.5) V\^\v v = *u v = <pM\/\tj\u v 

where u v is the unit vector and <p a factor of proportionality. This 
equation, together with (3.1)c and (7.7), leads to 

u*d v <p = 0, 
so that the function of position 90, which is involved in the formula 

(8.6) to = pM\/jf[, 3 

is constant along the trajectory of the particle. If we substitute from 

(8.6) into the middle member of (8.2), we find that T^ has the 
following arguments 

(8.7) *, A v , /v M > V- 

The first four quantities are arguments of the momentum energy 
tensor *r^ for matter and electromagnetism in the gravitational 
theory in the presence of electromagnetism. This is one of the 
reasons justifying the identification of T^ with the momentum 
energy tensor for matter and electromagnetism. Note that T^ and 

1 The full justification of this name will be given in the Note following this 
Agreement and in section (10). 

2 See (6.4)b. _ 

3 This formula relating mass density MV|f)| and electric charge density 
has been derived from the assumption that v v is not a null vector. If we agree 
to apply it also to the case of a null vector, then we have q>M = for a 
particle moving along a minimal line (photons). 
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*T^ have different structures although they have the same first 
four arguments (8.7). 

NOTE II. In the gravitational theory the gravitational tensor 
field h\p plays the role of metric tensor. In order to determine the 
role of h^ in the unified field theory, we must first define the 
characteristic features of a metric tensor. 

DEFINITION (8.1). Let F/^ be an arbitrary connection and D^ 
the symbol of the corresponding covariant derivative. Let t^ be a tensor 
with the following properties: 

a) it is symmetric , 

b) its determinant does not vanish, 

c) any system of differential equations 

(8.8) 



admits a first quadratic integral 

(8.9) F A F/^ = const. 

Then t^ is termed a metric tensor belonging to the connection Ftf^ l . 

THEOREM (8.2). h^ is the metric tensor belonging to the following 
connections: 

a) the connection {A^}, 

b) the connection J 1 /^ defined by II (2.1), 

c) the connection Ftf^ built up from the connection sub b). 

PROOF. Denote by D^ the symbol of covariant derivative with 
respect to any one of the connections mentioned sub a) b) c). From 
(8.8) we obtain 



The last term may be written for the three cases a) b) c) as follows : 



1 Schrodinger, E., (3) calls 7y and t^ "physically compatible." Cf. also 
Winogradski, J., (1). 

2 Cf. II (2.2)a. 

3 Cf. II (7.7). 
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The term on the right hand side vanishes because of 



11(8) 
H (3). 



Therefore, in each of these three cases (8.8) admits a first quadratic 
integral (8.9). Moreover, h^ is symmetric and l)<0. Thus, all 
requirements of Definition (8.1) are fulfilled. 

9. Recapitulation and Continuation. Let us recapitulate 
first the results obtained in previous sections. The field equation 
(l.l)a is equivalent to the first set of Maxwell's equations 



which represent integrability conditions of 

(9.2) / M A = VAI- 

Therefore, the six unknowns f^\ may be expressed in terms of four 
unknowns /^. Keeping in mind the equations (9.2) we may dismiss 
( 1 . 1 )a. The field equations ( 1 . 1 )b f or /^ given by (9.2) are equivalent 
to the generalized Maxwell set of six equations 



(9.3) d^Xtf = MFV) (ae^x + 

+ A^v* + A^ v v^ + o^ + -^ 

Substituting its solution 

(9.4) /^/^(X.,*..,^ PIT) 
into the equation (1.6) defining v v , we obtain a set 



of four partial differential equations for the unknowns v v . Every 
solution of the generalized Maxwell set (9.3) also satisfies Maxwell's 
equations (9.1)ab (or (9.2) and (9.1)b). The equations (l.l)c reduce 
by virtue of (9,2) to ten gravitational field equations 

(9.5) ff v - *HA V = *7V 

for ten unknowns h\^ The gravitational tensor field h^ is also the 
metric tensor of our space-time. Altogether we have 6 + 4 + 10= 
20 equations (9.3), (9.1)b, and (9.5) for 4 + 4 + 4+10 = 22 
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unknowns 

X\> /A. *>"> V 

We know from Lichnerowicz' result (3) that the system of field 
equations admits exactly one solution with a priori given suitable 
boundary conditions at # IV = const. 

After this brief recapitulation we may proceed further with our 
investigations. 

THEOREM (9.1). The gravitational field h^ and the electro- 

magnetic field f\ t . are interrelated. The \ , M . field generates 

6 / JAfj, [electromagnetic 1 5 

\ , ,- i field. These fields as well as the electric charge 1 
(gravitational 6 

spring from one basic conception, namely from the unified tensor field 
SV 

PROOF. The equation (4.9)b shows that /^ is expressible in terms 
of hxp. The equations (9.1)b and (9.5) show that h^ is expressible in 
terms of /^. The remaining part of the Theorem is obvious. 

NOTE. In the unified theory we have to assume the presence of 
the electromagnetic field, /^ ^ 0, for if we assume /^ = 0, we ob- 
tain not only g^ = h^, 2 but also 

(9.6) H^ = 0. 3 

This set is known to all students of gravitational theory as the set of 
gravitational field equations if matter is represented by singu- 
larities. 4 (Sometimes one refers to (9.6) as gravitational field 
equations in empty space.) 

The fact that electromagnetic field has to be present in the unified 

1 If we adopt the continuity equation for matter, then the mass density 
AfV|f)| also has this property (see equation (8.6)). 

2 Seel (15.17). 

3 These equations follow from /^ = 0, (9.1)b and (9.5). 

4 This is the starting assumption in Einstein, A. Infeld, L. Hoff- 
mann, B., (1) where the authors display an ingenious method for computing 
by successive approximations the trajectories of singularities of matter. 
The equations (7.3), or more generally, 



hold for continuously distributed matter. 
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theory where g^ ^ g^ makes of it a kind of primary field existing a 
priori in the frame of the unified field theory. Then we may say 
according to Theorem (9. 1 ) that gravitation 1 is generated by electro- 
magnetism. The question arises whether every electromagnetic field 
generates gravitation. The answer to this question is given by the 
next Theorem. 

THEOREM (9.2). There are electromagnetic fields which do not 
generate gravitation. In particular, the electromagnetic field of a plane 
wave in the electromagnetic theory of light does not generate gravi- 
tation. 2 

PROOF. From the first example in section IV (5) we see that 

SV = hi* + *v x \ = 



is a solution of (l.l)a,b,c provided h^ is defined by IV (5.1) and k^ 
is defined by IV (5.3). This latter set is by virtue of (1.3) equivalent 
to 

(9.7) /i ii = /m iv = 0, /n HI = /iv ii = a cos a, 
/i iv = /m i = <r sin a. 

From IV (5.5) a we find that according to Theorem (5.1) we are 
dealing here with pure radiation 3 

= o. 



The field (9.7) is known to be a field of a plane wave in the electro- 
magnetic theory of light. The vector / A which defines /^ by means of 
(9.2) is given here by 

fx(2a sin a dz 9 2a cos a dz 9 0, 0) 



1 and mass density, if we adopt the continuity equation for matter. 

2 Hlavaty, V. f (12), (13), (20). See also Takeno, H., (1). 

3 The same result could be obtained from the set 

/i ii /m iv = o, /n in = /n iv = _ acosoc, /mi = /ivi =: as ina 

which follows from (9.7) and 

f+ 1 




o 

00 0-1 



o 



CHAPTER V, SECTION 10 181 

Of course, any other vector f\ + d^f with arbitrary / leads to the 
same field (9.7). From IV (5.1) we see that the curvature tensor 
H^ of hfy vanishes. Thus, there is no gravitational field and h^ 
represents only the metric tensor. 

10. Momentum energy tensor T^. 

THEOREM (10.1). The momentum energy tensor T^, involved in 
the gravitational field equations (8.1) satisfies the conditions 

(10.1) P A r A " = 0. 

(Law of conservation of momentum and energy.) 

PROOF. The equation (10.1) follows easily from (8.1) and IV 
(3.4)e. 

NOTE. Although the structure of T^ is quite different from that 
of the momentum energy tensor in the gravitational theory, the 
equation (10.1) can be rewritten in a form familiar to all students 
of relativity. 

THEOREM (10.2). Put 

(10.2) * = h^vmw W - 



(10.3)a 

(10.3)b t A " ^ 

Then (10.1) is equivalent to 

(io.4) a.es/ + 1/) = o. 

1 3F is not a scalar. There are coordinate systems for which 3tf vanishes 
at an arbitrary point P. Such a system is, for example, one for which 

{ A y = o at P 

so that according to (10.2) 

tf = at P. 

2 t A v is not a tensor density. We use the gothic type only for historical 
reasons. 
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PROOF. We find from (9.5), (10.1) and II (7) 



The proof that the last term on the right side of this equation is 
equal to 3 v t/ may be derived either by straightforward computation 
based on (10.2) and (10.3) or found in any detailed book on gravi- 
tational theory. l Therefore, the last equation reduces to (10.4). 

NOTE. The proof of Theorem (10.2) does not require the know- 
ledge of the structure of T^. 2 

NOTE. There is another interesting feature displayed by the 
tensor 7^. We see from (8.2) and (6.3) that T Afi contains a term 
Ahxp so that (9.5) could be written 

(10.5) H^ 

where 



Comparing (10.5) with (7.8), we see that A may be looked upon as a 
cosmological function 3 , a generalization of the cosmological constant 
M involved in (7.8). Note that in contradistinction to the gravi- 
tational theory Ah^ is an argument of the momentum energy tensor 
7^, which yields law (10.1) of conservation of momentum and 
energy. 

THEOREM (10.3). The equations of motion are 
(10.6) 0*P A tf+ F A ^ = 0. 

The proof follows easily from (3.1)c, (8.2), (9.1)b and (10.1). 

NOTE. Equations (4.9) a express v v in terms of h\^ which are 

1 See for instance Bergmann, P., (1) p. 196. 

2 Cf. Treder, H. J., (1). 

3 The name cosmological function A refers here rather to the geometrical 
structure of the term Ah^ than to the physical meaning suggested by the cosmo- 
logical constant *A which appears in the term *Ah^ involved in the field 
equations of the gravitational theory. Thus, for instance, the scalar A could 
contain information about the pressure, about *A and about other scalar 
physical quantities. 



CHAPTER V, SECTION 11 183 

defined by ten gravitational field equations (8.1). The interde- 
pendence of v v and A Aft symbolized by (4.9) a is explicitly described 
by (10.6). 

11. Discussion of (10.6). The result of Theorem (10.3) is 
rather disappointing. We list below the three main objections which 
could be raised against (10.6). 

1) The equation (10.6) does not show the role of the unified 
connection JT/^ (Cf. II (2.1)) with which we began. The equations 
of motion are expressed in terms of Christoffel symbols {/^} only. 

2) The gravitational theory replaced the gravitational force 
vector by the gravitational field: the equations of a trajectory of a 
particle moving freely in the gravitational field may be brought 
into the form (7.6), which not only expresses the "gravitational law 
of inertia", but also yields, in the first approximation, the gravi- 
tational law of Newton. In the unified theory, where instead of the 
simple gravitational field h^ we have the unified field 

("-I) ft^ = **+ 

the equation (10.6) replaces the gravitational force vector by the 
gravitational field h^ but introduces, in addition to the electro- 
magnetic field, a kind of "electromagnetic force vector" V\ (? Av , so 
that from this point of view (10.6) does not represent the unified 
law of inertia but rather a generalization of the second law of 
Newton. 

3) The third objection concerns the application to celestial 
mechanics. Assuming that the electromagnetic field (of the sun) is 
so weak that quadratic (and higher) products of its components may 
be neglected, we obtain from (9.5) and (9.1)b the equations (9.6) 
which represent the gravitational field equations of the gravi- 
tational theory for empty space, whose Schwarzschild solution h^ is 
known. Substituting it into (10.6) l we obtain a system different 
from (7.6). In other words, the predictions (based on (10.6)) con- 
cerning the three famous phenomena of celestial mechanics 2 will 
be at variance with the predictions obtained in the gravitational 

1 And neglecting only the cubic (and higher) products of /v^. 

2 Namely the advance of the perihelion of Mercury, the deflection of light 
in a Schwarzschild gravitational field, and the shift of spectral lines. 



184 CHAPTER V, SECTION 12 

theory (although both theories use the same Schwarzschild field 
A A/ J. This discrepancy between these two predictions constitutes a 
serious objection to the present theory. 

In order to avoid these objections we must change some of the 
basic conditions in (1.1). 

12. Another approach. As a guiding principle for this change 
we assume that the predictions of the above-mentioned three 
phenomena by means of gravitational theory have been confirmed 
within reasonable limits by experimental tests. Therefore, rather 
than impose some conditions directly on g^, we shall try to for- 
mulate some general conditions in such a way that, in the special 
case of celestial mechanics, they will yield predictions confirming 
experimental tests which have been regarded as proof of the gravi- 
tational theory. 

From this point of view, it seems reasonable to maintain the 
conditions (l.l)a and (l.l)c. The latter leads to the gravitational 
field equations as in the gravitational theory; the former is equi- 
valent to the first set of Maxwell's equations. Therefore, our de- 
sired change may affect only (l.l)b. It is irrelevent whether we 
consider (l.l)b or its integrability conditions, 

(12.1) 9[o,^Al = 0. 

(Cf. Note I following Definition (5.1).) In subsequent consider- 
ations we shall replace (12.1) by another set of four equations. 

AGREEMENT (12.1). Henceforth in this part, we replace (l.l)b 
equivalent to (12.1) by 

(12.2)a D X GQ* V = 2C7" aA # aA + S a 

+ U^GQ"* + 2Hh*) 
where 

(12.3) C t !/= 1/0 



and DX is the symbol of covariant derivative with respect to the con- 
nection Ffp defined by II (2.1). 

1 If dealing with pure radiation (Cf. Theorem (5.1)), we do not have any 
equations of motion, although (10.1) holds. But (12. 2) a could serve as a field 
equation even in the case of pure radiation. 

2 Seel (15. 14) and I (15.3). 
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NOTE I. We formulated this new field equation for the most 
general case. It is obvious that it reduces for the third class to 

(12.2)b D X Q* V = 2U aX H* + S a <?* 

so that by virtue of (l.l)a we have for the third class 

(12.2)c D X Q* = 2UW*. 

NOTE II. The field equations ( 1 . 1 )a, ( 1 . 1 )c may be looked upon 
as purely geometrical restrictions. According to (6.2) the same is 
true for (12.2)c. On the other hand, the equations (6.3), (2.3)b and 
(2.5) show that (12.2)c may be expressed in terms of h\^ f\^ and v v 
and we shall take these to have the same physical meaning as before. 

It is now necessary to revise some previous results from the point 
of view of the new field equations. The results of the first three 
sections remain unchanged. Theorems (4.1)-(4.3) are in no relation 
to (12.2)c and have no significance here. According to the last part 
of the preceding Note II, the equation (4.8) l has to be replaced by a 
similar equation describing a solution of (12.2)c: 

(12.4) /A 



Using (12.4) we obtain (3.1)b in a way similar to that used in 
Theorem (4.4). Lemma (4.1), Agreement (4.1) and Theorem (5.1) 
remain unchanged. In Theorem (5.2) we have to replace (4.6)b by 
(12.2)c. The proof of this changed Theorem is based on the relation 

(12.5) S a Q> = 

which reduces (12.2)b to (12.2)c. It is not difficult to prove that 
in the frame of our requirements (l.l)a, (l.l)c, (1.2)a and (12.2)c 
only the first one reduces (12.5) to an identity. 2 In Theorem (5.3) 
we have to perform the same change as in Theorem (5.2). Then, of 
course, ( 1 2.2)c will be referred to as the generalized Maxwell's set (Cf. 
Definition (5.1)). 

Further changes will be discussed in the next section. 

1 This equation describes a solution of (4.6)b. 

2 According to (6.2) the first term of (12.5) contains the vector 



Using II (6.14) one finds that the only restriction (in our frame of require- 
ments) which annihilates this vector is (l.l)a. Moreover, we see from (6.2) 
that this vector appears only once in the first term of (12.5). 
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13. Unified law of inertia. The results of section 6 remain 
unchanged but for Note II which has to be omitted. Section 7 
deals with gravitational theory, which is not affected by our change 
of field equations. Section 8 is based on (l.l)a and (l.l)c so that its 
results are not changed. Theorem (9.1) remains unchanged although 
its proof has to be slightly altered due to our change of one set of 
field equations. Theorem (9.2) holds even here: The fields IV (5.1) 
and (9.7), whose existence constituted the proof of Theorem (9.2), 
also satisfy (12.2)c. l Theorems (10.1) and (10.2) are obviously 
fulfilled, for they are independent of (l.l)b which we replaced by 
(12.2)c. The first substantial change to be enacted concerns Theo- 
rem (10.3) although (10.6) holds even here. 

THEOREM (13.1). The equations of motion are 



They are equivalent to 



where 

dx v 



(13.2) if = 



dq 



PROOF. The equivalence of (13.1)a and (13.1)b is obvious. In 
order to prove (13.1)awe have to use II (7.1). According to these 
equations we have by virtue of (1.2)c 



(13.3) 

Moreover, according to (l.l)a, (1.2)c and II (3.1) 

(13.4)a D X Q* = V x &* 

In a similar way we find 

(13.4)b v x D x v v = v* V x v v 



1 From the equations following IV (5.8) we easily obtain by virtue of 
IV (5.5)a, IV (5.7), IV (3.12)b and (6.2) 



This equation together with IV (5.7) shows that (12.2)c is satisfied. 
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so that by virtue of (8.1), (8.2) and (13.3) 



This equation reduces by virtue of (10.6) and (12.2)c to (13.1) a. 

THEOREM (13.2). (The unified law of inertia). A charged particle 
moving freely in the unified field (11.1) describes a path (an auto- 
parallel line) of the unified connection /y given by II (2.1). 

PROOF. This Theorem describes in words the equations (13.1). 

NOTE. Theorems (13.1) and (13.2) dispose of the first two 
objections discussed in Section 1 1. Therefore, we have to deal only 
with the third objection of that section. Neglecting the quadratic 
and higher products of / A/i , we find that (12.2)c is automatically 
satisfied. Again neglecting the quadratic and higher products of / Afi , 
we obtain, as before, the equation (9.6) with the Schwarzschild 
solution hfy of the gravitational theory. Now we have to substitute 
this solution into (13.1)b, which may be written 

(13.5) 



In this equation we have to neglect only cubic and higher products 
of fxp. Now U*^ is, according to II (18.3), at least of the same order 
of magnitude as a quadratic product of /^, and therefore x , (13.5) 
reduces in our approximation to (7.6) which is the equation of motion 
in the gravitational theory. Hence, our theory must yield the same 
predictions of the three aforementioned phenomena as does the 
gravitational theory. This result disposes of the third objection. 

By means of the unified law of inertia we replaced gravitational 
force vectors as well as electromagnetic force vectors by the unified 
field gxp. Now we have to show that this unified law of inertia may 
be brought into a form which expresses at least at a point the 
corresponding Newtonian laws. Only then could this theory be 
looked upon as a valid generalization of classical results. We shall 
deal with this problem in the next two sections. 

1 By virtue of (3.1)b. 



188 CHAPTER V, SECTION 14 

14. Auxiliary results. l In this section we deal with the tensor 
g^ and the vector v v which are involved in (13.1). Let us denote by 
an arbitrary point of our space-time whose coordinates we assume 
to be x v = 0. Moreover, let us assume that g^ may be expanded in 
a Taylor series in the neighborhood of 0: 



for sufficiently small x's. In subsequent considerations we shall use 
the equality sign ~ (i) whenever we wish to stress that an equation 
holds only if we neglect linear (quadratic) and higher products of 
#'s. 2 In particular, we assume 



so that 



These relations hold for any coordinate system. As far as the vector 
v" is concerned, we know from Theorem (8.2) that (13.1) admits a 
first integral 

(14.2) A^wV = y 2 (= const.). 

We shall confine ourselves to the case y 2 ^ 0. Thus, according to 
the results of section 4, we have y 2 > 0. 

LEMMA (14.1). There is always a coordinate system for which 
(14.3)a v v yd" t , (y ^ Vy 2 ) 

+ 1 
(H.3)b 




PROOF. The tangential space of our space-time at has as its 
ideal space P$ a projective three dimensional space. The components 
/^ may be regarded as projective homogeneous coordinates of a 
quadric Q in PS. This quadric is a non-ruled one, because h^ is of 
signature (+ + H -- ) Moreover, the components (v v )o may be 

1 In Sections 14 and 15 the Greek (Roman) indices run from 1 to 4 (from 1 
to 3). 

2 The symbol is clearly equivalent to evaluation at the point O. 

3 Cf. the last Note in section 15. The conditions (14.1) imply that O is a 
privileged point as far as g^ is concerned. 
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looked upon as proj active homogeneous coordinates of a point in PQ. 
This point is inside Q, since y 2 > 0. If we refer Q to a coordinate 
system based on a self-polar tetrahedron, then we can easily obtain 
(14.3)b. If we take a self-polar tetrahedron whose vertex inside Q 
is the point v v t then we obtain (14.3)b and 

v v 4 cd\. 

Comparing this equation with (14.2) we obtain y 2 = c 2 . Hence, a 
suitable orientation of the # 4 coordinate yields (14.3) a. 

DEFINITION (14.1). Every coordinate system % v for which 

a) the point has the coordinates x v = 0, 

b) the equations (14.3) hold 

will be referred to as an admissible coordinate system. 

NOTE. If x? and &' are two admissible coordinate systems, we 
assume that the transformation x v ' <-> x v may be expanded in a 
Taylor series 

(14.4)a **' - C/V 

(14.4)b x v = C A ," x* 

In this case the C's are constants and symmetric in their lower 

indices, and in particular, 

(14.4)c ^ = C/C/<5$, o/^i 



LEMMA (14.2). // x" and x"' are two admissible coordinate sys- 
tems, then we have 

(14.5)a ^ V* - CJ* C/ C A' y 9 ^y 

(14.5)b (fykF*) (dp V) = C^C & "'( 
PROOF. One obtains first 



_ b 

v VA- - - 8a "" "- */x + 

1 Here we put 
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for any coordinate systems x v and x v> , so that by virtue of (14.1)b 
and (14.4)b, we obtain (14.5)a. The equation (14.5)b may be 
proved in the same way. 

In the next Lemma we use the following abbreviations: 

(14.6)a JT^ V ^ f (d^ + d^ v + 3X>> 

(14.6)b ^ ^ - (%k<f)o ^W 

LEMMA (14.3). The tensor U va)p> defined by II (18.3) satisfies the 
following conditions 

(14.7)a U^0, 

(14.7)b U^^xfV^. 

Moreover, if % v and x v> are two admissible coordinate systems, then 

(14.8) 



PROOF. The equations (14.7) follow immediately from II (18.3) 
and (14.1)a,b. The equation (14.8) is an immediate consequence of 
(14.5)a. 

The last of the lemmas we shall need in the next section is 

LEMMA (14.4). We have 
(14.9)a 
(14.9)b v*D x v v i (v* P A v v ) 

PROOF. We have 
(14. 10) v*D x v 

and according to Lemma (14.3) 
(14.1 l)a (v x D x v*) = (V A PA v* 

(14.1 l)b [d ( (itD x ir)] == [d t (i* PA ^)]o + 

The equations (14.9) follow from (14.10) and (14.11). 

15. Newtonian laws. 

THEOREM (15.1). There is always an admissible coordinate 
system for which 



(15. l)b B f (v* F A V) + If^o-t* + (d f kft*) (dfkj) 0. 
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PROOF. Let x v ', % v be two admissible coordinate systems. Then 
a simple inspection based on (14.1), (14.3) and (14.4) leads to 

(15.2) a 4 '/* A > 4 ' 4 - c 4 ' 4 A ' + c A /*c 4 '04>%8 + c 

and in particular, 

(15.3)a a** 4 '4' - 2C 4 -V + (3 4 A 44 ) O 

(15.3)b a 4 >/W C t > a [Cv*>4< *h ab + (84*04)0] 

Hence, if we put 

(15.4)a 2C 4 < 4 4-^ (94*44)0 

(15.4)b C 4 <V ^ CV'CC*** *a& + (64*04)0], 



we see from (15.3) that the left-hand term of (15.2) is equal to zero 
at 0. Omitting the primes we obtain (15.1)a. In order to get (15.1)b 
let us introduce the abbreviations 



+ 

The left-hand term in (15.1)b is the value of 

d ( P v + #y. 
Therefore, we obtain by virtue of Lemmas (14.2) and (14.3) 



Let us consider the conditions 



equivalent to 
(15.6) 

for which the left-hand term in (15.5) vanishes at 0. The equation 
(15.6) yields for v = 4, p' = 4' 

(15.7)a (P4)oC 4 ' 4 4- + (P")oC/C 4 -V = (8 4 P 4 + ^4 4 )o, 
or according to (15.4) 

(15.7)b l(P*8 4 *44)o + (P)o[C 4 ' 6 4' h a i, + (84*04)0] 

= (8 4 P 4 
1 Cf. the last of equations (14.4)c. 
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This is a condition for the coefficient C^ b ^, which was not defined 
by (15.4). Hence, if we choose C^v according to (15.7)b, then 
(15.7)ais satisfied for CW defined by (15.4). The remaining C^x 
may then be obtained from (15.6) (which does not define them in a 
unique way). Hence, with this choice the left-hand term in (15.5) 
vanishes at 0. Omitting the primes, we obtain (15.1)b. 

DEFINITION (15.1). Every admissible coordinate system for which 
(15.1) holds will be referred to as an allowable system for the third 
class. 

In order to formulate the main Theorem of this section we remind 
the reader that the electromagnetic field may be introduced even 
in the gravitational theory based on h^. Then the electromagnetic 
force vector F v is defined by 

(15.8) F*<^ V X M* V , 

where the symmetric tensor M* v is the corresponding momentum 
energy tensor of electromagnetism 

(15.9) Mf^r"fa + Wj4t.fi. 



We shall call F v the classical relativistic electromagnetic force vector. 
By the words classical relativistic, we stress the fact that we are 
dealing with the gravitational theory based on h^. Moreover, the 
equality sign JL (~) will be described as "equal at 0" ("equal in the 
linear neighborhood of 0"). 

THEOREM (15.2). Every allowable coordinate system for the third 
class x v has the following properties: 

a) The unified law of inertia (13.1) expressed in x v reduces at 
to the classical Newtonian law of gravitation. 

b) The unified law of inertia (13.1) expressed in x v reduces in the 
linear neighborhood of to the classical relativistic second law 
of Newton for the classical relativistic electromagnetic force 
vector F v defined by (15.8). 

PROOF. Let us first prove the assertion (a). We obtain from 
(13.1) and (14.9)a 

<>, 
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Let us now identify t with # 4 so that we have according to (14.3) a 
(15.11) ^T=^- 

Moreover, we have from (14.2) 



and therefore, according to (15.11) and (15.1)a 
(15.12) TT^ ' 

Therefore, the equations (15.10) may be rewritten as follows 

d 2 x a 
(15.13)a + {4*4)40, 

(15.13)b { 4 4 4 }-0. 

Now we have according to (14.3)b and (15.1)a 
(15.14)a {4^4} = -|A a6 (234A&4 85^44)0 = 
( 1 5. 1 4)b { 4 4 4 } iA 44 (a 4 A 44 )o = 0. 



The equation (15.13)b reduces to an identity by virtue of (15.14)b. 
On the other hand, if we put 

012-1*44, 

we obtain from (15. 13) a and (15. 14) a 

cfix a 
(15.15) ___ + A a*a,0Ao. 

If we replace the symbol = by the symbol "=" we obtain the 
classical Newtonian law of gravitation (the force vector - 3&0 
acting on a particle of unit mass). This proves the assertion (a). 

In order to prove assertion (b), we first observe that by virtue of 
(1.3)a,b we obtain from (15.9) 



so that 
(15.16)a 
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This equation can be rewritten. In fact, the equation (3.1)a is 
equivalent by virtue of (1.3) a to 

(15.17) M* A = 0. 

Hence, (15.16)a can be written 

(I5.16)b 

and yields, because of (14.1)b, 

(15. 18) F" 

On the other hand, we obtain from (13.1) and (14.9)b 

(15. 19) ( F A v v ) + x([(fyv* F A if) + W^v^o A 0. 

If we denote by s the arc length of our trajectory, then we have 
from (14.2) 

( ds \* 2 

Uv = y ' 

so that 



__ 
^""~ds~ t dq* ~~ ds* ' 

Therefore, 

dx^ dx v 

(15.20) vAF^^yE.^. 

On the other hand, we have from (15.18) and (15.1)b 

(15.21) xf[(d f ifi P A v v ) 

so that (15.19) can be rewritten 



If we replace the symbol "JL" in (15.22) by the symbol "=", we 
obtain the classical relativistic second Newton law for the electro- 
magnetic force vector F v . This proves the assertion (b) 1 . 

1 A similar result has been obtained by Bonnor, W. B., (5), who also 
started by changing the original set of Einstein's conditions. For another 
approach see Gallaway, J., (1); Moffat, J., (2); Narlikar, V.V. Rao, B.R., 
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NOTE. Theorem (15.2) requires the existence of a point for 
which (14.1)b holds. l A similar theorem can be proved without 
involving such a preferred point. Then one has to impose some 
differential conditions on g^ at an arbitrary point. This point of 
view has been adopted in Hlavaty, V., (17). 



1 Of course we must have k^ = in the neighborhood of 0. 



CHAPTER V 

PART II 

First two classes 

16. Prerequisites. l In this second part we shall consider the 
physical interpretation of the field equations 



for the first two classes. According to Definition I (1.1) the first 
class is characterized by 

(16.2)a k^O, 

while the 'second class is characterized by 
(16.2) b) K=0 t c) * = 0. 

All subsequent results will be formulated for the most general case, 
so that the results for particular cases characterized by ( 1 6.2)b,c may 
be obtained by simple substitution of these conditions. 

The relationship between / A/x and k^ is given by I (15.2), i.e., 

(16.3)a /A, = -~ ( K 

(16.3)b f* 



According to Agreement I (15. 1) and Theorem I (15.5), the equations 
(16.3) admit a unique solution k\ v given by I (15.17). Introducing 

1 In this part we follow the general trend of the first part where all pro- 
blems were dealt with in detail. Therefore, we shall keep this part somewhat 
sketchy, referring very frequently to corresponding problems in the first 
part. 
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the abbreviations 

(16.4)a 

(16.4)b 

(16.4)c 

we may write the solution of (16.3)a,b in the form 

(16.3)c ak Xv = \e Xva pFP + L Xv 

(16.3)d ak* v = - lEWFafi + L Av . 

The following abbreviation will be very useful. If A u> B^ are two 
objects, we put 

(16.5)a A {0 ,B^ } d J A^B^ + A^B^ + A^B^. 

Thus, if B^ is skew symmetric, 
(16.5)b A {0) B^ } = - U^B^ 

DEFINITION (16.1). We put 
(16.6)a W V VW\ ^ f ^F Xv ^\ (= 



(16.7) G A ^43 A lnG (=t/ A -3 A ln(l - /)). 2 
THEOREM (16.1). We have 

(16.8) W v = VG(w v + G A / A ") = VOw" + G A F Ay , 
(16.9)a d v Vft\W v = 0, 

(16.9)b d v VW\W = 0. 

PROOF. (16.8) follows easily from (16.4)b and Definition (16.1). 

(16.9) follows from (16.6). 

We know (Cf. Theorem IV (4.1)) that (16.1)a is equivalent to 

(16.10)a dtJ^ = 0. 

In the case of the first class /^ is the only Maxwell field 3 belonging 

1 See also I (15.3), I (15,4), I (15.7), I (15.19) and (12.3). Note that for 
the second class G = g. 

2 Cf. I (15.19) and II (7.1)c. 

3 up to a multiplicative constant. 
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t S\n (Cf- Theorem IV (4.2)). The equations (16.10)a are equivalent 
to 

06.10)b / M A= VAI- 

Thus, six unknowns k^ are expressible in terms of four unknowns /^. l 

17. Tensors K^, S^, and 17^. 

THEOREM (17.1). The tensor K^ defined by II (3.5) may be 
expressed in terms of / A/Lt and w v as follows: 



The tensor 



does not contain w v . 

PROOF. We have, according to II (3.5), (16.5)a,b and (16.3)c, 
(17.2) oK^ = oV^krt = W { ^^F^ + V (u L^ } . 
On the other hand, by (16.5)b 

(17-3)a IF^jtfP* = I e^ V^F* + e^ V x F*. 
If we put 



then, according to I (2.12) c,d and (16.6) a, 



Thus, (17.3)a reduces by virtue of (16.8) to 
(17.3)b ir 



The equation (17.1)a results from (17.2) and (17.3)b. The equation 
(17.1)b shows that a "K^a does not contain w v . 

1 If one admits restrictions other than (16. 1), one obtains another identifi- 
cation. Cf. Hely, J., (3). 
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In the next Theorem we use the tensor Z^ v defined by II (10.3), 
and denote by S&, the tensor 

(17.4) Sft d ^ f V&>, + 3Z0&M V' 

where we assume that the right-hand term is expressed in terms of 
fx v by means of (16.3)c,d. It is obvious that SJ^ does not contain 

w v . 

THEOREM (17.2). Put* 
07.5)a 
Then 



( 1 7.5)b 2aS afa = enters**, + 2 S, 



The tensor o^S^^ does not contain w v . 
PROOF. One finds from II (10.6)c and II (11.1) 

I" 3Z []*c/V) 



The remaining steps of the proof based on (17.1) are almost obvious. 
In the next Theorem we denote by U^I ^ e tensor defined by 

(17.6) u$-*ur*j, 

where the right hand term is assumed to be expressed by means of 



THEOREM (17.3). Put 

(17.7)a O 
Then 

(17.7)b r^= 



tensor a^U^ does not contain w v . 
The proof follows easily from II (10.6)c, II (11.7), (17.6) and 
(17.1). 

NOTE. Compute U^ from (17.7)b and substitute it into (16.7). 

1 We deliberately use in (17.5) the same symbols as in (2.2), although they 
have a different meaning here. A similar remark also holds for (17.7) and (2.3). 
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The result is 

(17.8)a a(VGw*e^ Y [/$>"* + 'ff^J-G^ In (I-/). 



This equation does not restrict w v as defined by (16.6)b. Rather, this 
latter equation converts (17.8) a into an identity. In any case 
(17. 8) a is equivalent to 



(17.8)b 

as follows from (16.7) 1 . It is irrelevant for our purposes whether 
we express U^ by means of (17.8)b or by II (7.1)c. We shall always 
use the latter equation. 

THEOREM (17.4). The connection Ftf^ given by II (3.1) may be 
expressed as follows: 

(17.9) /W 



The proof follows easily from II (3.1), (17.5)b and (17.7)b. 

18. Maxwell's equations. In the next Theorem we shall use 
the tensor S w/i defined by (4.2). 

THEOREM (18.1). Neither one of the conditions (16.1 )b,c, ( 1 6.2)c yields 
(18.1) S^ = 0. 

The proof follows the pattern of the corresponding part of the proof 
of Theorem (4.1). 

THEOREM (18.2). The tensor *A{ MI ^ defined by IV (3. 12) a may 
be expressed in terms of /^ and w v as follows: 

(18.2) 



where 

/io o\ \ n def o/ TT a Py '/!>, rr-nf _l_ 3 

\io.oj "Z^cDfiAv :==: ^ C vaj8y ^8A[a>\2^/i]f7?f ^ ' 

and the tensors A wtLy A^, A w ^v have properties similar to those 
mentioned in Theorem (4.2). 

1 (17.8)b can also be obtained by contracting (17.7)b. 
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The proof is similar to the proof of Theorem (4.2). 

THEOREM (18.3). The system (16.1)b of field equations is equi- 
valent to 

(18.4)a 8u.X M] = 4~i 



The systems (16.1)a,b of field equations are equivalent to 



(18.4)b 

*0 ^ taken from (18.2), <md S wf4 is defined by 



(4.2). 

The proof based on IV (3.13)a, (17.1) and Theorem (18.1) follows 
the pattern of the proofs of Theorems (4.3) a,b. 

The Note following Theorem (4.3)b holds here also. In particular, 
we may use (4.8) in a slightly different form 

(18.5) 



THEOREM ( 1 8.4) . Upon substituting from ( 1 8.5) into the equations 
(16.6)b which define w v , one obtains four partial differential equations 



(18.6) 

of the second order for four unknowns w v . 

The proof is similar to the proof of Theorem (4.4). 

NOTE I. Substituting into (18.5) the solution of (18.6), 
(18.7) w v = w v (X.,h..), 

we obtain f^ expressed in terms of Xx and h^ 
(18.8) 



NOTE II. A procedure similar to the one exhibited in Note II 
following Theorem (4.4) leads here to (18.6) also. In order to give 
to (16.6)b an operational meaning we use (18.4)b as another defi- 
nition for w v . Substituting w v , defined by (18.4)b, into (16.6)b we 
convert (16.6)b into the set (18.6) of four partial differential equa- 
tions for fap : the left hand term is a function of / Aft defined by ( 1 8.4)b. 
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NOTE III. From the manner in which we obtained the equations 
(18.9)a ^1 = 

(18.9)b wVW\ = d\f Xv ^W\> 

it is clear that they result as an immediate consequence of the field 
equations (16.1)a,b. The form of (18.9) justifies the following 
AGREEMENT (18.1). We shall confine ourselves to the case 

(18.10) toaf^Wiivftl ^0 

and identify 

a) / A/Lt with the electromagnetic field, 

b) ze>*"V/|l)| with the current density vector, 

c) (18.9) with Maxwell's equations, 

d) (16.9)b l with the continuity equation of the charge and current, 

e) ft) = A/lft) 2 ! with the electric charge density whever tx> 2 ^- 0. 2 

NOTE. The tensors *k? (v V Q and k\ v may be identified with the 
(B, E) -tensor and (H, D) -tensor respectively in the Born non-linear 
electrodynamics. 3 Then the current vector density has to be 
defined by means of ffi^^S^. 

19. Generalized Maxwell's set. 

THEOREM (19.1). A necessary and sufficient condition for pure 
radiation 



may be expressed in terms of h^ and k^ as follows: 
(19.1)b UJicVwkpX - t^#*) (h^h^ + 



PROOF. We see from (16.3)a,b,c that (18.9)a is equivalent to 



so that by I (2.12)d 
(19.2) 2 P a * 

1 This equation is a consequence of (18.9)b. 

2 According to (18.10) we have to 2 < 0, whenever to 2 

3 Schrodinger, E., (2); C/. also Maurer-Tison, F., (2). 
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According to (18.9)b and (16.3)b a necessary and sufficient condition 
for (19.1)a may be expressed, according to II (7.1)c, as follows: 



(19.3) 

The equations (19.2) and (19.3) lead directly to (19.1)b. 

THEOREM (19.2). The system (18.4)b is equivalent to Maxwell's 
equations (18.9) (to the set (3.2)a of condensed Maxwell's equations) 
in the sense that every solution of (18.4)b is also a solution of (18.9) 
(of (3.2)). 

The proof follows the pattern of the proofs of Theorems (5.2) and 
(5.3). i 

Preceding results justify the following 

DEFINITION (19.1). The system (18.4)b will be referred to as the 
generalized Maxwell set. 

20. Auxiliary results. 

THEOREM (20.1). The tensor *A ( ^ defined by IV (3.12)b may be 
expressed in terms of /^ and w v as follows: 



(20.1) M^ = J5^ A + B^GW + 



where the tensors B^i B^, B^ V(tt have properties similar to those 
mentioned in Theorem (6.1), and U^ is to be taken from (17.6). 

The proof follows the pattern of the proof of Theorem (6.1). 

In subsequent considerations we shall use the following abbrevi- 
ations : 



(20.2)a 
(20.2)b 

+ K) (eFr* + 



1 Instead of using II (7.25) we have to use the equation 

F a AJ* + 2V 
derived from II (7.23) and (16.1)a. 



AJ* + 2VJJ + Uefij* = 
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(20.2)c WQ^ ^ IK^Ktf + *A (lM 



(*A ^ 

THEOREM (20.2). The tensor GQ^ may be expressed in terms of 
w v and fty as follows: 

(20.3)a -- Q = *A ga> + - (2 l 7 ^ /A) a 



where 

(20.3)b A ^ f - i^2 - ^ - \ *~ 

(w* ^ f WW A , I^IxfJt^) 
and *A( lt x> and 1^ are to be taken from (20.1) and (20.2)b. 

PROOF. We find easily from (17.1)a,b and (20.2)a 
(20.4) 
Therefore, one obtains, after some calculation, 

(20.5)a 



(20.5)b - 

Substituting from these equations into (20.2)c, and remembering 
that according to (18.9)b and (16.3)b 

(20.6) aw v = 

we obtain (20.3). 

NOTE I. While (20.2)c defines Q^ in a purely geometrical way, 
the same tensor is expressed by (20.3) a in terms of w v t f^ and h^. 
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We shall see later that even the latter tensor has a physical meaning. 

NOTE II. An easy inspection shows that there is only one term 
in \GI which contains w 2 , namely 



Here we denote by ... other terms which do not contain w 2 . Thus, 
A contains the term ze> 2 + ^P 7 "/^) (F a /j3 y ), as was to be ex- 
pected according to (6.4) a. 

21. Gravitational field equations. 

THEOREM (21.1). The equations (16.1)a and (16.1)c are equi- 
valent to (18.9) a and 



where 

(21.1)b T^ 

and the second term in (21.1)b has to be taken from (20.3) a and (16.6)b. 

The proof, based on results of the previous section, is similar to the 
proof of Theorem (8.1). 

The form of (21.1) justifies the following 

AGREEMENT (21.1). We identify 

a) hxp with the tensor of the gravitational field, 

b) GTfy with the momentum energy tensor for matter and electro- 
magnetism, 

c) G with a constant multiple of the gravitational function, 

d) A with a constant multiple of the cosmological function. l 

The equations (21.1) will be referred to as gravitational field equations. 

NOTE I. Lichnerowicz, A., (3), suggested identifying the gravi- 

-i 

tational field with *h* v given by I (3.9) a. Its inverse tensor *h\p 
given by IV (10.4) satisfies the requirements a), b) of Definition 
(8.1) but does not satisfy the requirement c) of this Definition: 

1 See footnote 3 on page 182. 
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The system (8.8) does not admit a first quadratic integral 

F A F/**A V = const. 

Starting with the metric defined by *h* v V Q we obtain another 
expression for the momentum energy tensor (Cf. Hely, J., (2)). For 
another definition of a metric tensor, see Maurer-Tison, F., (1), (2) 
and Mavrides, S., (6). 

NOTE II. We remind the reader that we have G = g f or the 
second class, while in the case of the third class G = g = 1 . 

A gravitational function instead of a gravitational constant appears 
also in Jordan, P., (1), (2); Hoffmann, B., (6), (4); HavliCek, F., 
(1) ; Nariai, H., (1) ; Heckmann, G. Jordan, P. - Fricke, W., (1) ; 
Just, K., (1),(2),(3). 

NOTE III. We shall see later the reasons which compel us to 
consider GT^ instead of T^ as momentum energy tensor. 



NOTE IV. The remark about the continuity equation for 
matter (see Note I following Agreement (8.1)) is also appropriate 
here. It also justifies the name of momentum energy tensor of 
matter and electromagnetism. 

If we use Definition (8.1) of a metric tensor, it is clear that 
Theorem (8.2) holds even here. 

THEOREM (21.2). The gravitational field and the electromagnetic 

field are interrelated. l The \ , . .. \ field generates the 

j . ... {electromagnetic} 

electromagnetic} ,.,,-, .:,, ,, 7 . . 7 9 

V / 7 I f These fields as well as the electric charge, 2 

gravitational function, cosmological function, and momentum energy 
tensor spring from one basic conception, namely from the unified tensor 



The proof based on previous results follows the pattern of the 
proof of Theorem (9.1). 

The question arises whether our theory admits a tensor g^ 

1 The idea of the interdependence to these two fields is not a new one. C/. 
for instance, Nipher, F., (1), (2). 

2 If we adopt the continuity equation for matter, then the mass density 
also has this property. 
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leading to pure radiation. The next Theorem answers this question 
in the affirmative. 

THEOREM (21 .3). The set of all tensors g^ satisfying the equations 
of our theory and leading to pure radiation is not an empty set. 

PROOF. We shall exhibit at least one such tensor. We know that 
the vector X\ = 9 A X and the tensor IV (5.10) satisfy the equations 
of our theory. Since here k = 0, the equation (19.1)b reduces to 

E^Xv (7^ k^ x + eStfkf* U* = 0, 
and this equation is equivalent to 



fa - 



or 
(21.2) 



u) . 

Vg 

An easy inspection of IV (5.10) shows that 

g= \K\-Ar-*) 
so that 



= 0. 

Thus, (21.2) is satisfied and, consequently, the tensor IV (5.10) leads 
to pure radiation. 

ILLUSTRATION (21.1). It is not difficult to find the corresponding 
gravitational and electromagnetic fields from IV (5.10). We have 







The electromagnetic field results from IV (5.10) and (16.3)b 
(2,.4,a ^ 

(21.4)b / A ,- 
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In particular, 



= 2*or-*V\AB\(l - 
This last equation leads easily to 

3A/ A Vj^| = 0, 
while (21.4)b yields 

9 Ca>//iA] = 0. 

The gravitational function results from (12.3) and (21.4) 

G - 1/(1 - Ar-*). 
Hence, G is constant at infinity: r -> oo. 

NOTE. After having interpreted in the most general case the 
field equations (16.1) in terms of physical quantities, we may 
elaborate on Note IV following Theorem IV (4.2). We shall explain 
why the identification of the electromagnetic field with /?[ wft ] is not a 
suitable one. This identification is obviously suggested by (16.1)b, 
which is equivalent to the first set of Maxwell's equations for the 
electromagnetic field R^]. In order to find the second set of 
Maxwell's equations we have to start with the Definition of the 
current density vector 

(21.5) uPV\fj\ = 3 A JRMVJi|. 

This set could be converted into the second set of Maxwell's equa- 
tions provided that our remaining field equations ( 1 6. 1 )a and ( 1 6. 1 )c 
yield another condition for w v or R\ty\. This is an impossible re- 
quirement, for neither S A nor R^) can be expressed in terms of 
w v or R[\p-\. Thus, if we identify /?[ wft ] with the electromagnetic 
field, we are unable to derive the second set of Maxwell's equations from 
our field equations. The situation, may be described by saying that 
the field equations (16.1)a and (16.1)c do not express any property 
of the electromagnetic field R[ Wf A. These reasons prevented us 
from using the above identification. 

22. Momentum energy tensor. Motion. 

THEOREM (22.1). The momentum energy tensor GT* V satisfies the 
following conditions: 

(22.1) 
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(Law of conservation of momentum and energy.) 

PROOF. The equation (22.1) is a consequence of IV (3.4) e and 
(21.1)a. 

NOTE I. The equation (22.1) shows the reason why we have to 
consider GT^ instead of TX^ as a momentum energy tensor. If G 
were a constant, it would be irrelevant whether we used 7Y,, or 



NOTE. The equations (22.1) are substantially the same as the 
equations obtained by Bose, S. N., (1). 

In the next Theorem we use the expression ffl defined by (10.2). 

THEOREM (22.2). Put 
(22.2)* G2/ ^ 

(22.2)b Gt/ - 



Then (22.1) is equivalent to 

(22.3) a v G( A " + t A ") = 0. 

The proof follows the pattern of the proof of Theorem (10.2). 

THEOREM (22.3). The equations of motion are 
(22 A) w x 7 X Gw v + PA G Q Xv = 0. 

PROOF. The equations (22.4) result from (22.1), (21.1)b and 
(16.9)b. 

NOTE. Here we could repeat the first two objections discussed 
in section 11. Of course, these objections are now to be directed 
against (22.4). 

23. Unified law of inertia. In order to dispose of the above 
objections we shall introduce the Agreement (12.1) which we 
restate here. 

AGREEMENT (23.1). Henceforth in this part we replace the field 
equations ( 1 6. 1 )b with 

(23.1)a 
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NOTE I. The equations (23.1)a reduce by virtue of (16.1)a to 
(23.1)b D X GQ^ = 2U^H* + U^GQ** + 2Hh). 



NOTE II. The equations II (3.1) and (20.2)c show that (23.1) 
may be looked upon as purely geometrical conditions. On the other 
hand, the equations (17.9) and (20.3) enable us to convert these 
purely geometrical conditions into physical ones. 

NOTE III. We shall not discuss here the slight changes (in 
formulating the previous results) due to Agreement (23.1). The 
reader can easily follow the pattern of reappraisal exhibited in 
section 12. Let us stress only that (23.1)b in its physical form leads 
again from (16.6)b to (18.9)b. Moreover, we again obtain Theorems 
(21.1), (21.2), (22.1) and (22.2). However, Theorem (22.3) has to be 
changed although (22.4) holds. 

THEOREM (23.1) a. The equations of motion are 
(23.2)a w*D x Gw v = 0. 

PROOF. According to II (7.1) we have 
(23.3) = 6C7 (FV ,*V = 2U vX ^ + 4U V . 

Moreover, by virtue of (16.1)a 

(23.4)a 

(23.4)b w*D x Gw v = w* V x Gw v 

so that according to (21.1), (22.4) and (23.3) 

(23.5) D X GQ* + w x D x Gw v = 2U V 

= 2t7^ A ^/* A + U^GQ + 2Hh v ). 
This equation reduces to (23.2)a by virtue of (23.1)b. 
NOTE. Denote by 

(23.6) ^defJL 

dp 

the vector involved in (23.2)a and by x v = x v (p) the solution of 
(23.6). Then G = G(p) may be considered as a function of p. 



v 
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THEOREM (23.1)b. Put 

f dp 

(23.7) q = ci j -~- + c 2 , (ci, c 2 = const, a = 0). 

Then (23.2) a is equivalent to 

d*x v dx* 

I 23 - 2 '" - + ^' 



This equation admits the first integral 

dx^ dxP 
(23 ' 8) ^^- = < 2 (= const). 

PROOF. An easy inspection shows that (23.2) a may be written 

dx x 



* ^ d I dx v \ 

w x D x Gw v = - 1 G - I + T/ tt G 
A d \ d / A ^ 



tt 
dp dp / ^ dp dp 

dx* 



dq dq dp 

This equation leads immediately, because of (23.7), to (23.2)b. The 
remaining statement of our Theorem follows from Theorem (8.2). 

THEOREM (23.2). (The unified law of inertia). A charged particle 
moving freely in the unified field 

(23.9) g v = h Xfl + k^ = h + 

describes a path (an autoparallel line) of the unified connection Ftf^ 
given by II (2.1). 

PROOF. This Theorem is a verbal description of Theorems 
(23.1)a,b. 

NOTE. The above results dispose of the objections mentioned 
earlier. In order to show that our theory may be looked upon as a 
generalization of classical results, we have to prove that the unified 
law of inertia may be brought into a form which expresses New- 
tonian laws in an appropriate approximation. 

i See (16.3)c. 
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24. Newtonian laws. This section is based on the results of 
section 14 and on (23.2)b. In order to be able to use the results of 
section 1 4 without changing notation, we denote in this section by 

v v the vector 



dq 

(24.1) V* 

v ' ~ dq 

so that (23.2)b may be rewritten in the form (13.1), i.e., 

d*x v dx* dx? 

(24.2) * D ^ = + r{, -*. 

Then we may use here all definitions and results of section 14 except 
possibly Lemmas (14.3) and (14.4). In regard to the tensor U v \^ in- 
volved in these Lemmas, we see from II (7.2), Theorem II (7.2) 
and Corollary II (7.1) that the use of (14.6) leads to (14.7) even 
here. 1 Hence Lemma (14.3) holds, and, therefore, the same is 
true for Lemma (14.4). Consequently, all results and definitions of 
section 14 may be used here also. 

THEOREM (24.1). There is always an admissible coordinate 
system x v for which 



(24.3)a 

(24.3)b %(v* V x v) + W^ vv* + (dfkfr) (fy V) 



The proof follows the pattern of the proof of Theorem (15.1). 

DEFINITION (24.1). Every admissible coordinate system for which 
(24.3) holds will be termed an allowable system for the first two classes. 

THEOREM (24.2) . Every allowable coordinate system x v for the first 
two classes has the following properties: 

a) The unified law of inertia (23.2)b expressed in x v reduces at 
to the classical Newtonian law of gravitation. 

i Although we have, by virtue of I (6.2), II (9.2) and (14.1) A 0, A 1 we 

i ijk 
cannot, at O, use II ( 1 1 .7) in conjunction with II (10.6) ; for whenever ( 14. l)b 

holds the nonholonomic frame involved in II (10.6)b is not defined at O. 
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b) The unified law of inertia (23.2)b expressed in x v reduces in 
the linear neighborhood of to the classical relativistic second 
law of Newton for the classical relativistic electromagnetic force 
vector F v (defined by (15.8)). 

PROOF. First of all, we have according to (14.1) 
(24.4)a FA^^A^" 

(24.4)b 
(24.4)c 
Moreover, by virtue of (16.3) and (14.1} 

(24.5) / AV 40, /A^-y 

where 



Hence, the first set of Maxwell's equations yields 

(24.6) a^JLO. 

On the other hand, we obtain from (16.3), (15.8) and (15.9) 

(24.7)a -- M/ = A'-Arf + J 



(24.7)b 



so that according to (24.4) and (24.6) 
(24.8) F" i *f[(8 { #)fy V + 



From this point on the proof follows the pattern of the proof of 
Theorem (15.2). 1 

25. Special cases. In this concluding section we shall consider 
some special cases discussed in the second chapter. 

1 For another approach to the same problem, based on Einstein, A. 
Infeld, L. - Hoffmann, B., (1), see Infeld, L., (1), (2), (3), (4); Callaway, J. f 
(1). 
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1) We know that if II (6.4) is satisfied, then according to Theorem 
11(6.1) (for* = 4) 

(25.1) Sc^v == fStcAv 

Therefore, if II (6.4) holds, the field equation (16.1)a annihilates 
S^/, and according to II (3.2), also U v ^: 

(25.2) V = 0, C7% = 0. 
Therefore, II (3.1) reduces to 

(25.3) r^ = hy. 

Hence, 

(25.4) R^x = H^ 

so that (16.1)b is automatically satisfied by X x = 3\X, and (16.1)c 
reduces to 

(25.5) H^ = 0. 
The condition II (2.1)b reduces to 

(25.6) D wSXfA = P w g^ = F w k^ - 
so that, in particular, 

(25.7) 9[ W V] = ' ^^ = 0. 

Hence, k^ may be identified with the tensor of the electromagnetic 
field. Then, of course, we have a case of pure radiation. If k^ 
belongs to the first class, then according to (25.2) and Theorem III 
(6.1), every pair of basic vectors is AVforming and every basic 

value (eigenvalue) A is constant. 
i 

2) If II (7.4)a holds, then we have according to Corollary II 
(7.1) 

(25.8) U'^ = 0, 
and the equations (23.2)b reduce to 



Hence, every path of Ftf^ is at the same time a geodesic, and vice 
versa. l The unified law of inertia is identical with the law of 

i See Theorem II (7.4). 
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inertia in the gravitational theory. From (25.8), (16.1)a and II (7.23) 
we have 

(25.10) F a ft = 0. 

Moreover, we know according to Corollary II (7.2) that g and K 
are constant. Hence, we see from 

g = 1 + 2K + k 

that k is also constant. Thus, we obtain from (16.3)a, (25.10), 
(16.1)a and Theorem IV (4.1) 

(25.1 1) = 



Hence, if 5 [/iAv ] = *, we see from II (6.12) and (25.1 1) that k = 0. 
Therefore, k^ does not belong to the first class. This particular case 
was considered in detail in Hlavaty, V., (14). 

3) If II (7.22)a holds, then we have according to Theorem II 

(7.6)a f or n = 4 

(25.12) - 3C/V = 2t/"A v - Upd\ - U x $. 

Therefore, the unified law of inertia (23.2)b reduces to 
dx x dx* dx* dx v 



where c 2 is the constant involved in (23.8). This equation is equi- 
valent to 

dx& 

(25 - 13) 



Hence, paths of photons (i.e., c 2 == 0) are the same as in gravitational 
theory, while every charged particle moving with a velocity differ- 
ent from the velocity of light (i.e., c 2 ^ 0) describes a path different 
from a geodesic. 2 From (25.12), II (7.1)c, II (7.23) and (16.1)a we 
have 



(25. 14) vF.ft." + UM = r ag kJ = 0. 

1 A connection with U v ^ = 0, S [/iAv ] = 0, S A = was introduced by 
Eisenhart, L. P., (3). 



2 Provided that U& - ^ 0. See also Theorem II (7.5). 
dq 
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Thereiore, the field m^ v defined by IV (4.16) satisfies the condition 

= 



equivalent to (16.1 ) a. This field was identified with electromagnetic 
field in Hlavaty, V., (18). In that paper the above situation was 
discussed in more detail and applied to celestial mechanics under 
the assumption that V\ k^ v (but not necessarily k^ v ) is a weak field. l 
It turned out that the predictions for the deflection of light and for 
the shift of spectral lines are the same as in the gravitational theory, 
while the prediction for the perihelion of Mercury yields a different 
result than in gravitational theory. Hence, in this theory the pre- 
diction of the latter phenomenon is no longer linked to the two 
former predictions. 2 

This fact could be of some importance in the future, should a 
more accurate measurement reveal some deviation of the world- 
line of Mercury from a geodesic line. 



1 This conception is explained in Definition IV (1.1) of the above paper. 

2 In gravitational theory the predictions of all three phenomena are 
controlled by the same rule, namely that the corresponding trajectories are 
geodesies. 
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1. Geometry of a light beam. l This section is devoted to the 
elementary geometry of a light beam from the point of view of 
unified field theory. It is closely connected with the elementary 
geometric background of the Michelson-Morley experiment. 

In the book of P. G. Bergmann (1) (p. 133) we find the following 
lines : 

"The experiment of Michelson and Morley has been repeated 
many times under varying conditions. All these new experiments 
have confirmed the original results, with the exception of those 
which were carried out by D. C. Miller. It is very difficult to decide 
why Miller's experiments show an effect which appears to indicate 
an "ether drift" of about 10 km/sec. However, since all the evidence 
of other experiments points to the accuracy of the Lorentz transfor- 
mation equations, it is reasonable to assume that Miller's results 
were caused by a systematic experimental error which has not yet 
been discovered." 

Far from being able to discover this error, 2 we wish to investigate 
here the most elementary geometric idea which from the point of 
view of the unified field theory could imply a positive effect in 
experiments of this type. 

Denote by t( a ) (a = 1,2) the time needed by the light signal sent 

1 In this section the Greek (Roman) indices run from 1 to 4 (from 1 to 3). 
Moreover, very often we shall write the letters x, y, z, t for x l , x 2 , x*, x* and 
consider x, y, z as orthogonal coordinates in our three-dimensional Euclidean 
space 3. 

2 Shankland, R. S. McCuskey, S. W. Leone, F. C. - Kuerti, G., (1) 
subjected Miller's observations to a new analysis. They summarized their 
results as follows: "The small periodic fringe displacements found by Miller 
are due in part to statistical fluctuations in the readings of the fringe positions 
in a very difficult experiment. The remaining systematic effects are ascribed 
to local temperature conditions .... Miller's extensive Mount Wilson data 
contain no effect of the kind predicted by the aether theory, and, within the 
limitations imposed by local disturbances, are entirely consistent with a null 
result at all epochs during a year." 
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from a source to reach a point P( a >. We shall investigate the differ- 
ence (i) t&) under the following assumptions: 

1) The points 0, P<D, P ( 2) are linearly independent and 



(1.1) 

2) The velocity of light is constant. We shall denote it by 1 . * 

3) The gravitational part of the unified field is so weak that it 
may be neglected. 2 

Using assumption 3) we may put 

II 
1 + 


In subsequent considerations we shall denote this tensor by a^, as 
is usual in differential geometry: 

(1 3} a\ ^ h\ 

\ * " w / ^A/t "A/A 

so that 

(1.4) (dx)* + (rfy) 2 + (dz)* (dt*) = a XfJL dx*dxi*. 

According to assumption 2), we have for the tangential vector 

dx v 

of a beam of light 





dq 

dx x Ax* 

(K5)a a *-- 



, !. 

" 5)b 

(1.5) is a first integral of the law of inertia V (23.2)b for a beam of 
light. The latter equation can be rewritten, because of (1.2), 



1 Velocity of light in connection with the Born theory is discussed in 
Hittmair, O. Schrodinger, E., (1). 

2 Unified fields exist without gravitation. (Cf. for instance, Theorem V 
(9.2)). It is usual to ignore possible gravitational effects when discussing the 
Michelson-Morley experiment, and, in here neglecting the gravitational field, 
we follow this practice. 
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According to (1.5)b, a solution of (1.6) may be looked upon as 
defining a nonminimal curve C in our three-dimensional Euclidean 
space EZ with the element of arc length dt. In order to derive the 
differential equations of C in 3, we have to eliminate the para- 
meter q from (1.6) by means of the last of these equations 






To this effect we first introduce the vector 

(,.8) 

Then the result of elimination is 

(1.9) v Q a ^v*vfi = 

d 

where v a = v a and 
dt 

(1.10) SV^^V 

The corresponding first integral of (1.9) may be written according 
to (1.5)b 



* / - ' - abevbve - 

Hence, v a is the tangent unit vector of C. From '(1.10) we have 
,Q 4 A/U = 0, so that, in particular, by virtue of (1.9) 

(1.12) ai, c v b v c = abc&xp ^ vfl v 

Hence, v*> either vanishes or is perpendicular to v b > as was to be 
expected. Its length in 3 is obviously the first curvature k of C : 

(1.13) 



We have a>v v v> = 

= 0. 



2 We have a ^^* = a^v b v e = 0. 
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Hence, a necessary and sufficient condition for C to be a straight 
line is 



(1.14) U vX ^vV"u v = 0. 
This equation is satisfied if, for instance, 

(1.15) f/V = ?PA* 



In any case, if we denote by <V) the length of OP( tt ) we have for 
a sufficiently small <V) 2 



v ...^ / ~ ~^JJ . vu> , 

where ((a) 2 )o is the value at of the square of the first curvature 

Ol*7\ /Z, 2\ 11 

I/,' \(a) /O V ' 



and v"( a ) is the unit tangential vector of the beam joining and 
P(a>. If we disregard terms containing ^>-th powers of t, p > 3, 
then we may write instead of (1.1 6) a 



so that according to (1.1) 

(1.18) 4 !(<(!, - ^(2)) 

When (1.14) holds, for instance when (1.15) holds, we obtain, instead 
of (1.18), 

(1.19) <<i> = <<a). 

The formula (1.18) may be of particular interest as shown by the 
following remarks : 

(1) (1.18) may be considered as a theoretical basis for an ex- 
perimental test of the unified field theory. The only theoretical 
complication is the computation of U^ from the given data. 3 

(2) Even in the presence of some electromagnetic fields the for- 
mula (1.18) might reduce to (1.19). Then, of course, we would 
expect Michelson and Morley's result. 

1 Cf. Theorem II (7.5). 

2 Cf. Hlavaty V., (1), p. 47. 

3 Cf. Theorems II (11.3), II (18.1). However, one could also use the ap- 
proximation given by II (8.6) a. 
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(3) For other fields the formula (1.18) does not reduce to (1.19), 
in spite of the fact that it has been derived under the assumption 
that the velocity of light propagation is constant. One cannot help 
thinking of Miller's result. 

Hence, from the point of view of the unified field theory and under 
the assumption of the constant velocity of light, one has to expect either 
Michelson-Morley's result or Miller's result. In other words, from the 
point of view of the unified field theory. Miller's result, properly inter- 
preted, is not necessarily at variance with the assumption of the con- 
stant velocity of light propagation. 



APPENDIX II 

FOUR-COMPONENT SPINOR ALGEBRA AND ANALYSIS 
OF THE UNIFIED FIELD g v * 

I. Local spinor space ^(0) 

1. Prerequisites. 1) In this appendix we shall be compelled to 
make use of the following different types of indices : 

a) small Greek indices a, ft, ... running from I to IV, 

b) small Roman indices a, b, ... running from 1 to 4, 

c) small Roman indices a, b, ... running from i to 4, 

d) small Gothic indices a, b, ... running from 1* to 2', 

e) capital Greek indices A, Q, ... running from I to VI, 

f) capital Roman indices A, B, ... running from 1 to 6. 
With the exception of x, y, z, t, x, y, z, t all indices follow the usual 
summation convention. 

Some knowledge of the elements of algebraic line geometry will 
be required. The reader not familiar with it will find all necessary 
conceptions of line geometry in the last appendix. 

Throughout this appendix we confine ourselves to the first class. 

2) Denote by an arbitrary point of our four-dimensional 
space-time, by T(0) the four-dimensional tangent space at 0, 
and by P$(0) the ideal three-dimensional space of T^(0). 2 The 
space Pz(0) is obviously a projective space. It contains the quadric 
H whose coordinates are given by p/fy^, (p ^ 0). 

Let v v be an arbitrary vector in T(0). In addition to t; 1 , . . . , v iv 
we introduce the redundant components 



(1.1) t; v = t; VI 

The set of all components v l , . . . , v vi will be symbolized by v. 4 

Thus, for instance, we have for the basic null vectors a v according 

i 

1 This appendix is based on the following papers: Cartan, E., (1), Veblen, 
O., (1), Hlavatf, V., (2), (3), (9). 

2 i.e., the three-dimensional space "at infinity". 

3 The advantages in using these redundant components will be seen later. 

4 V Q are homogeneous coordinates. See footnote 2 on page 229. 
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to (1.1) 

(1.2) a = (5fa A . 

i i 

Besides the vectors a, we introduce the following set of symbols 

i _ 

(1.3) 0V = _ 0Vi == __ A /2, = 1, 

5 6 

the remaining 0^ = aP = 0. 

5 6 

The set #^, . . . , a^ will be symbolized by aP. The inverse set 

-416 A 

UQ is defined by 

(1.4) i fl * fi = g, ifl" = o. 

B .4 

We have, in particular, 

(1-5) a = *a*A 

5 6 

fly = - #VI = /V 2 
5 6 

the remaining a^ O.Q = 0. 

A 
The sets a Q and a# will be referred to as a redundant nonholonomic 

A 
frame of reference. This frame of reference gives rise to nonholonomic 

redundant components V A of a vector 



We have, in particular, 



a) 

In addition to the components h^ we introduce the redundant 
components 

(1.7) AVV = AVI vi = i 

the remaining A^ v = h y ^ = AQ VI = A VI ^ = 0. 

The set of all these components will be symbolized by h$ A (= h A ^). 
The redundant nonholonomic components HAS of h AQ are defined by 

^h AQ a A a Q . 

A B 
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In particular, 



Therefore, every vector v a l satisfies the condition 
(1 .9) v*i?h M = v*v*hAB =- 0. 

If and only if V Q is a null vector, we have 
(1.10)a itvrhfy = v a v*>hab = 

and this relation is equivalent to 

v v = v vi = v 5 = v* = 0. 



3) All vectors pv fl in T(0) have the same direction. Its ideal 
point in Pa(0) will also be denoted by v. Then v l , . . . , v vl have to 
be looked upon as homogeneous redundant projective coordinates 
of the point v in Ps(0). A similar remark also holds for the re- 
dundant nonholonomic coordinates V A . The quadric H in P$(0) is 
defined by the ratios of the numbers h AQ as well as by the ratios of 
the numbers HAS- 2 A point V Q on H will be termed an isotropic 
point; every other point in Pa(0) will be referred to as an aniso- 

tropic point. Thus, an isotropic point satisfies the conditions (1.10). 

i 
The vectors #", a\ in 7*4(0) are known up to transformations I 

i 

(6.9) (Cf. also I (9.5) and I (9.6)). Here we shall consider the transfor- 
mations 

(1.1 l)a '<f = C A *<P 

A K 

(l.H)b 'a = C A *a Q 

with 



(1.1 1)C 



1 We do not consider aP and aP to be vectors. 

5 6 

2 In other words h Aa (^AB) andgA^ (g/us), g^O, define the same quadric. 
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-1 
( 1 . 1 1 )e 'V B = C A B v A 9 V B = C A B 'V A . 

The equations (l.ll)e represent transformations of nonholonomic 
redundant coordinates : they establish the relationship between the 
coordinates V A and 'V A involved in (1.12). 

4) In subsequent considerations we shall also refer Ps(0) to another 
set of projective homogeneous coordinates denoted by ^ a . The 
transformation (1.11) induces a projective transformation of co- 
ordinates 

quite different from (1.11). The coefficients ^ a b of (1.13) will be 
found later. The space Ps(0) with the coordinates #" a which are 
subject to the transformations (1.13) will be referred to as the local 
spinor space 5f%(0). 1 All objects of $^s(0) will be termed spinor 
objects whenever necessary and denoted by script letters. Very 
often we shall use the abbreviation spinor 9C* instead of spinor 
point #* a . 

The relationship between Ps(0) and ^a(O) is based on two sets 
of matrices. The first set is defined by 



(1.14) (( A a))^( ( , 3 * A 

a x 

-a A 
Here the superscript b (the subscript a) refers to the rows (to the 

1 This somewhat vague definition of &z(O) will be amplified by a detailed 
discussion of the relationship Pa(O) <- y$(O) in section 8. 
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columns). The second set is defined by 
(1.15) (Ctf< J ab )) = ( 



Here the subscript Q refers to the rows. The superscripts refer to 
the columns and have to be taken in the following order: 

(1.16) 22 34 23 14 31 24 

The symbol in C7 f> ab is the same as the one involved in (1.3) and 
(1.5). However, we shall use the abbreviations + C7 fl ab and ~t/0 ab 
instead of +1 J7 fl ab an( j -i[/^ab. 

The transformation (1.13) will be derived from the requirement 
that the objects 

01 g\ w ab def 77 ab 7/2 1 

. * ^-f) ^ fi ^ 

are tensors with respect to (1.13) for any point v a whatsoever. 

5) In order to define the main intent of the first part of this 
appendix, we shall denote by M(N) an arbitrary object of P$(0) 
(on H) and by^(^T) the corresponding object of .9*3(0). The main 
goal of the first part of this Appendix is the investigation of the 
relationships 

(1.19) M-+JK, JC-+M 

(1.20) N ->^T, rf -+N. 

The relationship (1.19), ((1.20)) will be referred to as representation 
(mapping). Representation and mapping lead to Dirac's equations 
and also to Schrodinger's wave equations. 

Sections 2-14 are devoted to the algebra of the local spinor 
space <$^3(0). The second part, comprising the last sections 15-19, 
deals with analysis of the spinor space ^3, which will be defined later. 

2. Elementary results. For the convenience of the reader we 
rewrite equation (1.17) in a more surveyable form 

I l*i V s 
(i\\ll*** V V V 

(il) lU j v v v 
\W v v */ 

1 We shall very often use the abbreviations +&&, ~w ab instead of 
and ~ ] 
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This is substantially the matrix used by Cartan, E., (1). 

The first Theorem to be proved concerns the products of the 
matrices ((Aa b )) 

THEOREM (2.1). We have 

(2.2)a E^E^ + E^E x tf = h^. 

The proof follows by direct calculation from 

12 34 



and from (1.14). 

NOTE. The equation (2.2)a is often used in a simplified self- 
explanatory form 



equivalent to 

= ds 1.2 



COROLLARY (2.1). We have 
(2.2)b 2%*> V 

The proof follows from (2.1) and (1.17) or from (2.2)a and 
(2.3) 2a) = 

THEOREM (2.2). We have 
(2.4) 



The proof follows by direct computation from (2.1) and from (2.3). 
In the next two Theorems we introduce a kind of generalized 
Kronecker delta. 

THEOREM (2.3)a. Put 



(2.5)a < = 

V2 A 

1 Cf. I (9.3)a. 

2 This matrix relation could be used as a basic formula for metric geo- 
metry. C/., for instance, Urban, V., (1). 

3 Cf. I (8.5). 
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Then 



_ _ _ _ _ _ 

5 6 = 2 = i 3 4 

_- /* 21 f$* 3 /$ 32 f^ J A 13 A 42 

#5 06 2 X 3 4 ~ 

V2 

/A0 remaining d* = 0. 
The proof follows at once from (1.4), (1.15) and (2.5) a. 

THEOREM (2.3)b. Put 
(2.6)a ^ = #b] d ^ b - 



_ _ _ _ . _ _ 

^^ J4 ^ 5 /jr 31 24 

/15 _ 6 _ ^2 _ &l _ .s3 _ xt _ 

21 ~ 43 32 41 ~ 13 ~ ~~ 12 ~ ~^"> 

V2 
^A^ remaining 6^ = 



(2.7)a ^ b < = ^, 

(2.7)b <M = (5^. 

The proof of (2.6)b is obvious. The proof of (2.7) follows by direct 
computation from (2.5)b and (2.6)b. 

THEOREM (2.4). The quantities e ^ ab defined by (1.18) may be 
expressed as follows 



(2.8)a 

Moreover, 

(2.8)b 

PROOF. We obtain from (1.6)a, (1.18) and (2.5)a 



The equation (2.8) b follows from (2.8) a and (2.7) b. 

REMARK. In subsequent considerations we shall use tensors 
*'at>cd> / abcd called indicators of &a(0). They are skew symmetric 
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in all four indices. The value of the component 4bcd as well as of 
the component / abcd is + 1 ( 1) when the permutation abed is 
an even (an odd) permutation of 1234. In all remaining cases it 
is equal to zero. This definition is invariant under the transfor- 
mation (1.13) : We shall see later that the components of indicators 
are invariant under (1.13). These indicators serve for raising and 
lowering the indices of quadratic skew symmetric tensors according 
to the rule 

fab 
J ab 
Using this rule we easily obtain from (2.8) a 

*t> ab (fl5, fl, V 2 , 01, i;3, ,,4) 

( <. 1 U ) 

c Bb(v 6 , *> 5 , W 1 , *> 2 , *> 4 , 03). 1 2 

We shall use this result in 

THEOREM (2.5). ^ ab defined by (2.8) a is a spinor line. If V Q 
is an anisotropic point, then the spinor lines +w ab and -*? ab are skew. 
If V Q is an isotropic point, then the lines +^ ab and ~w ab coincide : 



(2.1 1) <? ab (0, 0, v 2 , v 1 , t; 3 , v 4 ) [ (I/ 1 isotropic) 

), 0, v 1 , v 2 , v 4 , v 3 
PROOF. We obtain from (2.10), (1.6)b, (1.8)b, (1.9) and (2.3) 



(2.12) 

= 0. 



Hence, w ab is a line. If t/ 2 is isotropic, then we see from (2.10) and 
(1 . 10)b that (2. 1 1) holds. In order to prove the remaining statement, 

1 Whenever we explicitly display the components of a quadratic skew 
symmetric tensor ab of ^s(O) by a symbol such as 



these components have to be taken in the order indicated by (1. 16), t 12 = m > 
. . . , 1 24 == s. A similar remark holds for 

iab(m, n,p,q,r t s). 

2 If we multiply v v or v a by a factor g^O then we put by definition 
^Q* = Q- Hence, if g<0 this definition is not in accordance with our 
general agreement that square roots are to be taken as positive. 
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we transcribe (2.10) by means of (1.6)b 

(__ Vo), VoT, *> 2 , v 1 , fl 3 , fl 4 ) 



(2.13) 

~~tfat>( V o>, Vco, v 1 , V 2 , V 4 , 

Therefore, 
(2.14) 

Thus, if V Q is anisotropic, the last term in (2.14) is different from 
zero, and consequently, the spinor lines "h? ab and -^ ab are skew. 

3. Mapping of isotropic points. In the next theorem we shall 
consider the projectivity 

(3.1) >* = a b J a 

where w a b is given by (1.17) (or (2.1)). 

THEOREM (3.1). A necessary and sufficient condition that the 
projectivity (3.1) be a degenerate one is that the point v be isotropic. 
If this condition is satisfied, then the spinor line (2. 1 1) has the following 
properties: 

a) Every spinor y* not incident with i? ab is carried by (3.1) into a 
spinor 'y* incident with v ab . 

b) u> ab is the locus of spinors y* which do not have corresponding 
spinor s 'y* t i.e., if 

(3.2)a Wab ^b = , 

then 

(3.2)b i9a b ^ a = 0. 

c) The locus of all spinor lines ^ ab corresponding to all isotropic 
points V Q is a linear congruence 3? whose axes are given by 



(3.3)a ij2 ab = adf 

(3.3)b 



where a ^ 0, b ^ are two arbitrary factors of proportionality. 
PROOF. We have from (3.3), (2.1 1) 



(3.4) tfab 1 ^ = %b 2 ^ ab = 0. 
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Hence, w ab belongs to the congruence mentioned in statement c). 
A generic ruling p^ of this congruence is obviously given by 

(3.5)a /?ab(0, 0, a, b, c, d) 1 

where a, b, c, d are four arbitrary numbers not all equal to zero 
which satisfy the condition 

(3.5)b ab + cd = 0. 

Comparing this result with 
(3.6)a <?ab(0, 0, v\ v*, v\ v*) 

(3.6)b 



we see that every ruling p^ of our congruence 3? is a spinor line 
%b and vice versa. Therefore, the locus of the spinor lines *? a b is the 
congruence 3f. 

If we put A = in (2.4), we obtain 

Det(K b )) = , 

and this equation shows that (3. 1) is a degenerate projectivity if and 
only if V Q is isotropic. From (2.1) we see that, for an isotropic point, 
the rank of the matrix ((w a b )) is two. Therefore, the locus of spinors 
y* satisfying (3.2)b must be a spinor line. Direct computation based 
on (2.1), (1.10)b and (2.11) shows that 



(3.7) %H ac = 0. 

Thus, the locus of spinors y* satisfying (3.2)b is the spinor line ab . 
Multiplying (3. 1) by v\> c we obtain by virtue of (2.2)b for an isotropic 
point 

y>0 b c = w a b t? b c ^ a = o. 

Hence, '^ b must be incident with w ab . 
Previous results justify the following 

DEFINITION (3.1). // v is an isotropic point, then the equations 
(3.8)a t> ab = V2<5^ 2 

(3.8)b V2v* = ^ b ab 

1 The a and b occurring in (3.5) have no relation with the a,b of (3.3). 

2 See (2.8) and (2.11). 
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are referred to as mappings of points of H onto rulings of 3tf and vice 
versa. 

REMARK. The four equations (3.2)b reduce to two independent 
equations 

v l y 3 + v*y 4 = 
(3.9) 7 7 

v y + v * y * = o 

of the spinor line i? ab . Remembering that the coordinates v l and v 2 
of a real isotropic point are complex conjugates, v 2 = v l , v l = v 2 , l 
we obtain from (3.9) for a real isotropic point v a 

(3.io)a y 4 ly*=y'Iy l 

and sometimes even 

/ = y2 y3 = -1 

(3.10)b J ' * ' 

y* = y 4 y*=y 3 - 

A spinor y* satisfying (3.10)b will be termed a physical spinor. 
Any other spinor y & will be referred to as an analytical spinor. 2 

THEOREM (3.2) . The spinor line a bc in ^^(0) mapping the isotropic 
point a Q is i 



(3.11) a*c 

i 

PROOF. One obtains (3.11) from (3.8) a and from 

A 

(3.12) a * = aa a = df. 

i i 

NOTE. According to (3.3) and (3.11) the spinor lines 
and a ab are the edges of the coordinate tetrahedron in 



1 The vectors a^ and a^ involved in (1.6) a are complex conjugates. 

2 A physical spinor #* a is represented in the two-component spinor algebra 
by the spinor (3C 1 , 3E 2 ) and its complex-conjugate spinor (#'*, & 2 ). An analytical 
spinor is represented by two spinors (SC 1 , ft 2 ), (S 3 , 3F 4 ) and their complex 
conjugates (& 



CHAPTER VI, APPENDIX II, SECTION 4 233 

4. Continuation. The following two Theorems will be proved 
simultaneously. 

THEOREM (4.1) a. At least one of the two spinors 

(4.1)a l w adef^ Qr l^adef^a 

exists on the spinor line ab given by (2.11). // both exist, they are 
identical. The spinor 1 w a is the focal point of ab on * J ab . 

THEOREM (4.1)b. At least one of the two spinors 
(4.1)b 2a^?0 ftl or 20a^ a * 

exists on v**>. If both exist, they are identical. The spinor 2 ^ a is the 
focal point of *? ab on 



PROOF. The axis 1 ^ ab of 3? is the intersection line of the 
spinor planes 

(4.2) #* = f = s, 4. 

The ruling ab of 3tf intersects 1 ^ ab in one spinor point and, there- 
fore, can not be incident with both spinor planes (4.2). If w ab is not 
incident with the spinor plane (4.2) for f == 3 or f = 4, then its 
intersection with this plane is the spinor w af (f = 3 or f = *), and 
this spinor is incident with l &l >. Theorem (4.1)a follows easily 
from these facts. Theorem (4.1)b can be proved in a similar way. 

NOTE. We see from (2.11) that the spinors (4.1) are 
(4.3)a either M(*;i, v*, 0, 0) or M( v*, a 2 , 0, 0) 
(4.3)b either 2 w a (0, 0, v 3 , v l ) or 2 w a (0, 0, v 2 , v 4 ). 

The point V Q being an isotropic one, we see from (4.3) and (2.3) that 
if both spinors 1 ^ a ( 2 w a ) exist, they are identical. 

COROLLARY (4.1). The focal spinors 1 a b , 2 a b of the spinor lines 
a ab given by (3.1 1) are t t 

i 

(4.4) !a b (l, 0, 0, 0) = !a b 

1 3 

ia b (0, 1,0,0) = ia b 

2 4 

2 a b (0, 0, 1,0) = 2 a b 

30 
& 

2 a b(0, 0, 0, 1) = 2ab. 
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PROOF. Substituting into (4.3) vl = of and using (3.12), one 
obtains (4.4). i 

The following two Theorems will be proved simultaneously. 

THEOREM (4.2). Let y Q be a generic point of a ruling R of H 
which belongs to the same regulus as a^ v a^ (as a&aty. The set of 

13 14 

isotropic points y on R is mapped onto a pencil 0k of spinor lines y** 
of 3f. The vertex of & is the common focal spinor l y* ( 2 y a ) on !j2 ab 
(2 Jab) O f a u spinor lines y^. The plane of & is defined by l y* and 
2 Jab (j y 2^a an d ijab). 

THEOREM (4.3). The ruling R of the previous Theorem is mapped 
into ^ a (2y a ) on i J ab (on 2 J ab ) and into its focal plane. 

PROOF. Let p and q be two arbitrary points on a ruling of /?. 
These two points are mapped on the spinor lines 

(4.5) ;> ab (0, 0, 2, 0i, 3, 4) 
/>ab(0, 0, p\ p*, p* t p*) 

(4.6) f ab(o, 0, q* t q\ q* t q*) 
fab(0, 0, 01, jr, q\ j3). 

Put 

(4.7) y = tf* 
The corresponding line is 

(4.8)a jv ab (0, 0, ty* + M *, tyi + 

J**(0, 0, #1 + M ^ 2 + 
or 

(4.8)b jyab == ^ab 

From 

(4.9) p a ph a i> = q a q*>hab = p a qh a b = 

we see that (4.8) represents a pencil &t of lines x which are rulings 

i j,ab given by (4.8)b is clearly a line and so is 
y*b = 7 Apab -|- '^^b t 
From (4.9), (4.5) and (4.6) we obtain 

0. 



CHAPTER VI, APPENDIX II, SECTION 5 235 

of 3P. Hence, the vertex of 3% is either on !.2 ab or on 2 j2 ab . j n order 
to decide which one of these axes of $P is involved, consider the ruling 
at? aft of H. The spinor lines a bc and a ac mapping the points a and 

13 13 1 

a Q respectively have the common focal spinor x a b = *a b on !**> 

3 1 3 

(Cf. (4.4)). Therefore, if R belongs to the same regulus as aPa*!, the 

1 3 

common focal spinor of the lines (4.8)b must, by reason of conti- 
nuity, be incident with 1 J ab . The plane of 3i is defined by this 
common focal spinor and by the second axis 2 J2 ab of ^, because all 
lines of ^ are rulings of ^ and meet 2 .ga b . The remaining state- 
ments of Theorem (4.2) can be proved in a similar way. According 
to this Theorem the common support R of points (4.7) is mapped 
into the common support of the pencil Si of the lines (4.8), i.e., 
into its vertex and its plane. 



NOTE I. Given a spinor iy* ( 2 ^ a ) on ^2^ (on 2 .2 ab ) its focal 
plane is uniquely determined by this spinor and the axis 2 J2 ab (ij^). 
Therefore, very often we shall abbreviate by saying that an iso- 
tropic line (i.e., a ruling of H) is mapped into a focal spinor, ne- 
glecting the corresponding focal plane of this focal spinor. 

NOTE II. From previous results we see that 

a) the quadric H considered as a two-parameter locus of isotropic 
points is mapped onto the congruence Jf, 

b) the regulus 1 Q ( 2 Q) of isotropic lines, considered as a one- 
parameter set of lines containing d&aft (al v ci$) is mapped onto 

13 14 

the one-parameter set of spinors of the axis l &**> ( 2 .2 ab ). 

5. Spinor coordinate transformations. In this section we 
shall investigate the spinor coordinate transformation (1.13), i.e., 

i 
(5.1) '#* b = V *> %* = #a b '#** 

induced in ?$(()) by the transformations (1.11) of nonholonomic 
coordinates in Pa(0). 

A tensor with respect to the transformation (1.11) ((5.1)) will be 
called for short a C-tensor (a ^-tensor). By a (C, #)-tensor we shall 
mean a set of components which are transformed as components of 
a product of a C-tensor and a ^-tensor. We shall use this conception 
in the next 
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THEOREM (5.1). // we regard d^ as a (C, ^-tensor whose com- 
ponents are the same in all coordinate systems 

(5.2) '9* = 9$, 

then 

(5.3)a C A * = 

(5.3)b 



PROOF. According to our assumption d is a (C, ^-tensor. 
Therefore, we obtain by virtue of (5.2) 

(5.4) 'V* = ^ b = cWcW. 

This equation is equivalent to (5.3) a. This latter equation together 
with (2.7) leads to (5.3)b. 

NOTE I. An easy inspection based on (5.3) shows that 

a) 6f b is a (C, ^) -tensor with the property 

(5-5)a '<& = tf b . 

b) if we require that the equations (2.8) hold in all coordinate 
systems, we obtain according to (5.3) a and (2.7) 

(5.5)b ' <?at> 



Hence, t9 ab is a ^-tensor. 

NOTE II. Although the transformation (1.11) ((5.1)) represents 
a coordinate transformation we may regard it as a transformation 
carrying a C-tensor (^-tensor) into another tensor. This point of 
view does not restrict the generality and enables us to speak of 
objects preserved by this transformation. Thus, for instance, we 
say that the ruling aPaft is preserved by (1.1 1). l Then, of course, 

1 3 

1 instead of saying that the ratios of the coordinates of a^ v a^ are preserved 
by (1.11). l 3 
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we expect that its map l a* = 1 a b (see (4.4)) is preserved by (5.1) 

1 3 

whenever (5.3) holds. However, this is not obvious and has to be 
proved. 

THEOREM (5.2). The focal spinors (4.4) are preserved by the 
transformations (5.1) for which (5.3) holds. 

PROOF. The transformations (1.11) preserve the quadric H. 
Thus, an isotropic point is carried by (1.11) into an isotropic point. 
Therefore, if V A is an isotropic point, we have by virtue of the state- 
ment b) of the preceding Note I 



(5.6)a v**> 

and also 

(5.6)b V*b = V2d*j>'v A (= 

If the spinor i^?? iv &4 exists, it is, by virtue of Theorem (4.1)a, 
one of the focal spinors of t ab . According to (5.6)b the spinor 
'i^a dof > w a* j g one o j fa e focal spinors of the spinor line '^ ab . From 
(5.6)b we obtain by virtue of (2.5) and (l.ll)c 

'V : 'it,* : 'i J : 'V - CW : C 4 4 t> 4 : : 0. 



Hence, the focal spinor 'M is again incident with the axis 

and therefore, X j2 ab must be preserved by (5.1). On the other hand, 

we see from (3.11) and (5.2) that the spinor line a ab is preserved. 

i 
Therefore, its focal spinor x a b on l J2 ab must also be preserved by 

i 
(5. 1). In a similar way we may prove that all four focal spinors (4.4) 

are preserved by (5.1). 
We shall use this result for the proof of 

THEOREM (5.3). // the coefficients CA B are given by (l.ll)c, then 

Ie-* 

n *:* /?0 n n 

u ei &* u u 

I o o 2 *-* o 





(5.7)b 




le * 











eie-* 


_ 








e 2 e* 








62 e~ 
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where 

(5.7)c 2<Z>f2;V + (1 - ') + ?, 20 = y> - (1 - e') 



(5.7)d 6i = 1, e 2 =l. 

PROOF. We see from Corollary (4.1) and Theorem (5.2) that 
//#/ 000 

<" H o Y o 

\\ <# 4 4 } 

Substituting these values into (5.3)a, we obtain by virtue of (1.1 l)c, 
(2.5)b and (2.6)a for A = B = 6, 5, 4, 2, 3, 1 



(5.9) 



-* = /*/. 
The first two equations (5.9) yield 

(5.10) / = !-* ", = !* 



where ei, 2 are defined by (5.7)d and 0, S 7 have to be found. Sub- 
stituting these values into the remaining equations (5.9), we see 
that the third and fourth reduce to 

(5.1 l)a + f^_ 1) 



while the remaining two equations (5.9) are inverse to (5.1 l)a. The 
equations (5.1 l)a are equivalent to 



1 We are using here the identity <=-*. 
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and yield (5.7)c. Thus, we easily obtain (5.7) a,b from (5.7)c, (5.8) 
and (5. 10) 

DEFINITION (5.1). The relationship (5.3) will be referred to as the 
representation of a coordinate transformation in P$(0) by a spinor 
coordinate transformation in ^^(0) and vice versa. 

NOTE I. The equations (5.7) show that the transformation 

(1.11) is represented by two transformations (5.1), one for ei2 = 1 
and one for \% = 1 . Thus, for instance, the identity in Pa(0) 

(5.12) v = v = ' 1=0 
is represented in &z(0) by the identity 



and by the biaxial involution : 
(5.13) '& 1 : '& 2 : r % 3 : ' 

with the axes **> and 



NOTE II. The equations (3.10)b are not affected by (5.1) if and 
only if 

(5.14) eie 2 = 1. 

Therefore, whenever we deal explicitly with physical spinors we 
tacitly assume the validity of (5.14). 

NOTE III. The transformation (5.7) is unimodular. Therefore, 
the components of the indicators are invariant under spinor co- 
ordinate transformations. 

6. Representation of an anisotropic point. 

THEOREM (6.1). The components v a b defined by (1.17) define a 
*& -tensor: 

(6.1) V = ad b c d . 

PROOF. We have from (1.14) and ( 1 . 1 1 )a 



Using (5.3) a and (5.7) we may rewrite this equation as 
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In a similar way we obtain 

(6.2) T Aa b = i<WAc d . 

The proof follows easily from (6.2) and (1.17). 

THEOREM (6.2). Let V Q be an anisotropic point. Then the *& -tensor 
t? a b defined by (1.17) gives rise to a projectivity 



(6.3) 'X* 

which is a biaxial involution whose skew axes are the spinor lines 
e^ab given by (2.8) a. 

PROOF. From (2.2)b we have 

(6.4) % b *n> c = <<5a 



Thus, if we apply the projectivity (6.3) twice to # a we return to 
#* a ; therefore, the projectivity (6.3) is an involution. Denote by 
*^ a the spinor i? a * of the line ts ab defined by (2.8) a, 

(6.5) *pfi(vi, v 4 , v* t 0). 
Then we obtain from (6.3) and (2.1) 

(6.6) '*p* = v**p*. 

Hence, p*> is preserved by (6.3). The same holds for the spinors 
t? a3 , ^ 2 t ? a2 . Therefore, the line w ab is preserved pointwise by 
(6.3). According to Theorem (2.5) the lines + ^ ab and ~^ ab are skew. 



These facts show that i? ab are axes of the biaxial involution (6.3). 

DEFINITION (6.1). The relations (2.8)&,bwillbe referred to as the 
representation of an anisotropic point V Q in Pa(0) by the spinor lines 
i n &*%(()) and vice versa. 



7. Continuation. In subsequent considerations we shall use 
two linear complexes : the complex ^ whose components are 

(7.1) UU, 1,0,0,0,0) 

4 ab (l, 1,0,0,0,0) 
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and the complex tf whose components are 

(7.2) ^Tab(l,- 1,0,0,0,0) 
Jf ab (- 1, 1,0,0,0,0). 

Both complexes are general 

(7.3) 4ab4 ab ^0, Jf ab Jf ab ^O. 
Moreover, they are project! vely orthogonal 

(7.4) U^ ab - 4 ab ^ab = 0. 

The following two Theorems will be proved simultaneously. 

THEOREM (7.1). The locus of all spinor lines w ab representing all 
points V Q of Ps(0) is the linear complex k*k- 

THEOREM (7.2). The lines t? ab are conjugate polar s with respect 
to the complex JT a b. 

PROOF. We obtain from (1.6)b, (2.10) and (7.1) 

(7.5) 4 ab o ab = 0. 

Thus, every spinor line w ab is a ruling of the complex ^ a b Every 
ruling /? ab of the complex ^ a b has the coordinates 

(7.6)a p**>(a, 6, c, d, e t f) 

where 

(7.6)b ab + cd + ef = 0, a + b = 0. 

Comparing (7.6) with (2.10) and (1.6)b and remembering (1.9), we 
see that every ruling of ^ a b may be thought of as one of the lines 
c^ab. According to Theorem (2.5) these lines coincide if V Q is an 
isotropic point. 

In order to prove Theorem (7.2) we remind the reader that polars 
^ ab and y ab , with respect to a complex c a b, are related by 

(7.7) /> ab = c ab c C d7 C(i i<7 ab c C d<: cd . 

Put Cab = >^ab and y ab = <? ab into (7.7). Then we obtain according 
to(1.6)b, (7.2) and (2.10) 
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or 

(7.8) t/) ab (cVo) f - eVw, fl 2 , v\ v 3 , v 4 ). 

Therefore, if <jr ab = +^ ab (^ = -tf ab ), then by (2.13) 



NOTE I. The congruence ^ is an intersection of the complexes 
(7.1) and (7.2). An isotropic point V Q is mapped on a ruling (2.1 1) of 
Jtf . This is in accordance with the known fact that conjugate polars 
with respect to a complex coincide if and only if one of them is a 
ruling of this complex. 

NOTE II. The spinor polar plane #" a of aspinor #* a with respect 
to the complex ^ is given by 

(7.9) ^ a = U^ b 
or, according to (7.1), 

(7.10) 3T, = V 2 , & 2 = %\ X 3 = ^ 4 , & 4 = % 3 . 

If, in particular, $" a is a physical spinor, i.e., if (3.10)b holds, then 

* 3 == ** 1> ^4 == *% 

In the quantum theory the numbers 9C lt 2 2 , &j, 3C 2 are termed co- 
variant components of the (physical) spinor #" a . 

8. P 3 (0) and 5^ 3 (0). In the first chapter of this book we re- 

1 
ferred the space-time to the nonholonomic frame a v , a\ of basic 

i 
vectors. In the case of the first class this frame is defined up to 

transformations (1.11). It is useful for our purposes to refer the 
space-time to another nonholonomic frame 

(8.1) a'^pa", \ ^ f p-% 

XXX X 

where the scalars /> are defined by 

X 

ppx = ppp = 1 

12 34 

and a, ft are defined by I (6.2). This frame satisfies the conditions 

(8.2) ^A = ^A> *X, = <5}, 
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and it is known up to transformations 

-1 X X 

(8.3) V = C x * a\ 'a x = <V a x 

X X 

where the C's are to be taken from the matrices (1.1 l)c,d. The non- 

j 
holonomic components with respect to the frame a v , a\ of an arbi- 

trary tensor TJ'.'. will be denoted by * 

(8.4) 7*:: = i,*...7p 

In subsequent considerations we shall use the tensor k^ = g^i 

xy 

as well as the tensors Q^, defined by I (10.6)b. Moreover, we shall 
put a b = A/2 in (3.3) and use the scalars a, ft defined by I (6.2). 

THEOREM (8.1). We have 
(8.5) a &ab = k*x> 

(8.5)b l Qa> = a -i 2 J2 ab 

(8.5)c ab = /J-i ijg ab . 

PROOF. One obtains from I (9.3)c 2 for p=\ and from I (10.8)a 
and I (10.5) 



(8.6)a 6 xy = k w ^a^ = 2[a PP 

x y 12 34 

= 2(6^ + ) 

12 12 

(8.6)b Q* y = Q^arar = 2 PP <5 [3 

x y 12 

34 34 

(8.6)c g [xy] = Q^araP = 2 PP d^. 

x y 34 

Comparing these equations with (7.1) and (3.3) (for a = b = V2), 
we obtain (8.5). 

THEOREM (8.2). The equations (8.5) are invariant with respect to 
the transformations (8.3) in Pz(0) as well as with respect to the transfor- 
mations (5.1), (5.7) in 



PROOF. The components a b are transformed by (8.3) according 



244 CHAPTER VI, APPENDIX II, SECTION 8 

to 

(8.7)a ' xy = % C x *C y *k zi . i 

These equations reduce by virtue of (1.1 l)d and (8. 6) a to 

(8.7)b ' X y - *xy. 

The corresponding transformation in <9*z(0) is given by (5.1), (5.7). 
Therefore, 

(8.7)C 'U = ^ c ^cd = U. 

We see from (8.7) that (8.5) a is invariant with respect to (8.3), and 
(5.1), (5.7). The invariance of the remaining equations (8.5) can be 
proved in the same way. 

In order to derive some consequences from the previous results, 
we need a new conception, introduced by the following 

DEFINITION (8.1). Let &'*:;. be a %-tensor. Whenever 



b b 

then 3~\".. will be referred to as an absolute tensor. 
THEOREM (8.3). The tensors 

(8.8)a 
(8.8)b 

(8.8)c 

are absolute tensors. In fact, 

(8.9)a kw = k^ 

(8.9)b a ^ = a /4 

(8-9)c ijg^ - ft Q^. 

1 The symbol 27 indicates here the summation for z t z and t t t. 
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PROOF. Combining (8.7)c and (7.1) we obtain by virtue of (8.3) 
and(l.ll)d 



a b a b 



Therefore, ^ defined by (8.8) a is an absolute tensor. In a similar 
manner one finds that l wfl and 2 J2 W/A defined by (8.8)b,c are abso- 

a b 

lute tensors. Multiplying (8.5) by a^a^ one obtains (8.9). 

We know from the eleventh section of the first chapter that k w ^ 
is a linear complex in Pz(0). Moreover, it is obvious (Cf. I (10.8) a) 

xy 

that Q W p is a line in Pa(0). We shall use these facts in the 

THEOREM (8.4). The space Pz(0) considered as a point set is 
represented by the complex k^- The quadric H considered as a point 

xy 

set is mapped onto a congruence in k w(Ji , whose axes are the lines Q^. 

PROOF. The coordinates under consideration in Pz(0) are homo- 
geneous. By virtue of (8.9) a the coordinates ^ Wjt4 define the same 
complex as k^. In a similar manner we may prove that the coordi- 

12 34 

nates 2 ^ a)fJL and Q^ (or ij?^ and Q^ define the same line. Then 
the proof follows easily from Theorems (7. 1 ) and (3. 1 ) (statement c)) . 

NOTE I. Theorem (8.4) describes the manner in which Ps(0) 
might be used to obtain &*%(()). The complex k^ is at the same 
time a complex of P^(0) and ^s(O), and the congruence Jf with 

xy 

the axes (? wft is at the same time a congruence of Pz(0) and y$(0). 
The relationship between Ps(0) and ^(O) is a kind of point-line 
relationship; every point of Ps(0) has an image in f$(0) consisting 
of a pair of lines l belonging to k mlA . Every line of k^ in ^3(0) 
has its image in Pa(0) consisting of a point. A line in &*a(0) which 
does not belong to k^ has no image in Ps(0). It is not difficult to 
find the image in ^(0) of a line in P 3 (0) : The rulings of H in P 3 (0) 

xy 

are mapped on points on Q^ (Theorem (4.3)). Later we shall find 
the image in ^s(O) of a tangential line to H in Pz(0). The image in 
t$^s(0) of an arbitrary line of P$(0) is discussed in Hlavaty, V., (2), 
(3). The image in P^(0) of a point in ^(0) will be discussed later. 

1 These lines coincide if the point is isotropic. 
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NOTE II. The space Pa(0) with H may be looked upon as a 
non-Euclidean space with the absolute H. From the above Note I 
we see that the complex k^ with the congruence Jf may be 
looked upon as a three-dimensional non-Euclidean line space with 
the absolute Jtif. This point oi view was adopted in Hlavat^, V., 
(3) for introducing a non-Euclidean line metric in f$(0). 

NOTE III. The representation of Pz(0) in 5^s(0) requires the 
knowledge of the complex w/i and of a congruence defined by its 

xy 

axes Qap. These elements may be constructed from the given data 
g^. Therefore, the tensor g^ leads in the most natural way to the 
spinor algebra of the unified field theory. 

9. Representation of (6.3). In this section we shall find the 
representation of (6.3) in P$(0). To this effect we first prove the 
following 

THEOREM (9.1). Let V A be an anisotropic point. Put 



Then the transformation 



(the v A -ref lection) has the following properties : 

a) it preserves the point V A , 

b) it preserves pointwise the polar plane v a with respect to H of v a , 

c) it preserves H and exchanges its reguli. 

PROOF. Put z* = v* into (9.1)c. Then 
(9.2)a 'v b = 2cov*> cov*> = cov*>. 

This equation proves the assertion a). Assume now that z a is 
incident with the polar plane v a , i.e., 



v a = 0. 

Then (9.1)c reduces to 

(9.2)b V = - a)Z* 
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and this equation proves the assertion b). Moreover, we have from 
(9.1)b 

(9.3) TJ>Tf 

so that 

-i 

(9.4) T b c = 

Therefore, by virtue of (9.1)b,c, 

-i -i 
(9.2)c 'hat> = 

This equation shows that H is preserved by (9.1). Let z a be an iso- 
tropic point not incident with v a , and let 'z a be the corresponding 
isotropic point given by (9.1). Denote by T an arbitrary tangent 
to H at z a and by 'T the corresponding tangent at 'z a . The lines T 
and T meet in the plane v a (see assertion b). Thus, if T is a ruling of 
one of the reguli of H , T is a ruling of the other regulus of H. 

THEOREM (9.2). Let V A be an anisotropic point. There is only one 
transformation 

(9.5) a 'z* = VA*Z A 

associated with (6.3) for which (5.2) holds, namely, the transformation 
(9.5) a with the coefficient VA B given by 

(9.5)b VA* 

.*., 

(9.5) c V A * 



O 

o o o - 



V 6 *> 5 \\ 

o ))' 



This transformation is a v a -reflection. 
PROOF. The proof of (9.5)b follows the same pattern as the 

1 We put here 
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proof of (5.3)a. Using (1.6)b, (2.1), (9.1)b and (9.5)b we obtain 
(9.6)a v a *> = T a 

(9.6)b Z>5 6 = V 6 5 = CO = V$V* = VfiV* 

(9.6)c the remaining VA B = 0. 

The equations (9.6) a show that v a b is a v a -rei lection. Moreover, the 
equations (9.6) are equivalent to (9.5). The only thing which remains 
to be proved is that (9.6)b, (9.6)c are compatible with (9.6)a. If we 
put, in accordance with (1.6)b, 

(9.7)a z* = - sfl = - 

f = 

then we must have 
(9.7)b '* 5 = - 



On the other hand, we easily obtain from (9.6) a and (9.1)b 
(9.7)c 2'C 



or 

(9.8) (^ 5 )2 = ('^6)2 = co 2 (^ 5 ) 2 = C0 2 ( 

Squaring both members of each of the equations 
'^5 .- _ t; 6 t; 5 z 6 ^6 



which one obtains from (9.6)b, c, one gets (9.8). Hence, (9.6)b and 
(9.6)c are compatible with (9.6)a. 

DEFINITION (9.1). The equations (9.5) b will be referred to as the 
representation of the biaxial involution (6.3) in P$(0) by the v a - 
reflection in Ps(0). 

i In T 4 (O) the scalar A/2J is the length of the vector z a t while V2' is the 
length of the transformed vector x * a . In other words, we measure here the 
vectors z a and 'z a by means of the same metric tensor h a b- Therefore, V2'f 
must not be confused with V'h a i>'2 a 'z b which is the length of the transformed 
vector 'z a in the metric given by (9.2)c. 
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NOTE. We shall see the importance of this representation later 
in dealing with the Dirac equations and the Schrodinger wave 
equations. 

10. Digression. We know that the representation of Pa(0) 
considered as a point set is a line complex in ^s(O). We now ask 
about the representation in Pa(0) of &*$(()) considered as a spinor 
point set. In order to answer this question we first have to intro- 
duce some auxiliary conceptions concerning the quadric H 

(10.1) haby a y b = 2(y 1 y 2 + y 3 y 4 ) = 0. 
We shall confine ourselves to the restriction 

(10.2) y 3 y 4 ^ 0. 

The quadric H may be expressed by means of two parameters f a 

(10.3) y 



We know that H has no essential singularities. We shall assume 
that the parametric expression (10.3) does not have any removable 
singularity in the part of H where (10.2) holds. By an #-tensor 
we mean a tensor of the two-dimensional space H , defined in the 
usual way by means of transformations of parameters a . Thus, 
for instance. 

(10.4)a y^_ f -^ 

\ I S& Ckt-Q. 



may be looked upon as components of four covariant /f-vectors 

Va l > > 3V 1 - We have from ( 10 -0 

(10.4)b y a y a *>hab = 0. 

Another example of an #-tensor is the metric H-tensor 

(10.5) h<ae) = h a* = k **ySy* b - 

The quadric H is not changed by the transformation 

(10.6) V = /(f)n (/real). 



THEOREM (10.1). The metric H-tensor is transformed by (10.6) 
according to 

(10-7) *h ae 
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PROOF. We obtain from (10.3) and (10.6) 
(10.8) *y a = P (y a + r a y) 



Therefore, by virtue of (10.1), (10.4) and (10.5) 



THEOREM (10.2). The expressions 

1 def 1 

(10.9) a V-y3y4 

a ~ V y3y 4 a a 

1- 2* 

are components of two covariant H-vectors u a and u a . These H-vectors 
have the following properties: 

a) They are linearly independent and satisfy the relation 

r 2- i- 2- 

(10.10) h ae = u a u e + u e u a ; 

b) they are complex conjugates] 

c) they are not affected by the transformations (l.ll)c,d,e; 

d) they are transformed by (10.6) according to 

(10.11) *w a = \ P \u a . 

c 

PROOF. The fiT-vectorial character of u a follows directly from 
(10.9). The equation (10.10) follows by direct computation from 
(10.9), (10.1) and (10.4). According to our assumption about the 
nonexistence of removable singularities of the parametric equations 
(10.3) we have 

(10.12) Det((AJ) * 0. 

e 

This condition shows that by virtue of (10.10) the H- vectors u a 
can not be linearly dependent. Their complex conjugacy follows at 

1 We assume the point y a to be real with real coordinates y 3 , y 4 . 
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once from (10.9) and from the fact that y 1 and y 2 are complex 
conjugates and y 3 , y 4 are real. The transformation (l.ll)c,d,e, 
where, of course, <p and ^ are not functions of the parameters f a , do 
not change the expressions 



e 
Hence, the H- vectors u a are invariant under (1.1 l)c,d,e. The equa- 

tion (10.11) follows from (10.9), (10.8) and (10.1). 

t 
The H- vectors u a being linearly independent, we may use them 

as a nonholonomic frame. 

e 
DEFINITION (10.1). The nonholonomic components p of a contra- 

variant H-vector p a are defined as follows : 

(10.13) p e ^p a ^- 

NOTE. The /^-vector p a also gives rise to a point 

(10.14) p a ^y a a p a 

which is a point on a tangent to H at y a . In fact, we have by virtue 
of (10.4) 

(10.15) p a y*>h a i> = 0. 

11. Mapping of lineal elements. In the next theorem we 
shall use the points y a and p a introduced at the end of the previous 
section. The isotropic point y a is mapped on a ruling jy ab of ^ , the 
anisotropic point p a is represented by two lines 



(11.1) ^ab 
THEOREM (11.1). The set of points 

(11.2) V A = yy A 

is represented by two pencils of spinor lines 
(1 1.3) ^ ab 



The vertex c i? a of the pencil ? ab is the common spinor of y &l) and /> ab . 
Its plane is 

(11.4) <>b = W<> a . 
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PROOF. The point (1 1.2) is represented by the spinor lines 
(11.5) tf ab 



This equation is equivalent to (1 1.3). In order to prove that (1 1.3) 
is a pencil for variable y and <5, it is sufficient to prove that y**> and 
/> ab meet. We have according to (10.15) 



= haby a p b = o. 

Hence, ^ ab and /? ab meet in a common spinor i? a . The spinor lines 
^ab belong to the complex ^ (see (7.5)). Therefore, the plane of the 
pencil t? ab is the polar plane (1 1.4) of t? a with respect to ^. 

NOTE. If w a is known, then t? a is uniquely determined. There- 
fore, we may refer to v & as the representation of the tangent line 
keeping in mind that w a is defined by (1 1.4). 



DEFINITION (11.1). By a lineal element (y a , v a ) we mean an 
isotropic point y a (the support of the element) and a set of H-vectors 
pv a (p ^ 0) defined at y a (the direction of the element). If v a is (is not) 
a null H-vector of A ae , then the corresponding lineal element will be 
termed an isotropic (an anisotropic) element. 

NOTE. According to this definition a lineal element is an object 
of H. Therefore, its corresponding object in 5^s(0) is the map of the 
lineal element and vice versa. The main topic of this section is the 
investigation of mapping of lineal elements onto &*$(()) and also 
the inverse of this mapping. 

Denote by l y & t 2 y & the focal spinors of the line^ ab involved in ( 1 1 .3) . 
We may assume without loss of generality that their coordinates 
are l 



1.6)a y(V~ ySy 1 , V- y*y* t 0, 0) 

y(0, 0, Vy4y 3 , - Vy^y 1 ). 
In subsequent considerations we admit only those factors of 

i Cf. (4.3). 
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proportionality for these coordinates such that 

(n.6)b yy = yy. 

This condition is invariant with respect to the transformations 
(5.1), (5.7). 

The following three Theorems will be proved simultaneously. 

THEOREM (11.2)a. Let (y a , v a ) be an isotropic lineal element 
whose direction belongs to the same regulus of H as d&aft (al v a$). Let 

13 14 

y*x> be the map of its support y a , and l y*, y, given by (11.6), the 
focal spinors of y***. Then this lineal element is mapped on y (y). 

THEOREM ( 1 1 .2)b. Let (y a , v a ) be a real anisotropic lineal element. l 
This lineal element is mapped on a pair of spinors 



(1 1 .7)a *v* = tV v y + 

Here 



,/5= 

V v 



are the nonholonomic components of the H-vector v a with respect to 

t 
the frame u a . 

THEOREM (11.2)c. Let (y a , v a ) be a set of lineal elements with a 
fixed support y a and a variable direction pv a . This set is mapped on an 
involution of spinors i? a given by (1 1.7) a. The involution consists of 
pairs of spinors + ? a , "^ a . Its double spinors are y, y given by 
(11.6). 

PROOF. A lineal element (y a , v*) defines a tangent line 

(11.8) ytoyWv* 

of H at y a . If v a is a null //-vector, then we have according to 
(10.10) 

1-2' 

(11.9) v a v e h ae = 2vv = Q, 

hence, (1 1.8) is a ruling of H, and Theorem (1 1.2)a is an immediate 
consequence of Theorem (4.3) (Cf. also Note I following that Theo- 

1 i.e., an element whose support and direction are real. We assume 
without loss of generality that y 3 , y 4 satisfying (10.2) are real and y 4 > 0. The 
spinors l y* and 2 y* involved in (11. 7) a have the same meaning as in the 
previous Theorem. 
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rem). If v a is not a null H- vector, then we have the situation de- 
scribed in Theorem (11.1) (Cf. also the Note following Theorem (11.1)). 
The spinor t? a is the intersection of /> ab and j/ ab , and therefore, 
it is in the set 



Disregarding (1 1.6) for the moment, we admit more general factors 
of proportionality 

(11.11) ijy^y 1 , 0y 4 , 0, 0) 

2 jy a (0, 0, fry 3 , fry 1 ) 

ab ^0 
so that 

( 1 1 . 1 0)b z^ay 1 , //0y 4 , Afry 3 , Afry 1 ) . 

The intersection spinor of j; ab and /? ab is given by the ratio A : ^ 
resulting from 

(11.12) . ^ abZ b = 
where, according to (11.3), (2.10) and (11.2), 

(11.13) tfab(<5 6 , dp*, yy 1 + dpi, yy* + dp*, yy* + dp*, yy* + dp*). 
All four equations (11.12) lead to 

(11.14)a Kb : pa = (y^p* + y*p*) : p*y*. 

On the other hand, we have according to (10.13), (10.14), (10.4) 
and (10.9) 



= V y 3 y 4 p a u = V j/3/y4 p 






Moreover, we see from (11.2) that the H- vectors v a and p a must be 
proportional 

(11.16) p a =--vv a . 

Therefore, (1 1.1 4) a reduces to 

. _____ 2' i/""! 7 ^* 

(11.14)b Aft : fia = Vy3 y 4 vv : y v 2 v v y 3 . 
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According to our assumption, v a is not a null H-vector, so that 

i- 2- 
(11.17) v a v*h ae = 2v v ^0. 

We may assume without loss of generality 

v > 0. 
Thus, (11.14)b reduces to 



If we put 

(11.18) 6 = Vy4, a = V y 3 

into (11.11), we obtain (1 1.6)a and 



A : 



= K v : V v. 



Substituting from (11.14)d into (11. 10) a and writing v* for the 
resulting spinor, we obtain (11. 7) a. 1 It is obvious that Theorem 

(1 1.2) a is a special case of Theorem (1 1.2)b. In fact, we obtain the 

2- i- i- 2- 

spinors l y & and 2 y & from (1 1.7) a for v = 0, v ^ and v = 0, i; 7^ 0. 

r ,/* 

v and r v may be looked upon as projective homogeneous 
coordinates of 6 ^ a in the frame l y*, 2 jy a . The projective homogeneous 
coordinates of these latter spinors in the same frame are (1, 0) and 
(0, 1). Therefore, we obtain for the cross ratio (+t5 a , -w a , l y* t 2 jy a ) the 
value 



f. 

1 


f. 




f 

Vv 



f 

V v 

1 


f 

V v 



f 

V v 
1 


-f. 

1 


f 

r v 




Thus, + t5 a , ~5 a is a pair of spinors belonging to the involution whose 
double spinors are 1 ^ a , 2 y & . 

NOTE. The spinor coordinate transformation (5.13) which 
results from the identical transformation of nonholonomic coordi- 

1 If we allow the radical sign involved in ( 1 1 .7) a and ( 1 1 . 1 4)d to represent 
also negative square roots then these equations hold even if the lineal 
element under consideration is not real. 
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nates in Pa(0) transforms the coordinates of ^ a and 2 ^ a in such a 
way that 



Therefore, if we neglect the common factor of proportionality 
we obtain from (1 1.7)a 



Hence, every individual pair of the involution mentioned in Theo- 
rems (1 1.2)b,c is preserved by (5.12), as was to be expected. 

THEOREM (11. 3) a. Let V A be an anisotropic point. The set of 
all lineal elements common to H and the cone circumscribed to H which 
has V A for its vertex is mapped on the axes ? ab of the biaxial involution 
(6.3). 

PROOF. The point V A is represented by the spinor lines (2.8)a 
which are the axes of the biaxial involution. All directions of lineal 
elements mentioned in Theorem ( 1 1 .3) a have the point V A in common. 
Therefore, each of these individual lineal elements is mapped on 
spinors (11.7)a incident with w al) . 

THEOREM (1 1.3)b. The set of all lineal elements preserved by the 
v A -reflection (9.5) is mapped on spinors which are preserved by the 
biaxial involution (6.3), i.e., on the spinors of the axes w al) of the 
biaxial involution (6.3) which is the map of the v A -ref lection (9.5). 

PROOF. It is clear from the geometrical properties of a V A - 
ref lection that the lineal elements mentioned in Theorem (11. 3) a 
are the only ones preserved by the ^-reflection, where V A is the 
vertex of the corresponding cone under consideration. Moreover, 
the spinors incident with t? ab are the only ones which are preserved 
by the biaxial involution (6.3). Theorem (1 1.3)b follows from these 
facts and from Theorem (1 1.3) a. 

12. Continuation. In the previous section we mapped a lineal 
element on a pair of spinors (1 1.7). In this section we shall find the 
maps of physical spinors z a on lineal elements, assuming that 

(12.1)a . zV =0. 
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For a physical spinor 

(12.2) z* = z j , z* = z*, 

so that the condition (12.1)a is equivalent to 
(12.1)b zV^O. 

THEOREM (12.1). A physical spinor z a is a map of a lineal 
element (y a t v a ) whose real support y a is given by 

(12.3) y l = pz*z 4 , y 2 = pz 2 z 3 
y 3 = pz*z 3 , y 4 = pz 2 z 4 

where p ^ is an arbitrary factor of proportionality. 

PROOF. We see from (12.1) that z a is not incident with the axes 
(3.3) of the congruence 3tf. Therefore, there is only one ruling y^ 
of 3P incident with z a , namely the intersection of the spinor 
planes defined by z a and 2 J ab and by z a and ijai> : 

(12.4) - ar'z* + ^z 1 = 

& 3 z 4 - & 4 z 3 = 0. 
The coordinates of this line are 

(12.5) > b (0, 0, z'z*, z 2 z 3 , z 2 z 4 - z*z 3 ). 



Comparing (12.5) with the second equation of (2.10), we obtain 
(12.3) where p is an arbitrary factor of proportionality. Because z a 
is a physical spinor, z 1 z 4 and z 2 z 3 = z*z* are complex conjugates 
and z 1 z 3 = z 7 z j and z 2 z 4 = z 2 z 2 are real. Therefore, the point 
given by (12.3) is real because the ratio of its components y v is real. 

NOTE. In subsequent considerations we shall always assume that 
the factor of proportionality p, involved in (12.3), is real. This 
assumption does not restrict the generality. 

In order to formulate the next Theorem we need the following 
abbreviations : 

(12.6)a Za ad5f_L_ za 

(12.6)b ^ 

(12.6)c 
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It follows from (12.6)c and (12.2) that the complex-conjugate 
number fi satisfies the relation 

(12.6)d f2^ f Ci= 1/Ci. 

In the next Theorem we also use * J ab and 2 .2 ab defined by (3.3) for 

a = b = V2. Thus, 

(12.7) 1 Jab 



THEOREM (12.2). The H-vectors (10.9) may be expressed as 
follows : 

(12.8)a fl = 

(12.8)b w a = 

where p is the factor involved in (12.3). 
PROOF. Upon substituting from (12.3) into (10.9) we obtain 

(12.9) i. = IpKz.'z' - zjz*) p* z y 
and 

(12.10) i a = |p|(z a j z - z a z') y . \ Z 3 ..-. 



The equations (12.8)a,b follow easily from (12.6), (12.9) and (12.10). 
In the next Theorem we shall complete the information concern- 
ing the lineal element mentioned in Theorem (12.1). 

THEOREM (12.3). The direction of the lineal element (y a , v a ) 
mentioned in Theorem (12.1) is given by the H-vector v a whose co- 
variant components are 

(i2.il) B = ar ft *W 

Here ^ ft b is the complex defined by (7.1). 

PROOF. The spinor z a under consideration is incident with the 
spinor line (12.5). It satisfies an equation similar to (1 1.7)a 



(12.12) z = 

where the focal spinors x ^ a and 2 jy a are given by (1 1 .6) a. Substituting 
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into these latter conditions from (12.3), and omitting the common 
factor of proportionality, 1 we obtain 



(12.13)a y(VVz 3 z'z*, vVz'z'z 4 , 0, 0.) 

(12.13)b y(0, 0, - Vz^z'z 3 , - Vz^z'z 



The conditions (12.12) and (12.13) yield 
(12.14) 



Therefore, 

(12.15) 



On the other hand, by virtue of (10.10) 

i- 2- i- 2- 2- 1- 1-2- 

(12.16) v a = v e h ae = v*(u a u e + u e u a ) =vu a + v u a . 

Using (12.8) and (12.15) we obtain 
(12.17)a l vu a = 



/ i o 9 4\i i 4 > 

(z z"z j z )*z 2 z* 
and in a similar way 

(12.17)b ii* a 



Substituting from (12.17) into (12.16), and disregarding the common 
factor 2 

\P\ 



we obtain by virtue of (7.1) and (12.7) 



1 This is allowed by virtue of (1 1.6)b. 

2 According to Definition (11.1) of a lineal element (y, v a ), it is irre- 
levant whether we take an //-vector v a or q>v a where 9? ^ is an arbitrary 
factor. 
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13. Auxiliary Theorems. In the next section we shall apply 
the preceding theory to Dirac's equations and Schrodinger's equa- 
tions. It is convenient for this purpose to derive first some geome- 
trical consequences of previous results. 

We associate with every point V A in Ps(0) another point +V A 
according to the rule 

(13.1) ^1 



Then we have by virtue of (1.9) and (1.6)b 

(13.2)a 

(13.2)b ,< 

(13.2)c 



If aj 1 , Aj 1 , cj 1 are three tensors in ^s(O), we denote their product by 
(13.3) (a^c)a b 



In subsequent considerations we shall need the tensors j a b , 
which satisfy the condition 

-i 

v * o.Tpy a "b '" ~ ^a, 

and are defined as follows: 

(/O 1\\ / /O i\ 

I 1 \\ r*. llOO-i 
lorfooJM'^-lloi o 
. \ o o o// \\i o o 

THEOREM (13.1). Put 

.- -i 
(13.6)a ,a b = 

TAw 

_// 
(13.6)b a > = -V2*jl 2 

\ \_ 1,8 _ v l 
1 The superscripts (subscripts) denote the rows (columns.). 
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and 
(13.7) 

PROOF. (13.6)b follows by straightforward calculation from 
(13.6)a, (13.5) and (13.1). Wehave by virtue of (2.2)b, (13.6)a and 
(13.2)b 



THEOREM (13.2). The projectivity 

(13.8) '3Tb 

is a biaxial involution. Its axes are 

(13.9) V b (*> 5 , - *>V*v 2 , *^, **> 3 , *v 4 )- 
TA^y ar^ rulings of the complex jT ft b defined by (7.2) 
gate polar s with respect to the complex k*b defined by (7.1). 

PROOF. Multiply (13.8) by # w b c . Then, according to (13.7), 



Hence, (13.8) is an involution. Its eigenspinors, i.e., double spinors 
are given by 

(13.10)a Aarb = *i9 a b ^ a 

where the eigenvalue A has to be found. Multiplying this equation 
by *t>b c we obtain by virtue of (13.7) 
(13.11) Aa^ft), 

so that the eigenspinors are given by 
(13.10)b eV^aJV* *tf a b #* a = 0. 



This system of four equations is of rank 2, and therefore, its so- 
lution is a spinor line, namely %<? ab given by (13.9). This line is a 
ruling of JT a b because 

o ab = 0. 
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The remaining statements of Theorem (13.2) can be proved in the 
manner used earlier for the proof of corresponding statements 
concerning v a 



NOTE. From (13.9) we can derive the representation 
in the form 



(13.12) 
where 

n ^ 1 ^ a A C de * & c ^ flef 

(ij.ioja # o ab o ab , fd ab 

n^ i^h iS ab def 

^10. IO;D $o c r^ c , # 5 5 , # 

n^ 1 ^r &* /i ab _ ^ A A /i cd _ /S cd 

^IJ.lJjC *<>ab*0# ^J5> Ht^b*^ ~ [abl' 

The transformation 
(13.14)a 'z* = *v a 6 ^ 

will be referred to as the representation in Pz(0) of (13.8) if, by 
virtue of (13.8) and (13.14)a, 

(13.15) '*<& = *<5aV 

THEOREM (13.3). The representation (13. 14) a of (13.8) is a 
^-reflection 



> = 






(13.14)b 



PROOF. Following the pattern by which we derived (9.5)b, we 
obtain 

(13.14)c ^a ft = *aS*?*e 1 *^. 

Substituting into these equations from (13.6)b, we obtain (13.14)b. 
Comparing (13.14)b with (9.1)b, we see that (13.14) is a ^-re- 
flection. 

NOTE I. The eigenpoints, i.e., the double points, of (13.14) are 
given by 



(13.16)a pz*> 

where p is to be found. From (9.3) applied to our case we see that, 
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if we multiply (13.16)a by *vi) c , we obtain 
(13.16)b /> 2 = *o>2. 

Hence, the eigenpoints are given by 

(13.17) *a>zb = *v a t>z. 

From (9.2) a,b applied to our case we see that the upper sign refers 
to the point #v a , while the lower sign refers to the points of the plane 
+v a . In particular, the lower sign also refers to the supports of line- 
al elements common to H and to the cone circumscribed to H from 
*v a . Comparing (13.11) and (13.16) we obtain for these supports 

(13.18) p= -A 2 = - +a>. 

NOTE II. A Theorem similar to Theorem (11.3)b can also be 
proved here. 

14. Dirac's equations and Schrodinger's equations. In 

this section we shall apply previous results to the Dirac equations 
and the Schrodinger equations. We introduce them in the form in 
which they appear in van der Waerden, B. L. f (1) (in a slightly 
different notation). The coordinates will be designated by x, y, z, 
t, and the metric form is assumed to be in the form 

(14.1) x 2 + y 2 + * 2 ~ c*t* 

where c is the velocity of light propagation. We shall also need the 
Pauli matrices l 

1 These matrices play, in the geometry of "two-component spinors", the 
role displayed by E^ (see eq. (1.14)) in the geometry of "four-component 
spinors". In fact, they may easily be expressed in terms of ^ a b . Defining the 
indices i and 2 by i ^ 3, 2 ~ f 4, we have 






In two-component spinor geometry, besides (14.2), one has to use the 
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and the matrices 

(14.3) X. 

(14.4) *! 

The components of the linear operator involved in Dirac's equations 
will be denoted by 

. , n c 

(14.5)a d x ^-. h A x 

i dx 



Here H is Planck's constant divided by 27iQ,ndA(A Xt A y , A Zt At) is a 

matrices 

^ / def , def , def / def 

aa; = a^, a y rr= - o v , o z = o z , at <?t- 

These matrices are given by 



In v.d. Waerden, (1), one finds the notation o k ^ t ofa for the components of 
these matrices. 

1 According to (3.10)b we have for a physical spinor 



*-*)> 
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vector built up from the electric potential, the magnetic potential 
and the charge of the electron. 
The Dirac equations may be written 

(14.5)b (d x a x + dyOy + d z a z + c~ l d t ) &. + /tc %* = 
( d x a x dyOy d z a z + c~ l d t ) & + p,c &. = 0. 



Here ju, is the mass of the electron. The corresponding Schrodinger 
relativistic wave equation is 



(14.6) (dj + d y * + d z * - cr*d?)t + ific*t = 0. 

In the next Theorem we shall use the contravariant components 
(with respect to the metric (14.1) )of the linear operator (d Xt dy, d z , 
d t ) used in (14.5)b 



(14.7)a rf* ^ d x , d*> ^ d y , d* ^ d z> d* ^ 
THEOREM (14.1). Introduce the symbolic point 

^ d* + idv V2v* ^ d* - i 



(14.7)b 

cd* 



and define # w a b by means of (13.6) a. Then the Dirac equations (14.5)b 
acquire the form 




(14.8) *% b ^ a + ipcX* = 0. 

PROOF. The Dirac equations (14.5)b may be condensed into 
the single equation 

(/O v 3 v 2 
(i > "o"' "' Illl51l+*"llill-ft 
\^1 ^y3 

On the other hand, we have 
IX 

(14.9)b 



Denote by ^ a b the elements of the 4x4 matrix in (14.9)b and by 
elements of the 4x4 matrix in (14.9) a. Then we may 
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write for (14.9)a, according to (14.9)b, 

V2"y^ a b ^c a ^ c + /^c b ^ c = 0, 

and this equation is equivalent to 

-i _ 

= 



or 

_ -i 

(14.9)c V2(^y*^) c d #* c + /^#* d = 

-i 
where ^ a b is inverse to ^ a b 

0-1 00^ 
1000 
0010 
I/ 

A straightforward computation shows that by virtue of (13.6)b 
and (13.1) 

(14.10) 





Substituting from (14.10) into (14.9)c, and multiplying the resulting 
equation by i, we obtain (14.8). 

THEOREM (14.2). Dime's equations (14.8) define eigenspinors of 
the symbolical projectivity (13.8). These eigenspinors also satisfy the 
differential equations 
(14.11) (*ct> + //2 c 2)<ra = o, 

where +CD is defined by (13.2)b and (14.7)b. 

PROOF. One obtains this theorem by comparing (14.8) and 
(13.10)a, (13.11). 

NOTE. Equations (14.8) define spinors incident with one of the 
symbolical axes %& of the symbolical projectivity (13.8). It is 
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clear that the equations 

(14.12) *<?a b #" a ipc&* = 0, 



which define the spinors on the remaining axis, must also have 
physical meaning. 

We know l that the eigenspinors of the biaxial involution (13.8) 
are mapped onto the lineal elements common to H and to the cone 
circumscribed to H from the point *v a which is represented by the 
axes %0 alb of the biaxial involution. These lineal elements of H are 
preserved by the *t; a -ref lection (13.14) which is the representation 
of (13.8). We shall refer to them as double lineal elements of (13.14). 

THEOREM (14.3). Let z a be the supports of double lineal elements 
of (13.14) which map in Pz(0) the eigenspinors of Dirac's equations 
(14.8). Put f == f (z a ) and assume that f is transformed by (13.14) 
in the same manner as 

(14.13) zW + z*z*. 

Then f satisfies the Schrodinger wave equation (14.6). 

PROOF. Disregard for a moment (14.7) and consider the relation- 
ship between the double elements of (13.8) and (13.14). We see from 
(14.8) (and (14.12)) that the eigenvalues A of the biaxial involution 
(13.8) are given by 

(14.14) A 2 = (v*c) 2 = /* 2 c 2 . 

If we apply (9.7)c to our case (13.14), we obtain according to our 
assumption 

(14.15)a 'C = *> 2 C. 

In particular, if 'z a is a double point of (13.14) 

'z* = pz", 
the equation (14. 15) a splits into two 

(14.15)b 0> + *o>)C = 

(14.15)c (p-*o>)f = 0. 

If we multiply the equation for double points 
(14.16)a pz*> = +vj>z* ' ..... ". .. 

1 Cf. Note II at the end of section 13. 
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by *Vb c , we obtain by virtue of (13.16)b two equations 
(14.16)b (p + *<o)z a ==0 

(14.16)c (p *a>)z* = 0. 

From the discussion of the meaning of equation (13.17) we see that 
(14. 15)c and (14. 16)c refer to the isolated double point +v a of (13. 14), 
while (14.15)b and (14.16)b refer to the double points of (13.14) 
in the plane +v a = *v*>h a b- Therefore, they also refer to the supports 
mentioned in our Theorem. Using (13.18) and (14.14) we may write 
for (I4.15)b 

(14.17) Uco + //2 C 2 )C = o. 

We shall transform this equation by means of (14.7)a,b. These 
equations, together with (13.1) and (13.2)b, lead to 



- cr*(dt)*. 

Substituting from this equation into (14.17), one obtains the 
Schrodinger wave equations (14.6). 

II. Spinor space 6f$ and its connection 



15. Projection of ^(U) onto ^(0) . Denote by an arbitrary 
but fixed point of space-time and by U its generic point. The alge- 
braic theory of $^s(0) as developed in the first part of this chapter 
may also be applied to the local spinor space &*z(U) associate with 
U. Then, of course, all objects of &*z(U) are expressed in terms of 
coordinates x v of the point U. Thus, for instance, defined by 

(5.7)c is a function of position, = 0(U), and so are the coefficients 

-i 

# a b and <$ defined by means of (5.7) a,b. Among the objects of 
$^3(C7) there are some whose homogeneous projective coordinates 
are the same as the homogeneous projective coordinates of the 
corresponding objects in &*$(()}. Thus, for instance, the axes 
!**(0) and W*(0) of the congruence 3tf(0} are given by (3.3), 
while the axes ij2*(l7) and ***(U) of Jf(U) in ^(U) are given by 

(15.1) 
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and, therefore, have the same homogeneous coordinates in 
as !J al >(0), 2 J ab (0) have in ^(O). Therefore, we may superimpose 
onto Se^(O] by identifying i&*(U) with i**(0) and 
w ith 2Jai>(0). This superimposition will be referred to as 
a projection of ?s(U) onto ^(0). It is defined as follows: 

DEFINITION (15.1). The projection of ^(U) onto &*(0) is a 
projectivity defined by coefficients of the type 

(15.2) ^a b = Wtf, 0} 

of class C2. This projectivity has the following properties: 
a) It reduces to an identity for U = 

(15.3) ^V>(0, 0) = J. 



b) It carries the axes iJ2*(C7), ***(U) into i*>(0), 

c) It carries any physical spinor of &*$(U) into a physical spinor of 



In the next Theorem we assume that U is sufficiently near to 
0, i.e., x v -> 0, where x v are the coordinates of U and the coordinates 
of are assumed to be equal to zero. 

THEOREM (15.1). The coefficients &J* satisfy the conditions 

(15.4)a 

(15.4)b 

PROOF. The coefficients are of class Cg, and therefore, by virtue 
of (15.3) they must satisfy (15.4)b. Denote by z a (C7) an arbitrary 
spinor in ^(U), and by z(Z7|0) its image in 




(15.5) z(J7|0) = 0>**(U, 0)z(C7). 

Let _y(l7) (t*(U)} be a spinor incident with 1J*(C7) ( 2 J ab (f7)) in 



(15.6)a 

= 0. 
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According to requirement b) of Definition (15.1) we must have 
(15.6)b /(C7|0)=/(f/|0) = 

t'(U\0) = f(U\0) = 0. 
The equations (15.6) yield 



If z a (C7) is a physical spinor 

(15.8)a z 3 (U) = 

we must have according to requirement c) of Definition (15.1) 

(15.8)b z 3 (U\0) = z^UlO), z 4 (U\0) = z*(U\0). 

The equations (15.5), (15.7)a and (15.8)a,b lead to 

*' *<*\ -**' 

- 



ns m 
(15 ' 7)b 

Equations (15.4)a follow from (15.7)a,b. 
16. Local connections in 



DEFINITION (16.1). Any set of constants S^x ^hich are trans- 
formed by (5.7) 2 according to 

(16.1) 'B&\ 



will be referred to as a local connection in 

THEOREM (16.1). The set of constants 

(16.2)a ^a b A 



1 The method displayed in this section is a special case of a more general 
theory developed in Bortolotti, E., Hlavaty, V., (1). See also Hlavaty, V., 

(9). 

2 We have here two transformations (5.7), one in &*$(()) with d>=<Z>(O) and 
one in ^3 (7) with = &(U). Due to the next to the last Note in section 5 we 
have to assume here eic2 = 1 because of requirement c) of Definition (15.1). 
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constitutes a local connection in &*$(()). It is given by 



(16.2)b 



where (#A)O, (&A)O> (CA)O (^A)O <w& the values at of four arbitrary 
gradients. 

PROOF. We see from (15.5) that the coefficients &iP(U, 0) are 
transformed by (5.7) according to 

(16.3) W(tf, 0) = VWOyVJW&ftU, 0). 




Remembering that < 8 ? i b (0) are constant, we obtain from (16.3) 
(16.4) 3 A W(tf, 0) 

~U, 0)]. 



Therefore, we obtain from (15.3) 

(16.5) (W(t/, 0)) 

= Vi*(0)(dM(U))o + (WVMWiU, 0)) . 
If we put 

'/V>Al(aAW(tf,0))o, 

we obtain the transformation rule (16.1) 

(16.6) '077 a b A = (WVfloOIIh + Vi^(W(U)) . 

Moreover, we see from (16.2) a that I7a b A ma Y be looked upon as 
the values at of sixteen gradients (which depend on transfor- 
mations (5.7)). This fact together with (15.4)a leads to (16.2)b. 

THEOREM (16.2). The coefficients /7a b A f the local connection 
have the following properties : 

a) The expressions /7 a a ^ are invariant with respect to (5.7) 

(16.7) '/7a a A = /Ia a A. 
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b) // we transform & according to the rule 
(16.8)a 0>J>(U, 0) = p(U, 0)0>J>(U, 0) 

(16.8)b P(0,0) = 1,1 

then 

(16.9)a 

(16.9)b 

PROOF. We have from (5.7) 

-i 
(16.10) ^i a (0) (d^^(U)) = 0. 

This equation together with (16.6) leads to (16.7). Using (16.8) we 
obtain by virtue of (15.3) and (16.2) a 

oj7 a b A = (3 A p(J7, 0)0*J*(U, 0))o 
= p(0, 0)[r x (U, 0)&J(U, 0) + d x ^^(U, 0)] 



In the next Theorem we assume that and U are connected by a 
curve % v = x v (t) of class C%. 

THEOREM (16.3). Let z & (U) be an arbitrary spinor in 
of class C%. Put 



Then 

(16.1 l)b (o^ AZ b(CO)o = [^^(U) + n 

/ dx x \ 

Moreover, [ ^\^(U) } is again a spinor. If, in particular, 
\ * /o /^A \ 

z b (C7) is physical spinor, so also is [ ^z b (f/) ) . 

\ at I o 



*. 

1 ^ a b and ^ a b represent the same projectivity because the components are 
homogeneous. Therefore, we have to assume (16.8)b to obtain 

0>*(0, O) = <5 
in accordance with requirement a) of Definition (15.1). 
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PROOF. The spinor z b ((7) being of class Cz we have by virtue 
of (15.5), (15.4)b and (16.2)a 

(16.12)a 



If we substitute into this equation 
(16.12)b ** = _ f 

we easily obtain (16.1 l)a,b. The proof of the remaining part of our 
Theorem follows at once from (16.6) and (16.2)b. 

NOTE I. According to (16.1 l)b ^ A may be looked upon as the 
symbol of the covariant derivative in ^a(O) with respect to the 
local connection /7 a b A. 

NOTE II. We see from previous results that the spinor z b (C7) is 
projected into z b (0) if and only if 

[dx x 1 

^ A z(C7) - ^(U)a(U) J^ = 

where a(U) is a suitable function of position. This fact shows 

dx x 

clearly the geometrical significance of the operator - ^ A . The 

dt 

form of (16. 13) remains unchanged if we perform the transformation 
(16.8) and 

(16.14) *z b (t7) - f(U)z(U), f^O. 

THEOREM (16.4). With every local connection /7a b x there is 
associated a local connection 77 a b A invariant with respect to (16.8) 



(16.15)a 7Ta b A ^ f 77 a b A 

This connection satisfies the condition 

(16.16) WA = 

invariant with respect to (5.7). The constants /7t> a A may be expressed 
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as follows : 

(I a x b x v % i 
( ? ? 
\0 

where a\, b^, c^, dx are the values at of four gradients, and 
(16.15)c R(a x ) +R(d x ) = 0.2 

PROOF. The equations (16.9) a yield 

Substituting this value in (16.9) a one obtains 

/I 6 1Q\ 77 to, del 0/7 bv _ 

\io. 10) HQ, x = ^-a A 



This equation shows the in variance of 7I a to A with respect to (16.8). 
The equation (16.7) shows that the constants /7a b ^ defined by 
(16. 15) a constitute a connection because 77 a b A constitute a con- 
nection. The equation (16.16) is an immediate consequence of 
(16.15)a. Its invariance with respect to (5.7) follows from (16.10). 
The equations (16.15)b,c follow from (16.2)b and (16.16), because 



17. Continuation. Among all invariant local connections 
77 a b A there is one which is uniquely determined by the unified tensor 
field g^. In order to find it we need some auxiliary Lemmas about 
the nonholonomic components {/*} of the Christof f el symbols given 
by II (13. 1). In the following Lemma we shall consider the functions 

}a, = df d^a 



LEMMA (17.1). The functions QB A \ satisfy the following relations : 

( 1 7. l)b 



1 The vectors a^, d^ in (16.15)b are not the same as the vectors a^, d^ in 
(16.2)b. Both of these sets of vectors are connected by two relations which 
may easily be derived from (16. 15) a. 

2 R(n) is the real part of a complex number n. 
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(f = 3, 4), 



The equations (17.1)b,c,d,e are invariant with respect to the transfor- 
mations (1.11). 

PROOF. The first four terms in (17. l)b are equal to zero because 
of (17.1 ) a. The vector a v is a null vector, and therefore, by virtue of 
I (8.16) 2 

i 
0* l x = V\a>* = FA*" = J Vxhrf&rf = 0. 

222 22 

The remaining equations (17.1)b may be proved in a similar way. 
Again using I (8.16) we obtain, according to I (8.1)b, 



The remaining equations (17. l)c may be proved in the same manner. 

The vectors a v and a v are complex conjugates (Cf. Theorem I (7.4)). 

12 12 

Therefore, according to I (8.16), the vectors a x and a x are also 

complex conjugates. Thus, 

/ 2 A = PA" = ^^A^ = Oft (/ = 3, 4). 
/ / 

In a similar way we obtain the remaining equations (17.1)d. The 
equations (17.1)e follow from the last two equations (17.1)c and the 
first and fourth equations (17.1)b. The invariance of (17.1)b-e with 
respect to (1.11) follows easily from I (8.1)b, (1.11) and (17.1)a. 

REMARK. Note that 



(17.2) 'Qf x 

In subsequent considerations 2 X will be the symbol of the co- 



276 CHAPTER VI, APPENDIX II, SECTION 17 

variant derivative with respect to the connections /7a b A an( i 
Thus, for instance, if T B *(U) is a (C, #>tensor, 



An easy inspection shows that (dx^xTB^(U))o is again a (C, 
tensor and of the same tensorial character as 



THEOREM (17.1). Among all possible invariant local connections 
77b a A there i$ one uniquely determined by g^- It w the invariant local 
connection for which 




(17.3)a 

// this equation is satisfied, then 
(17.3)b (^A^ab)o = 0. 

lis connection is given by the equations 

A *A 
C7.4,a ((ff.M)-||J-y 

Vo o 

at 0. The constants a\, b x , c^ are given by the equations 

1 3 

(17.4)b 2a x = a OL F x a 

i 

i 
(17.4)c &A = 

4 

(17.4)d c A = a a 



PROOF. The condition (17.3) a is equivalent to 
(17.5)a QA B I(O)*$ = 77^^ + 77^ . 

A straightforward calculation shows that (17.5)a is equivalent to 

i For d* and df b see Theorems (2.3) a,b. 
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(17.5)b 




Substituting into the left-hand side from (17.1) and into the right- 
hand side from (16.15)b, one obtains ( 17.4) a,b,c,d and the complex- 
conjugate equations to (17.4)b,c,d. The remaining equations (17.5)b 
reduce to an identity 0=0. The equation (17.3)b follows from (17.3)a 

i 

and from (2.7). The vectors a v , a^ involved in (17.4) are determined 

1 
by g^ up to the transformations (1.11). Thus, 



(17.6) 



atO. 



Using (17.4)a and (5.7) we see that (17.6) is only another form of 
the transformation rule 

(17.7) '/V A = [VfW Ilh + VfWb 

which characterizes the set 77b a A as a l ca l connection. Hence, the 
connection (17.4) is uniquely determined by g^. 

NOTE. The equations (17.5) show that the requirements (17.1)b 
are necessary for our construction of 11^. In fact, the set (17.1)b 
is a subset of (17.5)a. This limits considerably the choice of the 
connection 77. Thus, for instance, if Ffa are nonholonomic com- 
ponents of the unified connection II (3.1), and if we put 



then 

= (V 



2 

0. 
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This is the reason we did not use this connection for the construction 
of tfbV 

18. Spinor space 5f$ and its connection A^\. The rulings 



(18.1) al v a x \ a&cfr, aPaft, a&aft 

13 24 23 14 

of the quadric H(0) in T^(0) are mapped into the focal spinors (4.4) 
in &*(()}. The rulings (18.1) of the quadric H(U) in T^(U) are map- 
ped into the focal spinors 1 a a (C7), 2 a a (C7) whose homogeneous 

i i 

components are given again by (4.4). 

Denote by z a (C7||0) a spinor in ^s(O) whose components with 
respect to a j (0) are the same as the components of the spinor 



z*(C7) in &*(U) with respect to **(/). As z a (C7) moves 

1 
the spinor z a (t/||0) describes a space superimposed onto 

We shall denote this space by &t(U\\0). It is clear that &*(U) and 
are projectively related. 



DEFINITION (18.1). The set of all spaces &i(U\\0) super- 
imposed onto &3(0) as U moves throughout space-time will be referred 
to as the spinor space 5f$ adjoint to the space-time. 



NOTE I. The axes 12*(E/1|0) and 2 J al >(t7||0) coincide with 
and 2jab(0) f or any U. 



NOTE II. The spinor algebra of &*(U\\0) is the same as the 
spinor algebra of the local spinor space ^a(O) developed in the first 
part of this chapter. The only difference is purely formal. The objects 
of &3(U\\0) have the argument U\\0 instead of 0. The spinor algebra 
of f$ is by definition the spinor algebra of each individual space 

t$^3(C7||0). In algebraic considerations of ^3 an object X(U\\0) of 

i 
6f$(U\\0) is in general different from the corresponding object 

X(U\\0) of &*(U\\0) for U ^ U. i 

2 212 

Spinor analysis of .^3 requires a, spinor connection, say /U b A 
which is characterized by the usual law of transformation 

( 1 8.2) M a * A = 



1 An exception to this rule is exhibited in the previous Note I. 
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where, of course, the coefficients are given by (5.7) with <p = q?(U) 
and y = v(U). Hence, we cannot use any one of the local connec- 
tions exhibited in previous sections here. 

In the next Theorem, where we shall find a connection ^a^A with 
the transformation law ( 1 8.2) , 3f ^ will be the symbol of the covariant 
derivative with respect to the following three connections: 

a) the spinor connection AJ^\ we are looking for, 

b) the connection QB A \ defined by (17.1)a, 

c) the connection given by the Christoffel symbols {\ v ^}. 
Thus, if we have, for instance, a tensor TB*P with three differ- 

ent types of indices, we put 



(18.3) -? A r B <V ^ W*,. + A\T B \ - Qa^TA\ - {/A} TV, 

An easy inspection shows that for any dx x the components 
dx^J&xTB^fj, define another tensor of the same tensorial character 
as 



THEOREM (18.1). There is one connection ^. a b A uniquely determined 
by gxp. It is defined by 

(18.4)a JS? A } b = 0. 

// this equation is satisfied, then 

(18.4)b X)fa = 

and 

(18.4)c Jg^* = 0. i 

This connection is given by 



(18.5) 



where the vector fields a\, b\, c\ are given by (17.4)b,c,d for all U's. 
The proof of this Theorem, except for (18.4)c, follows the pattern 
of the proof of Theorem (17.1). The equation (18.4)c follows by 
straightforward computation based on ( 1 . 1 4) , ( 1 8.5) and ( 1 7.4)b,c,d. 

i For E* see (1.14). 
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Thus, for instance, according to (1.14) and (18.5) 

(18.6) & X E^ = 8 A ^ - {/ A K + a^(a x - a A ) - c^ + b x a^. 



On the other hand, we get by virtue of (17.4)b,c,d 









1 1 

= -,, PA * 



34 34 

^a a P A a - - V 

2 
3 1 



41 41 

= M a ^A a = - ^ a PA - 

Substituting these values into (18.6), we obtain according to I (8.1)a 
<? X E^ = P A - a^a P A a - a,X P A a a - a^a- P A a a 

134 
2 1 

= a /A aP A a a = 0. 

2 

The relationship between the connections 7Jb a A an( i ^b a A * s de- 
scribed in the following 

THEOREM (18.2). The connections /7b a A and A\>\ coincide for 
U = 

(18.7) 77 a b A = (/Ia b A)o. 

The proof follows easily from (18.5), (17.4)a and (17.4)b,c,d. The 
latter equations are valid for both connections at 0. 
The equations (1.17) and (2.8)a,b, i.e., 

(18.8)a 
(18.8)b 
(18.8)c 
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hold also in ^3 where the quantities involved depend on U. 

THEOREM (18.3). We have 
(18.9)a 
(18.9)b 
(18.9)c 
The proof follows from (18.4)a,b,c and (18.8)a,b,c. 

NOTE. These equations clearly constitute the link between the 
spinor algebra and spinor analysis of ^3- 

NOTE. It is worth while to compare previous results with those 
which one can obtain in the gravitational theory. 

1) The construction of ^ a b A by means of (18.5) requires h X{JL 
and a v , i.e., the unified tensor field g^: 

(18.10)a AJ> x = A^(g..). 

The basic vectors are determined by g A/x up to the transformations 
(l.ll)a,b,c,d; the coefficients '^U b A defined by (18.2) are functions 
of gfy and of two additional parameters q>, ip 

(18.10)b Ma b A = 'AJ> X (g.., <?, V ). 

However, these additional parameters <p, ^ are eliminated in 
tensorial equations involving the covariant derivative 5f\. In fact, 
if, for instance, w a is a generic spinor, and if we put 



we have 



(18.1 1) '^*(g.. f Vi y) = 

and this equation shows that tensorial equations involving 3"f will 
not contain the additional parameters <p, ^. 

2) In the gravitational theory we know only the tensor h^. 

However, we may choose four vectors a v satisfying the conditions 

i 
appearing in Theorem I (6.3). This choice requires four additional 

parameters besides AA M , for instance, the Pliicker coordinates 
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p\v ..... p[Xv] o f th e ij ne i n p s joining a v and a v . l Thus, we have 
according to (18.5) and (17.4) l 2 

(18.12)a ^a b A = A*\(h.., p~) 

instead of (18. 10) a. If we start with another line 
(18.13) 'p* = A*A 



then we again obtain (l.ll)a,b. This time the coefficients C are 
functions of the A's and are not given by (l.ll)c,d. Finally, we 
obtain (18.2) where the coefficients # are functions of the A's and 
are not given by (5.7) a,b. Therefore, we obtain instead of (18.10)b 
and (18.11) 

(18.12)b 'AJ>i = 'AJ x (h.. 9 p",A:) 

(18.14) Tf(h... p~, A :)= 



Hence, the influence of the auxiliary parameters Atf will be 
eliminated in tensorial equations. However, in contradistinction to 
the unified field theory, the connection AJ^x ^ n ^ e gravitational theory 
depends on four additional parameters not connected with the given 
quantities, (i.e., not connected with 



19. Curvature tensor of ^3. In subsequent considerations we 
shall need the curvature tensor H wlt of {/ M }, defined by IV (3.1), 
and its intermediate components 



These components are involved in identities similar to IV (3.3) 
(19.2) 



LEMMA (19.1). The components H^ 3 satisfy the following set of 



1 The six homogeneous coordinates p* v satisfy a quadratic equation and, 
therefore, represent only four parameters. 



CHAPTER VI, APPENDIX II, SECTION 19 283 

conditions : 

(19. l)b H^ = H^ = H wfl s = H^ - 

= ^o>*4 3 = 0, 



(/ = 3, 4), 



equations (19. l)b,c,d,e ar0 invariant with respect to the trans- 
formations (1.11). 

PROOF. The first four equations (19.1)b follow at once from 
(19.1) a. The tensor H^^ is skew symmetric in Ai>, and therefore, 



# 2 1 = H x v a x a v = H Xv a*a v = 0. 

2 22 

The remaining equations (19.1)b may be proved in a similar way. 
Moreover, by virtue of I (8.16) 

H^ = H^a*a v = H \a x *> = - H w ^a v a x = - ^ 2 3 . 

4 22 

The remaining equations (19. l)c may be proved in the same manner. 

i 2 

The vectors ^ and a^ being complex conjugates, we have 



(/ = 3,4). 

In a similar way we obtain the remaining equations (19.1)d. The 
equations (19.1)e follow from the last two equations (19.1)c and the 
first and fourth equations (19.1)b. The invariance of (19.1)b,c,d,e 
with respect to (1.11) follows easily from (l.ll)c,d. 

THEOREM (19.1). The components 
(19.3)a 
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define a tensor with respect to co/t and a %-tensor with respect to a, b. 
This tensor is involved in the following identities : 



( 1 9.3)b 
(19.3)C 

The proof follows the pattern of the proof of Theorem IV (1.1). 



DEFINITION (19.1). The tensor ^ a>/Lt a b mil be referred to as the 
curvature tensor of f%. 

THEOREM (19.2). The curvature tensor ^ ft>Ata b of ^3 satisfies the 
following conditions : 

(19.4)a Sr^* = ^]a b 

(19.4)b ^a a = 

(19.5) ^[^]a b = 0. 



PROOF. The equation (19.4)a follows immediately from (19.3)a. 
From (18.5) we see that 

AffoAfifa = 
Atp = 0. 

These two equations together with (19.3) a yield (19.4)b. From 
(19.3)b,c we obtain 

(19.6)a 



On the other hand, we have by virtue of IV (3.4)b 
(19.6)b 



The equations (19.6)a,b lead at once to (19.5). 

THEOREM (19.3). The tensors H mv jp and ^ (0/t a b are related by the 
following mutually equivalent relations : 

(19.7)a 
(19.7)b 
(19.7)c H mltX * 
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PROOF. The equations (18.4) yield 

(19.8)a y\jefl*2 = * 

(19.8)b ^[^Xb = 
(19.8)c 



Using (19.2), (19.3)b,c and IV (3.3)b, one obtains (19.7)a,b,c from 
(19.8)a,b,c. The equations (18.4)a,b,c are mutually equivalent. 
Therefore, (19.8)a,b,c are also mutually equivalent. 

THEOREM (19.4) a. The equations (19.7) are equivalent to 

(19.9) a ^upi = *a)fji2 =( = == 



(19.9)d the remaining 9 WV J> = 0. 

PROOF. The equations (18.4) a are equivalent to 
(19.10) 



Replacing Q A B \ with H^^ and A^ with 9 oni f in (19.10) one 
obtains (19.7)a. Again if wereplace^ B A with J H r 6>/Lt ^ B in(17.1)b,c,d,e, 
we obtain (19.1) b,c,d,e. Therefore, if we replace Q A B \ with H^^ and 
77 a b A with ^ a b in (17.5)b, we obtain the solution H^ A B of (19.7)a. 
Thus, we have by virtue of (18.5) 

*W 
0/..I, 





(IV. 11) W^co/ia- // I I n Q 


where we must put, in accordance with (17.4)b,c,d, 

/ 1 1 0\ / def TJ i 

V iy '^) <DU, = -"cou4 



In this way we finally obtain (19.9). 

The question arises whether some components ^ a>At a b or a combi- 
nation of them may be expressed without the help of basic vectors. 
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The answer to this question is given in the next Theorem where we 

xy 

use the tensors Q and /, / defined by I (10.6)b and I (10.10). 

1 4 

THEOREM (19.4)b. We have 

(19.13)a 9^ = 

(19.13)b 9^9 Xv f 

PROOF. We derive from the last two equations (19.1)c 
Hi 1 + H w = Kffi 1 - H + H^ - H^*) 



and therefore, by virtue of I (10.8)d 

(19.14)a ff^i + /f^ 3 = - 2H^ Xv (Q* 
On the other hand, we see from I (10.1 1) that 

(19.14)b 



The equations (19.13) follow from (19.14) and (19.9). 

The following two Theorems will be proved simultaneously. 

THEOREM (19.5) a. In order that there exist a spinor coordinate 
system for which 

(19.15) ^a b A = 0, 
it is necessary, but not sufficient, that 

(19.16) ^a b = 0. 

THEOREM (19.5)b. A spinor coordinate system for which (19.15) 

1 The left-hand term in (19.13)a can be replaced by any one of the com- 
ponents 9 wia ^ involved in (19.9)a. The left-hand term in (19.13)b can be 
replaced by a product of any one of the components ^^ involved in 
(19.9)b and any one of the components involved in (19.9)c. 
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holds exists if and only if either one of the following mutually equi- 
valent conditions a), 6) is satisfied: 

a) The vectors 6 A , c\ involved in (18.5) vanish and a\ is a gradient: 

(19.17)a 3[^A] = 

(19.17)b 6 A = 

(19.17)c c A = 0. 

b) The basic vectors fulfill the conditions 

(19.18)a 



3 
1 

(19.18)b a a F A fl = 

4 
4 

(19.18)c a a F A fl = 0. 

i 

PROOF. According to (18.5) the transformations (18.2) are de- 
scribed by (17.6). Requirement a) of Theorem (19.5)b follows from 
(18.5) and (17.6). The necessity of (19.16) is obvious. In order to 
prove its insufficiency we express (19.16) in terms of the vectors 
a \> &A c \- Using (18.5) and (19.3)a we obtain 



(19.19)a \9^* = 3^] + 6^ CftJ = 

( 1 9. 1 9)b \9^* = d [fA c^ + 2c^a tt] = 

(19.19)c \9^J = d^ + 2b lo) a^ = 0. 

The remaining equations (19.16) either reduce to an identity or 
follow from (19.19). This system can be satisfied by 

(19.20) CM = a w c, b^ = d^c, a w = cc w . 

However, for a suitable choice of c the conditions (19.20) are at 
variance with (19.17). Hence, (19.16) is not a sufficient condition. 
Using ( 1 7.4)b,c,d we see that ( 1 9. 1 7)b,c are equivalent to ( 1 9. 1 8)b,c 
and that 

j + 



a + a a P[ P A] a Q 

1 3 
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Therefore this equation is equivalent by virtue of IV (3.3) a to 
(19.21) 23^a A] - (P [A a) (P^aJ + (P [A a) (F^ij 

1 3 



The remaining part of the proof is obvious. 

NOTE. If (19.18)b,c hold then according to (19.9)a and (19.19)a 
(19.22) *V = 2a t/i a A] 

so that (19.21) reduces to 



and (19.18)a yields A/i / = by virtue of (19.22). The remaining 
equations (19.16) are satisfied by virtue of (19.18)b,c. 
The equation (19.16) has an interesting physical interpretation. 

THEOREM (19.6). A necessary and sufficient condition that the 
electromagnetic field of the unified tensor field g A/x generate no gravi- 
tation i is that (19.16) be satisfied. 

PROOF. Assume that the electromagnetic field of g A/A does not 
generate gravitation. Then we must have 

(19.23) H^ = 0. 

The equation (19.16) follows from (19.23) and (19.9). In order to 
prove the sufficiency, first introduce the symbols Xa b for 
Then we have according to (19.1)b,c,d,e 

i l a 1 





^a 1 -% - 
Assume now that (19.16) holds. Then ^^^ and ^ w/i 2 7 vanish so 
J Such tensors exist. C/., for instance, Theorem V (9.2). 
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that we have according to (19.9) a and (19.1)c,d 

Xi l + X3 3 = 

XI 1 + #3 3 = *2 2 + *3 3 = XI 1 + #3 3 = 0. 

Hence, 

(19.25)a ^1 = 233 = 0. 

Moreover, we have by virtue of (19.16), (19.9)c and (19.1)c,d 

(19.25)bi = X1 4 - *2 4 = - Z3 1 

and, therefore, also 

(19.25)b 2 jfs 1 = 0. 

Using again (19.1)c,d and (19.16) we obtain by virtue of (19.9)b 

(19.25)ci = K4 1 = *4 2 = - *i 3 , 

and therefore, 

(19.25)c a xi 8 = 0. 

Hence, all terms of the matrix (19.24) are equal to zero, so that the 
equation (19.23) holds. Therefore, the electromagnetic field of g^ 
does not generate gravitation. 

NOTE. Even in the absence of gravitation our space-time is not 
a Minkowskian one, because its curvature tensor R^ does not 
vanish l . Thus, if U ^ are two distinct points of our space-time, 
we have T*(U) ^ T 4 (0), and therefore, &*(U) ^ &*(O). Thus, 
9*% does not, in general, reduce to &*$(()) as in the classical special 
theory of relativity. This accounts for the fact that we may have 
yl a b A ^ even if (19.16) holds. 

20. Dirac's and Schrodinger's equations in ^ 3 . In section 
14 we derived the equations (14.8) and (14.17) for the case of the 
special theory of relativity. In fact, we based our considerations 
on the metric (14. 1) and introduced the electromagnetism separately 
through (14.5)a. In this section we shall find equations in ^3 
which reduce for the case of special relativity to (14.8) and (14.17). 
To this effect we shall first prove the following 

1 Cf. IV (3.10) where in the absence of gravitation we have H ^ = 0. 
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LEMMA (20.1). Put 

V2u v = a v + a\ V2iu v = a v a v , 
(20.1)a _ l l 2 _ 2 2 ' 

V2w" = a* + 0", V2i*" = a" a". 

334 434 

Then u v , . . . , w v #70 mutually perpendicular unit vectors and, in 

1 4 

particular, 



(20.1)b 

11 22 33 44 



(20.2) 



1234 

(20.3) W A = u x , u* = u Xt u x = u Xt u x 

123 

and 

1 i 2 
V2a A = W A + ^A 

2 i 2 

(20.4) V2<* A = W A - iu x 

_3 3 4 



4 3 4 



PROOF. The properties of the vectors u v follow easily from 

/ 
(20.1)a and from Theorem I (6.3). The vectors u v being linearly 

t i 

independent, there is only one system u x satisfying (20.2). This fact 
leads to (20.3) by virtue of (20. 1 )b. Solving (20. 1 )a f or the a v we obtain 



a v = u v + iu v , V2a v = u v iu v 

212 112 



V2a v = u v u v , V2a v =: u v + u v . 

434 334 

These equations together with (20.3) and I (8.16) lead to (20.4). 
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THEOREM (20.1). Put 



(20.5) 



I h \ 

( ^ + 4 J 



and define He ? a b 6y weans of (13.6) a. The equations 

(20.6) *^a b #* a + V^a* = 

(20.7) Uo> + /*M)f = 




have the following properties: 

1) They are independent of the transformations (5.1), (5.7), (1.11) 
and of the transformations of the coordinates x v . 

2) They reduce to Dirac's equations (14.8) and Schrodinger* s 
equations (14.17) l under the following restrictions: 

a) The tensor A^ is given by 

// 

W M- o i ? 

\ \0 - c 2 
and the coordinates x 1 , . . . , # IV are identified with x, y, 2, tf. 

b) T7&0 vector A\ expressed in these coordinates is identified with 
the vector (A x , A y , A z , At) involved in (14.5) a. 

c) The equations (19.15) hold. 

PROOF. The statement 1) follows at once from (20.5), (20.6) 
and (20.7). In order to prove the statement 2) we shall rewrite the 
equations (14.8) in a form suitable for generalization. First we 
identify x, y, z, t with x 1 , . . . , x iv so that we have (20.8) instead of 
(14.1). We shall also write A\ for the components A x> ..., At 
involved in (14.5)a. Then we introduce the vectors 

(20.9) (!, 0,0,0), i a (l, 0,0,0) 

i 

w(0, 1,0,0), a (0, 1,0,0) 

2 

^(0,0, 1,0), 4(0,0, 1,0) 

3 

4 

3, 0, 0, c-i), w a (0, 0, 0, c). 



4 



1 with the generalized operator (14.7)b. This generalization is enforced 
by the tensor g^ of the unified field theory. 
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i 

The vectors u v (u v ) are mutually perpendicular unit vectors. Both 

7 

sets (20.9) satisfy (20.2), (20.3) and (20.1)b. Next we write A\ % . . ., 
^4 and d l , . . .,d* instead of d x , . . . , dt and d x , . . . , d t . Thus, we have 
according to (14.5) a and (14.7) a 

(20. 10) d v = u* (A 8 A + A\ c-idt = u* (A 9 A + A x ] 

v \ fc / 4 \ fc / 



, cd* = 

(= 1,2,3), 
and therefore, by virtue of (14.7)b 

(20. 1 1 ) V2 v^ = 



The vector v a is transformed according to (1.11 )e if we perform a 

12 12 

rotation of w and u^ (in the plane u^xi) through the angle q> 

34 34 

and a Minkowskian rotation of u^ and u^ (in the plane U[pU\}) 

through the angle \p. l Therefore, we may take for u^ . . . , u^ 
in (20.11) any quadruple of vectors which one obtains from the 
second set (20.9) by the above rotations. Then the equations (20. 1 1) 
are starting points of the generalization we are looking for if 
dealing with the unified tensor field g A/i . In this case we know the 

basic vectors a v t a v of the space-time. Thus, we may apply (20.4) to 



Followed by a reflection if 7 = 1 in (1.1 l)c,d. 
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(20.11) and obtain 

(20.12) f> 

The tensor h^ which appears in (20.12) is now to be defined by 
AA/A ^ ?<AJ*)- I n order to make the right-hand term in (20.12) a 
scalar operator with respect to arbitrary transformations of co- 
ordinates in our space-time, we have to replace 9 A by -2 7 A . In doing 
so we obtain (20.5) from (20.12). Then the proof of our Theorem 
follows easily. 

NOTE. Another set of equations similar to Dirac's equations 
may be derived from the conservation law V (16.9)b l which in non- 
holonomic components has the form 



(20.13) ViW = 0. 2 

Let #" a , y* be two arbitrary spinors incident with one of the spinor 
lines tt> ab representing in ^3 the vector w i . Then we have according 
to (2.8)b 



(20. 14) 

Applying to this equation the operator 



i 

we obtain according to (18.9)c 

(20. 15)a V2-S?<21^ = d* 

The first term of (20. 15) a vanishes because of (20.13): 



so that (20. 15) a reduces to 

(20. is)b #*j*Xi** + ti^&ty* = o. 

Put 



1 See Infeld, L., and v. d. Waerden, B., (1), where Dirac's equations are 
found in two-component spinor analysis associate with the gravitational 
theory. 

2 W is defined by I (8.8)a. Hence, |7<9l = 0. 
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We have according to (7.9) 



-#"a = 0. 

Thus, the equation (20.15)b is satisfied if 
(20.15)c # b .SV3r = _ (p ear b + ^ ab 3T), = i. 



Here p is an arbitrary scalar, A\ an arbitrary vector and #*is either 
+& or -jr. i Put 



Li L 

i.iT- 

^4 ^1 

A straightforward computation shows that (20.15)c is equivalent to 
(20. 1 7) ^ a b ^ a + *pi ^ b = 0. 

This equation is of the type (20.6). 



1 in $> is not connected with in u> ab 

2 C/. (13.6)b. 



APPENDIX III 1 

LINE GEOMETRY IN A THREE-DIMENSIONAL 
PROJECTIVE SPACE 

1. Introduction. In this appendix we shall display some 
elementary results of line geometry which are needed for a better 
understanding of the first and sixth chapters. More information 
about line geometry can be found in Hlavaty, V., (11). 

Let c/' be a set of real constants with the property 

(1.1) Jf 



Consider the group of projective transformations 
(1.2) #"' = C /# A , * A = <vV 

of projective homogeneous coordinates x v which describe a three- 
dimensional projective space PS. The group (1.2) is the basis for the 
usual definition of tensors by means of the transformation rule 

7ft: = */...<*/... 23::. 

Throughout this appendix we shall consider jTJ'.'/. and p'I\" tt as com- 
ponents of the same tensor T. 2 Here p is an arbitrary real factor of 
proportionality. In other words, we regard jT" as homogeneous 
components of a tensor T. In particular, x v are homogeneous 
coordinates of a contravariant vector, which we call a point. 
Homogeneous coordinates y A of a covariant vector define a plane. 
Because of (1.1) the space P% does not possess any densities. 3 
Therefore, the indicators defined by Definition I (2.1) behave like 
tensors. We shall denote them by /<^ A " and i wfl \ v . Besides d\, indica- 
tors are the only tensors whose components are not considered homo- 
geneous. In other words, I<^ v and pl w ^ v are to be looked upon as 
components of two different tensors. This exception to our rule about 
homogeneous coordinates does not restrict the generality and is 
very convenient for our future considerations. 

1 Greek indices run here from I to IV. 

2 The only exception to this agreement will be mentioned shortly. 

8 We mean by this that a scalar density cannot be distinguished from a 
scalar. A similar remark holds for tensor densities. 
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In this appendix we shall deal almost exclusively with scalars, 
vectors, skew symmetric quadratic tensors and indicators. The 
indicators are a valuable tool in our considerations as is shown in 
the following three examples. 

1) Let y v , z v , t v be three linearly independent points. Then 



is a plane incident with y v , z v and t v . Similarly, if j% z\ 9 t\ are three 
linearly independent planes, then 

(1.3)b x^^I^y^,, 

is a point incident with y^, z\, t\. 

2) Indicators will be used for raising and/or lowering both indices 
of skew symmetric quadratic tensors in the following manner: 



Then, of course, 

( 1 .5) t^W = tf 

3) Denote by t the determinant of a tensor t wfji = t\ w ^ Then 
(1.6) a t = (tin In i iv + tn i nt i iv + tuutmv) 2 , 

and according to (1.5) and Theorem I (2.3) (for < w/4 = * w/4 ), 



2. Pliicker coordinates of a line. 

DEFINITION (2.1). Let y v , z v (y^, z^) be two distinct points on a 
line L (two distinct planes through a line L). The determinants 

(2.1) ytV>, (y^) 

are called protective homogeneous point (plane] Plucker coordinates 
ofL. 
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THEOREM (2.1). Put 
(2.2) 

p* v (q\ v ) is a tensor with the following properties: 

a) It does not depend on the choice of the points y v t z v ^ y v (planes 
y^ t zx 7^ yx) incident with L. 

b) p Xv and q Xv are related by 



(po * 0). 



satisfy the requirements 

^^ - 

= 0. 



(2.3)a 
(2.3)b 

c) p* 
(2.4)a 
(2.4)b 

PROOF. Introduce the points 

(2.5) a y = ay" + pz v , 'z v = yy v + 8z v 

(2.5)b 

and the tensor 

(2.6) 'pfotot 'y[ A Vl. 

The points 'y v and 'z v are two distinct points on L. The equations 
(2.2), (2.5) and (2.6) yield 

'& = a %A, 
y 8 V 

This equation proves statement a) concerning the tensor p* v . The 
same statement concerning qx v can be proved in a similar manner. 
Let a*, b v be two arbitrary points such that a v , b v , y v , z v are linearly 
independent. Then 



(2.7) p ^ 
Therefore, the planes 

(2.8) a w 



0. 



exist and are incident with L. We may write, according to state- 



298 CHAPTER VI, APPENDIX III, SECTION 2 

ment a), 

(2.9) q Xv = a [x b v] . 

Put 

(2.10)a 



Substituting into this equation from (2.8) and (2.9), and remember- 
ing that the equations I (2.2) also hold for / fi) /* A<r and * WftAv> we obtain 



(2.10)b 

On the other hand, 



Therefore, (2.10)b reduces, by virtue of (2.7), to (2.3)a. The equation 
(2.3) b can be proved in a similar manner. 
The equation (2.4) a follows from 



= o. 

The equation (2.4)b can be proved in a similar manner. 

THEOREM (2.2). A necessary and sufficient condition that 
p\v __ p[Xv\ fo picker coordinates of a line L is that (2.4) a be satisfied. 
If this requirement is fulfilled, the tensor p* v determines a unique line 
L whose coordinates are p* v , p Xv . 

PROOF. The necessity of (2.4) a has already been proved. As- 
sume that (2.4) a holds, and denote by p the determinant of p Xv . 
Then we have, according to (2.4)a and (1.6)b, p 0. Therefore, 
the rank r of the matrix ((p\ v )) is r < 4. Because p Xv is skew sym- 
metric, we cannot have r = 1 , 3. Hence, r = 2. It is known from 
elementary algebra that in this case p Xv is of the form p Xv = y[\z v -\. 
Thus, px v determines a unique line L as the intersection of y x and 
z\. Its coordinates are p Xv as well as p*". 

In the next Theorem we denote by v one arbitrary but fixed 
symbol of the four symbols I, . . ., IV. 

THEOREM (2.3). A necessary and sufficient condition that a line 
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p Xv be incident with the coordinate plane 

(2.11) ** v :=0 
is 

(2.12) p* = 0. 

If this requirement is not fulfilled, then the line p Xv intersects the plane 
in the point p . 



PROOF. Put v = IV and assume that the line p* v = y&z v 1 is 
incident with the plane (2.1 1). Then we have y iv == z iy = 0, and 
consequently, (2.12) holds for v = IV. Assume that (2.12) holds for 
v = IV. Then 

o 

L^V ^ 

a x p = 

where A (0, 0, 0, 1 ) are the coordinates of the plane (2. 1 1 ) for v = IV. 
Hence, p Xv is incident with this plane. The proof for v = I, II, III 
follows a similar pattern. Assume now that 

(2.13) A ^0; 

put v = IV and denote by y v the intersection point of p Xv and the 
plane (2.11). Then y lv = and 



According to (2.13) the line p Xv is not incident with (2.11) for 
v = IV, and therefore, 2 IV ^ 0. Thus, 



: ^IIIIV - pIVIV -- yl yll ylll ; Q. 

The proof for v = I, II, III follows a similar pattern. 

3. Two and more lines. 

THEOREM (3.1). A necessary and sufficient condition that two 
lines p Xv (a = 1,2) intersect is 

a 

(3.1) PxP Xv = (,&= 1,2). 

a b 

PROOF. Put 



(3.2) p* v 

1 2 

A necessary and sufficient condition for the lines to intersect is that 



300 CHAPTER VI, APPENDIX III, SECTION 3 

the determinant |# A , y\ 2 A , / A | vanish. This condition is equivalent to 
= i^**^*? = i^\ v P^P Xv = 2p Xv f^. 

12 12 

The remaining equations (3. l)followfrom the fact that/> Aa; (0 =1,2) 

a 

are lines. 

THEOREM (3.2). The pencil P of lines r* v l determined by two 
intersecting lines p* v (a = 1,2) is expressed analytically by 

a 

2 

(3.3) r*" = 2 



r 1 , r 2 are variables. 
PROOF. The equations (3.1) and (3.3) yield 

= 

= 0, (a =1,2). 

a 

Hence, r A " given by (3.3) are lines intersecting p Xv (a = 1,2). Let 

a 

s A>; be an arbitrary line incident with the < , \ of the pencil P 

< 1 Iplane J * 

but not incident with its P . L In both cases 

IvertexJ 



(3.4)a 

a 

so that 

(3.4)b s A V Av = 0. 



Thus, the lines r Av are incident with the \ i of P and, therefore, 

Iplane J 

belong to P. Conversely, every line of P may be expressed by (3.3). 
In fact, if fi v is a line not intersecting p* v t 



a 

(= 1,2), 

then among the lines r Av there is exactly one which intersects t* v , 
namely, the line for which r l : r* is given by 

2 

2 r"t a = 0. 
i 

1 By a pencil of lines we mean the set of all lines incident with a plane and 
a point. 
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A non-degenerate quadric contains two one-parameter sets oi 
straight lines. Each of these sets is called a regulus. 

THEOREM (3.3). Let p Xv (b = 1, 2, 3) be three skew lines. Put 

b 

(3.5) a cb = a bc ^ p Xv p* v , 6, c = 1 , 2, 3. 

b c 

Then 



(3.6) Det((a& c )) = 20i 2 0i 3 a23 ^ 0. 

The regulus R of lines r* v (rulings of R) determined by the lines 
(a = 1 , 2, 3) is expressed analytically by 

3 

(3.7) f* 



1 a 

where the variables r 1 , r 2 , r 3 satisfy the condition 

3 

(3.8) 2>,c r b r c a bc = 0. 

i 

PROOF. The lines p Xv are skew, and therefore, 

a 

#12 #13 #23 ^ 

an == #22 = #33 = 0* 

These conditions lead easily to (3.6). From (3.7) and (3.8) we have 

r Xv r* = 0. 

Hence, r Xv are lines. Let t Xv be an arbitrary line and 
(3.9)a ta^t^p Xv (a= 1,2,3). 

a 

The lines r Xv which meet t Xv are given by r 1 , r 2 , r 3 satisfying (3.8) and 

(3.9)b r*t Xv = ^art a = 0. 

i 

From (3.6) we see that there are only two solutions r a (a = 1,2, 3) 
of (3.8) and (3.9)b, and these solutions may coincide. Hence, the 
lines r* v generate a quadratic surface Q. Let (3.7) and 

(3.7)' V^ = 2 a/ ^ a ^ 
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be two distinct lines of this surface. Then we also have, besides 
(3.8), 

(3.8)' ^b, c 'r*' 

i 

and 

(3.10)a *to'r Xl , 

i 

Because of (3.6) it is not possible to satisfy 

3 

2&.cai, c r& '1*=== 

i 

together with (3.8) and (3.8)'. Hence, we have 
(3.10)b r ^ f r Xv ^O. 

The lines (3.7) and (3.7)' do not meet and, consequently, belong to 
the same regulus R of Q, which, according to (3.7) also contains 
p)* (a = 1, 2, 3). Hence, every line (3.7) belongs to R. Conversely, 

a 

every line of R is in the set (3.7). This statement follows easily from 
the part of the proof involving t Xv . 

NOTE. Define t a by (3.9) a and assume that t Xv intersects p Xv 
(*=1,2,3), 

t a = 0. 

Then t Xv belongs to the second regulus R* of Q, and we have for all 
rulings r* v of R 

- 0. 



Hence, an arbitrary ruling t Xv of R* intersects all rulings of R and 
vice versa. 

4. Linear line complex. All lines p* v intersecting a given line 
q^ v satisfy the relations 

(4.1) 0^ = &#** = 0. 

This conception may be generalized. 

DEFINITION (4.1). Let c^ = q A/i j be an arbitrary tensor. The set 
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of all lines p^ v satisfying the conditions 

(4.2) c Xv p* = p Xv p* = 

is called a linear line complex c A/t , more briefly the complex c^, and 
p* v are referred to as its rulings. If 

(4.3) c Xv c^ ^ 0, 
we call the complex general. If 

(4.4) c Xv c* = 0, 

we call the complex special and the line c^ its axis. 

NOTE. A special complex c^ consists of all lines p^ v intersecting 
the axis c^. 

DEFINITION (4.2). // a point y/ 4 and a plane y A are related by 

(4.5) a) P y x = c^yr, or b) ay* = c A ^y A , 

(pa * 0), 

we call f y/ 1 the {** M } of the [P^P l ^^\ with res p ect to 
\y\\ [polar plane) [pole y^J r 

the complex c Aft . 

THEOREM (4.1). // C A/X is a general complex, the polar pair (y^, y^ 
exists for every arbitrary given y^(y^ , and (4.5) b is the inverse equation 
to (4.5) a. // c^ is a special complex, then the pole y/ 4 (the polar plane 
y^ incident with the axis c^ has no polar plane (has no pole). 

PROOF. A necessary and sufficient condition for the non-ex- 
istence of a polar plane y^ (of a pole y^) to a given pole y^ (to a 
given polar plane y^) is y^ = (yf* = 0). Substituting this value 
into (4.5)a ((4.5)b) we easily obtain Det((c A/1 )) = 0, i.e., (4.4). If 
this condition is satisfied, and if y\ = (y^ == 0), then the pole y* 
(the polar plane y A ) is incident with the axis C A/X . A straightforward 
computation shows that 



(4.6) (*c^ = t Vcd^, (c ^ Det((c v )) f e ^ f sgn / ^ 
Multiplying (4.5) a by c Xv we obtain by virtue of (4.6) 



304 CHAPTER VI, APPENDIX III, SECTION 4 

The proof of the remaining part of the theorem follows easily from 
this equation. 

THEOREM (4.2). The pole y/ 4 and its polar plane y^ are incident. 
The rulings of c^ incident with yf* (yx) constitute a pencil C whose 
plane (vertex) is y\ (yv*). l 

PROOF. The equation (4.5) a yields 

= 0. 



Hence, yf* and y^ are incident. Let # A ^ y A be an arbitrary point in y A : 

y x x* = 0. 

Then we have from (4.5)a 

= 



Hence, the line p* v = x^y v ^ which is a generic line of C is also a 
ruling of the complex c^. 

THEOREM (4.3). Let s Xv be an arbitrary line. 2 It determines 
uniquely a line r* v with the following properties: every ruling of 
the complex c^ that intersects s* v intersects r* v ; and vice versa if the 
complex is general. The line r* v is given by 

(4.7) r^ = c^c^s^) - ^(crfctf). 

If the complex c Aft is general, then the lines r* v and s* v coincide if and 
only if one of them is a ruling of c^. If this condition is not satisfied, 
then r* v and s^ v do not intersect. If the complex is special, then r* v 
coincides with the axis. 

PROOF. A necessary and sufficient condition for a ruling p* v of 
Cfy to intersect s* v is that p^ v belong to every one of the complexes 

(4.8) r^oLC^ + fts^ 

where a, /? are variable parameters. There are two lines in the set 

1 If c^ is special, we tacitly assume that y/ 4 (y$ is not incident with the 
axis c^. 

2 If the complex under consideration is special, we impose the further 
condition that s^ v does not belong to the complex (and, therefore, that s^ v is 
not its axis.). 
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(4.8) defined by parameters a, /? which satisfy the condition 

****** = [' A "^ + 2P<**Sto] = 0. 
The value a = leads to $ A/Lt while 

a : ft = 2c^s aj5 : - 
leads to (4.7), and this equation yields 
(4.9) 



The remaining part of the Theorem follows easily from (4.7) and 
(4.9). 

DEFINITION (4.3). The lines r Xv and s Xv of Theorem (4.3) are 
said to be conjugate polars with respect to the complex c^, or briefly, 
polar. 

5. Pencil of complexes. In subsequent considerations we shall 
start with two distinct real general complexes c A/Lt l (a = 1 , 2) which 
give rise to the following scalars a 

(5. l)a a bc = a cb ^ f c^<fr (b, c = 1 , 2) 

c 6 



DEFINITION (5.1). // a ^ 0, then the one-parameter set of com- 
plexes 

(5-2) <V = i> cac A, 

1 a 

with the variable c 1 : c 2 will be referred to as a pencil of complexes. 2 

THEOREM (5.1). The sign 
(5.3) a ^ f sgn a* 

does not depend on the particular choice of the real complexes GX^ and 
C A in the pencil (5.2). * 

2 

1 By a real complex c^ we mean a complex whose components are all real. 

2 For the excluded case a = see Hlavaty, V., (1 1). 
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PROOF. Let 
(5.4)a 'fy = 2**<V (= 1,2) 

a 1 6 

be two distinct real complexes of the pencil so that 

(5.4)b u ^ Det((u a b )) ^ 0. 

A simple inspection shows that 

2 
(5.5)a 'a be ^ 'c XjJL f c^ = ^i 

be 1 

and consequently, 



(5.5)b 'a 2 ^ f ('ai 2 ) 2 - 'an '"22 = ** 2 a 2 . 

The complexes 'c^, c^ being real, the numbers u a b involved in 

a b 

(5.4)a must also be real, and therefore, by virtue of (5.4)b, w 2 >0. 
Theorem (5.1) follows easily from (5.5)b. 

THEOREM (5.2). There exists a unique pair of lines / A ", / A " with 
the following properties : x 2 

1) They do not meet. 

o\ ri \ re( d 1 * a > 

2) They are { X7 . f /or n . 
' ^ lcow/>/^ conjugates) ' a < 

3) TA0y ar^ conjugate polars with respect to all general complexes 
of the pencil (5.2). 

4) They are axes of the only two special complexes of the pencil 
(5.2). 

5) They do not depend on the particular choice of the complexes 
c Xn i n the pencil (5.2). x 

a 

6) They are given by 

(5.6)3. / A " = c Xv (a 012) 

11 2 



(5.6)b / A " = c*"( a - 

21 2 

PROOF. Special complexes in the pencil (5.2) are defined by the 
parameters c a (a = 1, 2) satisfying the condition 



(5.7)a c A/A cV = b,c c*>cca bc = 0, 



1 At this point we permit the complexes c^ to be other than real. 

a 
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i.e., 

(5.7)b ci : c* = ( a - a ia ) : u . 

Substituting these values into (5.2) we obtain (5.6) which prove 
statements 4) and 6). It is seen at once from (5.6) that the lines 
fto (a = 1,2) are real for a > and complex conjugates for a < 0. 

a 

Moreover, by (5.1)a 

(5.8) / A "/AV = ~~ 2*11*2 ^ 0. 

1 2 

This equation proves statement 1). If p*" is a common ruling of 

^ and cv^, then it is a ruling of every complex of (5.2) and, therefore, 
i 2 

also of every special complex / A ", / A " of this pencil. Therefore, 

i 2 

/Av A " = /Av^" = 0, 
1 2 

and this equation proves statement 3). If we refer the pencil (5.2) 
to the complexes (5.4) a l and write 



then 

2''W = c*, (6= 1,2), 
i 

so that according to (5.5) a 

(5.9) 2 & > c ***<*<? = ]>>' c 'tbeWcfi. 

i i 

The proof of statement 5) follows easily from (5.9), (5.7) a and 



1 a 

NOTE. The parameters c a in (5.2) may be looked upon as pro- 
jective homogeneous coordinates of c Au with respect to c A/Lt . We 

a 

stress this fact by writing ^(c 1 , c 2 ) instead of (5.2). Then we may 

1 For present considerations, the complexes f c\^ need not necessarily be 
real. a 
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represent c v C A / A /^ by 

1 2 12 

(5-10) c v (l, 0) 



2 

/ 

/A/*( a 
2 

Denoting by (c, c t /, /) the cross-ratio of the complexes (5.10) we 
easily obtain l 2 l 2 

(5.11) ( C , C ,/,/)=^A 

1212 #12 # 

6. Continuation: Projective angle of complexes. In this 
section we again use the complexes c^ (0 = 1 , 2) of the previous 

a 

section and the scalars (5.1) and (5.3). 
DEFINITION (6.1). // a ^ 0, then the scalar 

(6.,) ^tss* *+!. 

12 2 #12 # 

is called the protective angle of the complexes C A/X , c A/Lt . //, in particular, 

i 2 



(6.2) <p(c, c) = - V~~7, 

12 ^ 

then c Aft aw^ c Ajlt ar^ said to be projectively orthogonal. 
i 2 

THEOREM (6.1). ^4 necessary and sufficient condition for the 

complexes c\^ and c^ to be projectively orthogonal is 
i 2 

(6.3) 012 = 0. 

PROOF. Substituting from (6.2) into (6.1) one obtains 



ia a 
and this equation is equivalent to (6.3). 
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In order to find a geometrical interpretation of the projective 

angle y(c, c) let us first observe that if yv is an arbitrary real point 

i 2 
not incident with / A " (a = 1, 2), its polar plane c^y* with respect 

a 

to the generic complex c^ of the pencil (5.2) always exists and is 
contained in the pencil 

2 

(6.4) %3" i = Zc a %y'S 

1 a 

defined by the polar planes c^yi* of yp with respect to the complexes 

a 

c^ In particular, the polar planes 

a 

(6.5) /A ^ f 

1 

/A = 

22 

belong to the pencil (6.4), and according to statement 5) of Theorem 
(5.2), they do not depend on the choice of the complexes c^ in the 

a 

pencil (5.2). They are intrinsically connected with the pencil (6.4), 
and therefore, this pencil may be looked upon as a non-Euclidean 
pencil with absolute planes (6.5). In such a pencil the non-Euclidean 
angle \p[c t c] of the planes c\ = c^y^ (a = 1, 2) is defined by the 

12 a a 

known Laguerre formula 

Vy 

(6.6) ?[*.*] = ?- In [c f c,/,/] 

12 * 1212 

where [c, c, /, /] is the cross-ratio of the four planes c x and f\ (a = 

1212 a a 

1,2), and y = + 1 ( 1) if f\ are real (complex conjugates). We 

a 

shall use this non-Euclidean angle in 

THEOREM (6.2). An arbitrary real point y* not incident with 
the lines (5.6) gives rise to a non-Euclidean pencil (6.4) of polar planes 
with the absolute planes (6.5). The non-Euclidean angle y[c, c] of the 
polar planes l 2 

(6.7) c A = c v y/*, (a =1,2) 
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of the pencil (6.4) is equal to the protective angle q>(c, c) of the complexes 
%(*=!> 2) 

a 

(6.8) <p(c, c) = y[c, c\. 

12 12 



non-Euclidean angle y(c, c) do^s wo depend on the choice of the 
pointy*. l 2 

PROOF. The content of the first part of the theorem is merely a 
restatement of results just obtained. 

The parameters c a (a = 1 , 2) involved in (6.4) may be looked 
upon as homogeneous projective coordinates of the plane c^ yv- 
with respect to the planes (6.7). If we write c^y^c 1 , c 2 ) instead 
of (6.4), we have 

(6.9) c A (l,0) 

i 



fx(a 012, an) 
i 

/A(~~ a ~~ a i 

2 



and therefore, according to (5.10) and (5.11) 
(6.10)a [c,c,f,f] = (c,c,f,f)= 



1212 1212 ^12 # 

If a = + 1 (a = 1), then according to Theorem (5.2) the lines 
(5.6) are real (complex conjugates). Hence the planes (6.5) are real 
(complex conjugates), and therefore, y involved in (6.6) is equal 
to 1 (equal to 1). Thus, 

(6.10)b a = y. 

The equation (6.8) follows from (6.10), (6.6) and (6.1). The 
left-hand term in (6.8) does not depend on the choice of the point 
y/*, and, therefore, the right-hand term in (6.8) is also independent 
of this choice. 

REMARK. Notice that for different points y* we might get 
different non-Euclidean pencils (6.4), but y[c, c] remains the same 
for all such pencils. l 2 
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7. Linear line congruence. 

DEFINITION (7.1). The set of rulings common to all complexes of 
the pencil (5.2) is called a linear line congruence, briefly, a congruence. 
The lines (5.6) are called the axes of the congruence. 

THEOREM (7.1) a. The congruence defined in the previous defi- 
nition may be expressed analytically as follows: 

= 0, (a =1,2). 

This set of three equations is equivalent to 

-O, (a =1,2). 



The proof follows the pattern of the proof of statement 3) of Theorem 
(5.2). 

THEOREM (7.1)b. The congruence (7.1)a consists of all lines 
intersecting the axes f* v . 

a 

The proof follows at once from the equivalence of (7.1)a and 
(7.1)b and from Theorem (3.1). 

THEOREM (7.2). Let yp (y^) be an arbitrary point (plane) not 
incident with the axes / A " (a = 1,2). Then there is only one ruling p\^ 

a 

of the congruence incident with y^ and only one ruling q^ v of the con- 
gruence incident with y\, namely, 



(7.2)a 
(7.2)b 

1 2 

PROOF. If yi* is not incident with f Xv (a = 1,2), there is only one 

a 

line p^ through y/* and intersecting these axes, namely, the inter- 



section line of the planes (6.5). * Therefore, px^ is defined by (7.2)a. 
The remaining part of the Theorem may be proved in a similar way by 
means of intersection points f Xv y v (a = 1, 2) of y A and / A " (a = 1,2). 

a a 

1 This line is also the intersection line of any arbitrary pair of distinct planes 
of the pencil (6.4). 
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i* 
THEOREM (7.3). Letyv>(y x ) be a point (plane) incident with 



a 
a 



(a = 1,2). JAm /A0 rulings of the congruence incident with y^ (y x ) 

a a 

constitute a pencil whose vertex (plane) is y v (y x ) and whose plane 
(vertex) is yA/ A (y A / A "), a, 6 = 1, 2; a ^ 6. 

a b b 

PROOF. Every ruling of the congruence intersects both axes / A ", 

i 
/ A ". Hence, if y A is incident with / A ", then the rulings incident with 

2 a a 

y A constitute a pencil whose plane is defined by y A and / A/Lt (a, 6 = 

a a b 

1, 2; a ^ b). This plane is obviously y A /;^. 1 The remaining state- 

ab 

ment may be proved in a similar manner. 



DEFINITION (7.2). ^ A " fo a ruling of the congruence (7.1). 
The point (plane) defined by p Xv and / A " (a == 1 or a == 2) is ca/W 
/A0 a-tf A /oca/ ^>om (/oca/ plane) of p* v . a 

NOTE. Let ^> A o, the intersection point of p** and the plane (2. 1 1) 
be not incident with / Av or / Av . The polar plane of p* v * with respect 

i 2 
to the special complex / A/Lt (a = 1 or a = 2) has the coordinates/) o/ A/r 

a a 

These two planes (for a = 1,2) are the focal planes of p^ v . Let /> A/[t 

be the plane through p^ and the coordinate tetrahedron vertex 

x = not incident with / Av or / A *. The pole of p^ with respect to 

i 2 
the special complex / Av (a = 1 or a = 2) has the coordinates 



These two points (for a = 1,2) are focal points of p^ Focal points 
and focal planes are very important conceptions in the theory of 
biaxial projectivities connected with the congruence (7.1). 

8. Biaxial projectivity. 

THEOREM (8.1). For every congruence (7.1) there exists a one- 
parameter set of tensors Ptf with the following properties : 

1 This plane is the polar plane of y A with respect to all complexes of the 



pencil (5.2) with the exception of the special complex fa which does not have 
the polar plane of y A (Cf. Theorem (4.1)). 
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a) The tensor P/ is not a degenerate one, i.e., 
(8.1) Det((P/)) ^ 0. 

b) It satisfies the condition 

(8.2)a *MMP A % V = 0, (a =1.2), 



a 



for any arbitrary point z v . 

c) PX V is not proportional to 6\ 

(8.2)b P/ * pd\, (p * 0). 

PROOF. Assume first that /^ are real, and choose the coordinate 
system in such a way that a 

(8.3)a /i ii /Hi iv ^ 

1 2 

8.3)b the remaining / A/Lt = 0. 

a 

An easy inspection shows that under these circumstances the con- 
ditions (8.1) and (8.2) yield 

(8.4)a Pi 1 = Pn 11 , Pm 111 = PIV IV , Pi 1 i- Pin 111 

(8.4)b the remaining P/ = 0. 

The components P/ being homogeneous, the equations (8.4) 
define a one-parameter set of tensors P/. If /^ are complex con- 

a 

jugates, then the proof follows the same pattern though it is a little 
bit more complicated. 

THEOREM (8.2). Every tensor P/ satisfying (8.1) and (8.2) gives 
rise to a biaxial projectivity 

(8.5) 'z v = P/z A , 

i.e., to a non-degenerate projectivity in which the lines 'z&z^ intersect 
both axes f* v and f* v . These two axes constitute the locus of double points 
of (8.5). 1 2 

PROOF. Put 

(8.6)a ^" = 

Then we have according to (8.5) 
(8.6)b tf* 

and by virtue of (8.2) a 
(8.7) p*f Xv = *"P a tV]/ Av = 0. 
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Hence if p'af ^z v , the line (8.6) intersects / A/x , (a =1,2). 

a 

Assume that the axes / A ^ are real. Using (8.3) and (8.4) we see at 

a 

once that all points of these axes and only these points are double 
points of the projectivity (8.5) . If the axes / A/1 , (a = 1,2) are not real 

a 

then the proof follows a similar pattern though somewhat more in- 
volved. 

NOTE. Denote by /" the focal points on (8.6). They satisfy the re- 
lation a 

(8.8) / A /v = 0, (a =1,2). 



They are the only double points of the projectivity (8.5) incident with 
the line (8.6) . The points 'z v , z v , f v , f v being incident with the line (8.6) , 
we may write * 2 

(8.9)a V = 2 '/" 



1 a 

Moreover, the double points f v satisfy the conditions 

a 

(8.9)b pf^PfP, ( =1,2), 

a a a 

where p t p ^ p are well-defined functions of P/, l both different 

i 2 i 
from zero and independent of /". 

a 

THEOREM (8.3). Every line (8. 6) a is a double line of the biaxial 
projectivity (8.5). This projectivity induces on each such double line the 
projectivity 

(8.10) '* = />, (a= 1,2). 

a 
1 p, p are the only roots (each counted twice) of the equation 

1 2 



If (8.4) hold, then this equation is equivalent to 

( P - P,i) (p - P ni iu)z = 0. 
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The cross-ratio 

(8.11)a *>=('*",*",/",/") 

1 2 

(the characteristic of the biaxial projectivity] is given by 

(8.1 i)b P = P!P. 

2 1 

and does not depend on the choice of the point z v in space (provided 
& is not incident with the axes f Xv (a = 1,2)). 

a 

PROOF. The double points f v are on the line (8.6) a, x and, there- 

a 

fore, p^ v itself must be a double line of the biaxial projectivity. 
Substituting into (8.5) from (8.9)a and (8.9)b we obtain 

2('f -/>/* = (>, 

1 a a 

and this equation yields (8.10) because the points f v (a = 1,2) are 

a 

linearly independent. The equation (8.1 l)b follows easily from (8.9) 

and (8.10). The scalars p, p are independent of & t and so is P. 
i 2 

NOTE. Let z v be an arbitrary point not incident with the axes. 
In applying the projectivity (8.5) twice we obtain a point r (z v ) 
which is not necessarily identical with z v . If for at least one point 
z v (not incident with the axes) the point '(z v ) is identical with z v t 
then this property holds for every point, and the biaxial projectivity 
is called a biaxial involution. 

THEOREM (8.4). A necessary and sufficient condition that the 
biaxial projectivity (8.5) reduce to a biaxial involution is 



(8.12) PP * = 

PROOF. Applying the projectivity (8.5) twice to z v we obtain 

(8.13) '(#) = PfP*&. 
Our Theorem is a consequence of (8.13). 

1 This line and its double points depend on the choice of the point z v in the 
space. This point is assumed not to be incident with the axes fi v (a = 1,2). 
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THEOREM (8.5). The characteristic P of a biaxial involution is 
(8.14) P= - 1. 

PROOF. Applying the induced project! vity (8. 10) twice we obtain 



Hence, for a biaxial involution we must have 
(8.15)a />* = />*. 

1 2 

From (8.2)b we know that a biaxial involution is not an identity. 
Its only double points are the points of the axes. Hence, the induced 
proj ecti vity cannot be an identity. Thus, the only possible solution 
of (8.15) is 

(8.15)b p= -p. 

1 2 

Substituting this value into (8.1 l)b one obtains (8.14). 



BIBLIOGRAPHY 1 

ABK, S. IKEDA, M. 
I. See Ikecla, Abe. 

ABE, S. TAKENO, H. - IKEDA, M. 
1 . See Takeno, Ikeda and Abe. 

ARNOWITT, R. L. 

1. "Phenomenological approach to a unified field theory/' The Physical 
Review, Vol. 105, 1957, pp. 735-742. 

BANDYOPADHYAY, G. 

1. "Particular Solutions of Einstein's Recent Unified Theories," Indian 
Journal of Physics and Proceedings of the Indian Association for the 
Cultivation of Science, Calcutta, Vol. 25, 1951, pp. 257-61. 

2. "New Equation in the Affine Field Laws, "The Physical Review, Vol. 
89, No. 5, March 1, 1953, p. 1161. 

3. "A Strange Feature of Einstein's Most Recent Generalized Field 
Theory," Nature, London, Vol. 167, April 21, 1951, pp. 648-9. 

BERGMANN, P. 

1. Introduction to the Theory of Relativity, Prentice-Hall, Inc., New York, 
1942. 

BERTOTTI, B. 

1. "On the Relation Between Fundamental Tensor and Affinity in Unified 
Field Theory," 77 Nuovo Cimento, Bologna, Vol. 11, 1954, pp. 
358-65. 

BONNOR, W. B. 

1. "Static spherically symmetric solutions in Einstein's unified field 
theory," Proceedings of the Royal Society, London, Series A, Mathematical 
and Physical Sciences, Vol. 209, 1951, pp. 353-68. 

2. "The general static spherically symmetric solution in Einstein's unified 
field theory," Proceedings of the Royal Society, London, Series A, Mathe- 
matical and Physical Sciences, Vol. 210, 1952, pp. 427-34. 

1 This bibliography is by no means a complete one. On the other hand, 
some of the papers cited here are only loosely connected with the topic of the 
book. 



318 BIBLIOGRAPHY 

3. "Certain Exact Solutions of the Equations of General Relativity with 
an Electrostatic Field," Proceedings of the Physical Society, Section A, 
London, Vol. 66, No. 2, 1953, pp. 145-52. 

4. "Nonsymmetric Unified Field Theories/' The Physical Review, Vol. 92, 
1953, pp. 1067-8. 

5. "The equations of motion in the non-symmetric unified field theory, " 
Proceedings of the Royal Society, London, Series A, Mathematical and 
Physical Sciences, Vol. 226, 1954, pp. 366-77. 

BORTOLOTTI, E. - HLAVAT^, V. 

1. "Contributi alia teoria delle connessioni," Annali di Matematica, Serie 
IV, t. 15, 1936-37, pp. 2-71. 

BOSE, S. N. 

1. "Les identit6s de divergence dans la nouvelle throne unitaire," Comptes 
Rendus des Stances de VAcademie des Sciences, Paris, t. 236, 1953, pp. 
1333-5. 

2. "Une th6orie du champ unitaire avec F ^ 0," Le Journal de Physique 
et le Radium, t. 14, 1953, pp. 641-4. 

3. "Certaines consequences de 1'existence du tenseur g dans le champ 
affine relativiste," Le Journal de Physique et le Radium, t. 14, 1953, pp. 
645-7. 

4. "The Affine Connection in Einstein's New Unitary Field Theory," 
Annals of Mathematics, Vol. 59, No. 1, January, 1954, pp. 171-6. 

5. ' 'Solution d'une Equation tensorielle intervenant dans la th6orie du champ 
unitaire," Bulletin de la Societi Mathtmatique de France, Vol. 83, 1955, 
pp. 81-88. 

BRINIS, E. 

1. "Qualche illustrazione geometrica dello spazio unitario di Einstein," 
Istituto Lombardo di Scienze e Letter e. Rendiconti. Classe di Scienze Mate- 
matiche e Naturali, Milano, (3) Vol. 19, (88), 1955, pp. 531-8. 

CAHEN, M. 

1. "Conditions d'int6grabilite du champ 61ectromagn6tique singulier," 
Comptes Rendus A cad. Sci., Paris, Vol. 243, 1956, pp. 737-40. 

CALLAWAY, J. 

1. "The Equations of Motion in Einstein's New Unified Field Theory," 
The Physical Review, Vol. 92, No. 6, December 15, 1953, pp. 1567-70. 

CAP, F. 

1. "Ober allgemeine Relativitatstheorie und einheitliche Feldtheorie," 
Ada Physica Austriaca, Vol. 6, 1952, pp. 135-56. 



BIBLIOGRAPHY 3 1 9 

CART AN, E. 

1. Lemons sur la thdorie des spineurs I, II, Actualit6s scientifiques et In- 
dustrielles, Vols. 643 and 701, Hermann et Cie, Editeurs, Paris, 1938. 



CASTOLDI, L. 

1. "Sulla struttura formale della relativita e su una classe notevole di 
connessioni metriche di interesse relativistico," Atti della Accademia 
Ligure di Scienze e Lettere, Genoa, Vol. 9, 1953, pp. 5-14. 

CLAUSER, E. 

1. "Una particolare soluzione delle equazione einsteiniane della relativita 
unitaria," Atti della Accademia Nazionale dei Lincei. Rendiconti. Classe 
di Scienze Fisiche, Matematiche e Naturali, Vol. 15, 1953, pp. 171-7. 

2. "Sui fronti d'onda nella teoria unitaria einsteiniana," Istituto Lombardo 
di Scienze e Letter e. Rendiconti. Classe di Scienze Matematiche e Naturali, 
Milano, (3) Vol. 18, (87), 1954, pp. 473-92. 

DEBEVER, R. 

1. "Les espaces de relectromagn&tisme," Colloque de Giomitvie Diffe'ren- 
tielle t Tenu a Louvain, du 1 1 au 14 avril 1951, pp. 217-33. 

2. "Les connexions d'espace-temps des champs electriques et magn6tiques 
statiques," (mimeographed). 

3. "Caractrisation invariante d'un champ electrique et d'un champ mag- 
n6tique, sur la base d'un expos6 fait le 23-1-53," Seminaire de Math6- 
matique Physique, (mimeographed). 

DE BONDER, TH. 

1. "Sur les quatre liaisons introduites dans la gravifique einsteinienne,' ' 
Acadimie Roy ale des Sciences, des Lettres, et des Beaux- Arts de Belgique. 
Bulletin de Classe des Sciences, Brussels, (5) Vol. 39, 1953, pp. 1024-6. 

EINSTEIN, A. 

1. "A Generalization of the Relativistic Theory of Gravitation," Annals 
of Mathematics, (2) Vol. 46, No. 4, October, 1945, pp. 578-84. 

2. "A Generalized Theory of Gravitation," Reviews of Modern Physics, 
Vol. 20, 1948, pp. 35-9. 

3. "The Bianchi Identities in the Generalized Theory of Gravitation," 
Canadian Journal of Mathematics, Ottawa, Vol. 2, 1950, pp. 120-8. 

4. "A comment on a Criticism of Unified Field Theory," The Physical 
Review, (2) Vol. 89, 1953, p. 321. 



320 BIBLIOGRAPHY 

5. Appendice. "Extension du groupe relativiste," Louis de Broglie, physi- 
cien et penseur, pp. 337-42, Editions Albin Michel, Paris, 1953. 

6. The Meaning of Relativity, 3rd edition, Princeton: Princeton Uni- 
versity Press, 1950. 

7. "Generalization of Gravitation Theory," (A reprint of Appendix II 
from the fourth edition of The Meaning of Relativity) Princeton: 
Princeton University Press, 1953. 

EINSTEIN, A. - INFELD, L. - HOFFMANN, B. 

1. "The Gravitational Equations and the Problem of Motion," Annals of 
Mathematics, Vol. 39, No. 1, January, 1938, pp. 65-100. 

EINSTEIN, A. - KAUFMAN, B. 

1. "Sur T6tat actuel de la the"orie ge"n6rale de la gravitation," Louis de 
Broglie, physicien et penseur, pp. 321-36, Editions Albin Michel, Paris, 
1953. 

2. "Algebraic Properties of the Field in the Relativistic Theory of the 
Asymmetric Field," Annals of Mathematics, Vol. 59, No. 2, March, 1954, 
pp. 230-44. 

3. "A New Form of the General Relativistic Field Equations," Annals of 
Mathematics, (62) Vol. 2, 1955, pp. 128-38. 

EINSTEIN, A. - STRAUS, E. G. 

1. "A Generalization of the Relativistic Theory of Gravitation. II," Annals 
of Mathematics, (2) Vol. 47, No. 4, October, 1946, pp. 731-41. 

ElSENHART, L. P. 

1. "Generalized Riemann Spaces and General Relativity," Proceedings of 
the National Academy of Sciences, U.S.A., Vol. 39, 1953, pp. 546-51. 

2. Non-Reimannian Geometry, The American Mathematical Society 
Colloquium Publications, New York, 1927. 

3. "A Unified Theory of General Relativity of Gravitation and Electro- 
magnetism," Proceedings of the National Academy of Sciences, U.S.A., 
Vol. 42, 1956, pp. 249-51. 

4. "A Unified Theory of General Relativity of Gravitation and Electro- 
magnetism, II," Proceedings of the National Academy of Sciences, U.S.A., 
Vol. 42, 1956, pp. 646-50; " ,111," Proceedings of the National Academy 
of Sciences, U.S.A., Vol. 42, 1956, 878-81. 

FINZI, B. 

1. "La nuova teoria relativistica unitaria di Einstein," La Ricerca Scienti- 
fica, Roma, Anno 20, N. 7, 1950, pp. 901-10. 



BIBLIOGRAPHY 321 

2. "Su le equazioni di campo della teoria relativistica unitaria di Einstein, 11 
Atti della Accademia Nazionale del Lincei. Rendiconti. Classe di Scienze 
Fisiche, Matematiche e Naturali, Vol. XIV, fasc. 5, 1953, pp. 581-8. 

FREISTADT, H. 

1. "Approximate Solutions of the Field Equations in Einstein's Gener- 
alized Theory of Gravitation," Bulletin of the American Physical Society, 
Vol. 25, No. 1, February 2, 1950, p. 23. 

FRICKE, W. - HECKMANN, O. - JORDAN, P. 
1 . See Heckmann, Jordan and Fricke. 

GARCfA, G. 

1. "Sobre el Campo Unico," A etas de la Academia Nacional de Ciencias 
Exactas, Fisicas y Naturales de Lima, Vol. 13, 1950, pp. 17-27. 

2. "Los fundamentos y la construcci6n de una nueva teorfa de la relativi- 
dad general. El concepto de tiempo. La nueva ley completa de la 
gravitaci6n universal. Las ecuaciones diferenciales del movimiento 
de la nueva dinamica," A etas de la Academia Nacional de Ciencias 
Exactas, Fisicas y Naturales de Lima, Vol. 14, 1951, pp. 3-41. 

GHOSH, N. N. 

1. "On the Solution of P's for a type of Non-Symmetric Tensor Field g ," 
Progress of Theoretical Physics, Vol. 13, No. 6, June, 1955, pp. 587-93. 

2. "On a Solution of Field Equations in Einstein's Unified Field Theory, 
I and II.' 1 Progress of Theoretical Physics, Vol. 16, 1956, pp. 421-8; 
Vol. 17, 1957, pp. 131-8. 

GRAIFF, F. 

1. "Formule di commutazione e trasporto ciclico nei recenti spazi di 
Einstein," Istituto Lombardo di Scienze e Lettere. Rendiconti. Classe di 
Scienze Matematiche e Naturali, (3), Vol. 18, (87), 1954, pp. 105-10. 

2. "Sul tensore elettromagnetico in una recente teoria unitaria," Istituto 
Lombardo di Scienze e Lettere. Rendiconti. Classe di Scienze Matematiche 
e Naturali, (3), Vol. 19 (88), 1955, pp. 833-40. 

HAVLffcEK, F. 

I. "Zur Frage der veranderlichen Gravitationskonstant, " Bulletin Inter- 
national de I'Acade'mie Yougoslave des Sciences et des Beaux- Arts. Classe 
des Sciences Mathtmatiques, Physiques et Techniques, Zagreb, Vol. 5, 
1952, pp. 33-5. 



322 BIBLIOGRAPHY 

HECKMANN, O. - JORDAN, P. - FRICKE, W, 

1. "Zur erweiterten Gravitationstheorie. I," Zeitschrift fur Astrophysik, 
Bd. 28, 1951, pp. 113-49. 

HELYj. 

1. "Sur une representation du champ unitaire," Comptes Rendus Hebdo- 
madaires des Seances de V Academic des Sciences, Paris, t. 238, 1954, pp. 
1375-7. 

2. "Sur la representation d 'Einstein du champ unitaire," Comptes Rendus 
Hebdomadaires des Seances de I'Acaddmie des Sciences, Paris, t. 239, 1954, 
pp. 385-7. 

3. "Sur la representation du champ unitaire par un tenseur gt k non syme- 
trique," Comptes Rendus Hebdomadaires des Stances de I'Acaddmie des 
Sciences, Paris, t. 241, 1955, pp. 645-7. 

HlTTMAIR, O. - SCHRODINGER, E. 

1. "Studies in the Generalized Theory of Gravitation II: The Velocity of 
Light," Communications of the Dublin Institute for Advanced Study, 
Series A, No. 8, 1951, i + 15 pp. 

HLAVATY, V. 

1. Differentialgeometrie der Kurven und Fldchen und Tensorrechnung, 
P. Noordhoff N.V., Groningen, 1939. 

2. "Spinor space and line geometry/' Canadian Journal of Mathematics, 
Ottawa, Vol. 3, 1950, pp. 442-59. 

3. "Spinor Space and Line Geometry II," Journal of Rational Mechanics 
and Analysis, Bloomington, Indiana, Vol. 1, 1952, pp. 321-39. 

4. "The Elementary Basic Principles of the Unified Theory of Relativity," 
Proceedings of the National Academy of Sciences, U.S.A., Vol. 38, 1952, 
pp. 343-7. 

5. "The Einstein Connection of the Unified Theory of Relativity," Pro- 
ceedings of the National Academy of Sciences, U.S.A., Vol. 38, 1952, pp. 
415-9. 

6. "The Elementary Basic Principles of the Unified Theory of Relativity 
A," Journal of Rational Mechanics and Analysis, Bloomington, Indiana, 
Vol. 1, 1952, pp. 539-62. 

7. "The Elementary Basic Principles of the Unified Theory of Relativity 
B," Journal of Rational Mechanics and Analysis, Bloomington, Indiana, 
Vol. 2, 1953, pp. 1-52. 

8. "The Schrodinger Final Affine Field Laws," Proceedings of the National 
Academy of Sciences, U.S.A., Vol. 38, 1953, pp. 1052-8. 



BIBLIOGRAPHY 323 

9. "The Spinor Connection in the Unified Einstein Theory of Relativity," 
Proceedings of the National Academy of Sciences, U.S.A., Vol. 39, 1 953, 
pp. 501-6. 

10. "Connections between Einstein's Two Unified Theories of Relativity," 
Proceedings of the National Academy of Sciences, U.S.A., Vol. 39, 1953, 
pp. 507-10. 

1 1 . Differential Line Geometry, (Translation based on the German text, by 
Harry Levy) P. Noordhoff N.V., Groningen, 1953. 

12. "The Elementary Basic Principles of the Unified Theory of Relativity, 
Ci: Introduction," Journal of Rational Mechanics and Analysis, Bloom- 
ington, Indiana, Vol. 3, 1954, pp. 103-46. 

13. "The Elementary Basic Principles of the Unified Theory of Relativity 
2: Applications I," Journal of Rational Mechanics and Analysis, 
Bloomington, Indiana, Vol. 3, 1954, pp. 147-79. 

14. "Report on the Recent Einstein Unified Field Theory," Rendiconti del 
Seminario Matematico della Universita di Padova, Anno XXIII, 1954, 
pp. 316-32. 

15. "Maxwell's Field in the Einstein Unified Field Theory," Nieuw Archie f 
voor Wiskunde (3) II, 1954, pp. 103-14. 

16. "The Law of Inertia in the Unified Field Theory," Universita e Politec- 
nico di Torino. Rendiconti del Seminario Matematico, Vol. 13, Anno 
1953-54, pp. 1-14. 

17. "The Elementary Basic Principles of the Unified Theory of Relativity 
CQ: Applications II," Journal of Rational Mechanics and Analysis, 
Bloomington, Indiana, Vol. 3, No. 6, November, 1954, pp. 647-89. 

18. "The Elementary Basic Principles of the Unified Theory of Relativity 
BZ," Journal of Rational Mechanics and Analysis, Bloomington, In- 
diana, Vol. 4, No. 2, March, 1955, pp. 247-77. 

19. "The Elementary Basic Principles of the Unified Theory of Relativity 
BS," Journal of Rational Mechanics and Analysis, Bloomington, Indiana, 
Vol. 4, No. 5, September ,1955, pp. 653-79. 

20. "The Elementary Basic Principles of the Unified Theory of Relativity 
C: Applications III," Journal of Rational Mechanics and Analysis, 
Bloomington, Indiana, Vol. 5, No. 3, May, 1956, pp. 419-72. 

21. "The Elementary Basic Principles of the Unified Field Theory of the 
Second Kind, I, II," Journal of Mathematics and Mechanics, Blooming- 
ton, Indiana. (In print). 

HLAVAT*, V. - BORTOLOTTI, E. 
1. See Bortolotti and Hlavat^. 



324 BIBLIOGRAPHY 

HLAVAT*, V. - SAENZ, A. 

1. "Uniqueness Theorems in the Unified Theory of Relativity," Journal 
of Rational Mechanics and Analysis, Bloomington, Indiana, Vol. 2, 
1953, pp. 523-36. 

HOANG, P. T. 

1. "Sur les Equations approchees de la theorie unitaire d'Einstein-Schro- 
dinger," Comptes Rendus Hebdomadaires des Stances de I'Acadtmie des 
Sciences, Paris, t. 242, 1956, pp. 738-40. 



HOFFMANN, B. 

1. "The Vector Meson Field and Projective Relativity," The Physical 
Review, Vol. 72, No. 6, September 15, 1947, pp. 458-65. 

2. "The Gravitational, Electromagnetic, and Vector Meson Field and the 
Similarity Geometry/' The Physical Review, Vol. 73, No. 1, January 1, 
1948, pp. 30-5. 

3. "Trajectories of Charged Meson Test Particles in the Similarity Geo- 
metry," The Physical Review, Vol. 73, No. 9, May 1, 1948, pp. 1042-6. 

4. "The Similarity Theory of Relativity and the Dirac-Schrodingcr 
Theory of Electrons," The Physical Review, Vol. 89, No. 1, January 1, 
1953, pp. 52-9. 

5. "The Relativity of Size," The Physical Review, Vol. 89, No. 1, January 1, 
1953, pp. 49-52. 

6. "The Similarity Theory of Relativity and the Dirac-Schrodinger 
Theory of Electrons, II," The Physical Review, Vol. 91, No. 3, August 1, 
1953, pp. 751-2. 

HOFFMANN, B. - EINSTEIN, A. - INFELD, L. 
1. See Einstein, Infeld and Hoffmann. 

HOFFMANN, B. - VEBLEN, O. 
1. See Veblen and Hoffmann. 

HORVATH, J. I. 

1. "Contribution to the Final Affine Field Law," Bulletin de V Academie 
Polonaise des Sciences, Cl. Ill Vol. Ill, No. 3, 1955, pp. 151-5. 

HORVATH, J. I. - Mo6R, A. 

1. "Entwicklung einer einheitlichen Feldtheorie begriindet auf die Fins- 
lersche Geometric," Zeitschrift fur Physik, Bd. 131, 1952, pp. 544-70. 



BIBLIOGRAPHY 325 

2. "Entwicklung einer Feldtheorie begriindet auf einen allgemeinen me- 
trischen Linienelementraum. I," Koninklijke Nederlandse Akademie van 
Wetenschappen. Proceedings. Series A. Mathematical Sciences, Amster- 
dam, Vol. 58, No. 4 and Indagationes Mathematicae ex Actis Quibus 
Titulis, Proceedings of the Section of Sciences, Amsterdam, Vol. 17, No. 4, 
1955. 

3. "Entwicklung einer Feldtheorie begrundet auf einen allgemeinen me- 
trischen Linienelementraum. II," Koninklijke Nederlandse Akademie van 
Wetenschappen. Proceedings. Series A. Mathematical Sciences, Amster- 
dam, Vol. 58, No. 5 and Indagationes Mathematicae ex Actis Quibus 
Titulis, Proceedings of Section of Sciences, Amsterdam, Vol. 17, No. 5, 
1955. 

HUSAIN, S. I. - MISHRA, R. S. 

1. " Pro jective Change of Affine Connections in Einstein's Unified Field," 
Tensor, Vol. 6, 1956, pp. 26-31. 

IKEDA, M. 

1. "On the Approximate Solutions of the Unified Field Theory of Einstein 
and Schrodinger," Progress of Theoretical Physics, Vol. 7, No. 1, January, 
1952, pp. 127-8. 

2. "On Static Solutions of Einstein's Generalized Theory of Gravitation. 
I," Progress of Theoretical Physics, Vol. 2, No. 1, July, 1954, pp. 17-30. 

3. "On Static Solutions of Einstein's Generalized Theory of Gravitation, 
II," Progress of Theoretical Physics, Vol. 13, 1955, pp. 265-75. 

4. On Tensorial Concomitants of a Non- symmetric Tensor g^,,. II." Tensor 
(New Series) Vol. 7, pp. 1 17-27. 

IKEDA, M. ABE, S. 

1 . "On Tensorial Concomitants of a Non-symmetric Tensor g^,,. I," Tensor, 
(New Series), Vol. 7, 1957, pp. 59-69. 

IKEDA, M. - TAKENO, H. - ABE, S. 
1. See Takeno, Ikeda and Abe. 

INFELD, L. 

1. "The New Einstein Theory and the Equations of Motion," Acta Physica 
Polonica, Warsaw, Vol. 10, fasc. 3-4, 1951, pp. 284-93. 

2. "On the Motion of Bodies in General Relativity," Acta Physica Polonica, 
Warsaw, Vol. 13, fasc. 3, 1954, pp. 187-204. 

3. "The New Einstein Theory and the Equations of Motion," Nature, 
London, Vol. 166, No. 4234, December 23, 1950, p. 1075. 

4. "The Coordinate Conditions and the Equations of Motion," Canadian 
Journal of Mathematics, Ottawa, Vol. 5, No. 1, 1953, pp. 17-25. 



326 BIBLIOGRAPHY 

INFELD, L. - EINSTEIN, A. - HOFFMANN, B. 
1 . See Einstein, Infeld and Hoffmann. 

INFELD, L. - VAN DER WAERDEN, B. L. 

1. "Die Wellengleichung des Elektrons in der allgemeinen Relativitats- 
theorie," Sitzungsberichte der Preussische Akademie der Wissenschaften 
zu Berlin, 1933, pp. 308-401. 

INGRAHAM, R. L. 

1. "Contributions to the Schrodinger Non-symmetric Affine Unified Field 

Theory," Annals of Mathematics, Vol. 52, No. 3, November, 1950, pp. 
743-52. 

2. "L'ennuple projectif et Tunification des theories de I'electromagndtisme 
de Weyl et de Veblen-Hoffmann," Annales de I'lnstitut Henri Poincard, 
Paris, Vol. 12, 1951, pp. 131-58. 

3. "Conformal Relativity/' Proceedings of the National Academy of Sciences, 
U.S.A., Vol. 38, 1952, pp. 921-5 and 77 Nuovo Cimento, Bologna, (9) 
Vol. 9, 1952, pp. 886-926. 

4. "Spinor Relativity," // Nuovo Cimento, Bologna, Vol. 10, No. 1, 
1953, pp. 1-16. 

JOHNSON, P. C., JR. 

1. "A Criticism of a Recent Unified Field Theory," The Physical Review, 
Vol. 89, 1953, pp. 320-1. 

JORDAN, P. 

1. "Die Nichtgiiltigkeit des Birkhoffschen Satzes in der erweiterten Gra- 
vitationstheorie," Zeitschrift fur Physik, Bd. 133, 1952, pp. 558-60. 

2. Schwerkraft und Weltall, (Die Wissenschaft, Herausgeber Prof. Dr. 
Wilhelm Westphal, Bd. 107) Braunschweig: Friedr. Vieweg und Sohn, 
1955. 

JORDAN, P. - HECKMANN, O. - FRICKE, W. 
1. See Heckmann, Jordan and Fricke. 

JUST, K. 

1. "Zur Kosmologie mit veranderlicher Gravitationszahl," Zeitschrift fur 
Physik, Bd. 140, 1955, pp. 648-55. 

2. "Jordansche Kosmologie mit neuen Feldgleichungen," Zeitschrift fur 
Physik, Bd. 141, 1955, pp. 592-603. 

3. "Superpotentiale in der erweiterten Gravitationstheorie," Zeitschrift 
fur Physik, Bd. 142, 1955, pp. 493-502. 

KAUFMAN, B. ~ EINSTEIN, A. 
1. See Einstein and Kaufman. 



BIBLIOGRAPHY 327 

KlCHENASSAMY, S. 

1. "Sur les conditions d'existence de la solution de g^vpO," Comptes 

Rendus Hebdomadaires des Seances de V Academic des Sciences, Paris, t. 
244, 1957, pp. 168-70. 

KlLMISTER, C. W. 

1. "The Application of Certain Linear Quaternion Functions of Quatern- 
ions to Tensor Analysis/' Proceedings of the Royal Irish Academy, Vol. 
57, Section A, No. 4, April, 1955, pp. 7-52. 

KILMISTER, C. W. - STEPHENSON, G. 

1. "An Axiomatic Criticism of Unified Field Theories, I and II," Supple- 
mento al Nuovo Cimento, Bologna, Vol. 1 1, No. 1, 1954, pp. 91-105, 118- 
40. 

2. See Stephenson and Kilmister. 

KUERTI, G. - SHANKLAND, R. S. - McCusKEY, S. W. - LEONE, F. C. 
1. See Shankland, McCuskey, Leone and Kuerti. 

KURSUNOGLU, B. 

1. "On Einstein's Unified Field Theory/ 1 The Physical Review, (2) Vol. 82, 
1951, pp. 289-90. 

2. "Einstein's Unified Field Theory," The Proceedings of the Physical 
Society, Section A, Vol. 65, Part 2, No. 386 A, 1952, pp. 81-3. 

3. "Gravitation and Electrodynamics/' The Physical Review, Vol. 88, No. 
6, 1952, pp. 1369-79. 

KURSUNOGLU, B. - RICKAYZEN, G. 
1. See Rickayzen and Kursunoglu. 

LAMSON, K. W. 

1. "On the Curvature Tensor of Einstein's Generalized Theory of Gravi- 
tation," Canadian Journal of Mathematics, Ottawa, Vol. 5, 1953, pp. 
297-300. 

LENOIR, M. 

1. "Theoreme de regularise dans la derniere theorie d'Einstein," Comptes 
Rendus Hebdomadaires des Stances de V Academic des Sciences, Paris, t. 
234, 1953, pp. 384-5. 

2. "Equations approximatives de la theorie unitaire d'Einstein-Schrodin- 
ger/' Comptes Rendus Hebdomadaires des Stances de VAcademie des 
Sciences, Paris, t. 240, 1955, pp. 1400-2. 



328 BIBLIOGRAPHY 

LEONE, F. C. - SHANKLAND, R. S. - McCusKEY, S. W. - KUERTJ, G. 
1. See Shankland, McCuskey, Leone and Kuerti. 

LICHNEROWICZ, A. 

1. "Compatibilit6 des Equations de la throne unitaire d'Einstein-Schro- 
dinger," Comptes Rendus Hebdomadaires des Seances de V Academic des 
Sciences, Paris, t. 237, 1953, pp. 1383-6. 

2. "Compatibility des Equations de la Th6orie Unitaire du Champ d'Ein- 
stein," Journal of Rational Mechanics and Analysis, Bloomington, 
Indiana, Vol. 3, 1954, pp. 487-521. 

3. Theories Relativistes de la Gravitation et de V&ectromagne'tisme, Masson 
et Cie, Editeurs, Libraires de 1' Academic de M6decine, Paris, 1955. 

4. "Etude des Equations du champ de la th^orie unitaire d'Einstein," Rend. 
Bern. Mat. Fis. Milano 25, 1955, 121-33. 

MARIANI, J. 

1. "lectromagntisme et RelativitS. Le magn6tisme terrestre comme con- 
squence de la relativit6 gnrale," Cahiers de Physique, No. 28, Sep- 
tember, 1945, pp. 1-32. 

2. "lectromagn6tisme et relativity. Le magn6tisme terrestre comme con- 
s6quence de la relativit6 g6n6rale. II," Cahiers de Physique, No. 33, 
1948, pp. 31-62. 

3. "lectromagn6tisme et relativit6. Le magn6tisme terrestre comme con- 
s6quence de la relativit6 g6n6rale. Ill," Cahiers de Physique, No. 34, 
1950, pp. 1-28. 

MARTUSCELLI, L. 

1. "Sopra una possibile modificazione della teoria unitaria de Einstein," 
Istituto Lombardo di Scienze e Letter e. Rendiconti. Class e di Scienze 
Matematiche e Naturali, (3) Vol. 19 (88) 1955, pp. 607-15. 

MAURER-TISON, F. 

1. "Sur les vari6t6s caract^ristiques de la th^orie unitaire du champ 
d' Einstein," Comptes Rendus Hebdomadaires des Stances de VAcademie 
des Sciences, Paris, t. 242, 1956, pp. 1127-9. 

2. ' 'Theorie unitaire et electromagnetisme dans la matiere, ' ' Comptes Rendus 
Hebdomadaires des Stances de VAcadtmie des Sciences, Paris, t. 242, 1956, 
pp. 3042-5. 

3. "Sur les coordonnes isothermes en th6orie unitaire," Comptes Rendus 
H ebdomadaires des Stances del' Acadtmie des Sciences, Paris, t. 243, 1956, 
pp. 1196-8. 



BIBLIOGRAPHY 329 

MAVRIDES, S. 

1. "Sur le choix de la m6trique et du champ 61ectromagn6tique en thdorie 
unitaire d'Einstein," Comptes Rendus Hebdomadaires des Stances de 
I'Acadtmie des Sciences, Paris, t. 238, 1954, pp. 1566-8. 

2. "Courant et charge en th6orie unitaire d'Einstein," Comptes Rendus 
Hebdomadaires des Stances de I'Acadtmie des Sciences, Paris, t. 238, 1954, 
pp. 1643-4. 

3. "Le choix de la metrique et du champ electromagnetique en theorie 
unitaire d' Einstein," Comptes Rendus Hebdomadaires des Stances de 
I'Acadtmie des Sciences, Paris, t. 239, 1954, pp. 637-40. 

4. "Solution non statique a symetrie sph6rique des equations de la theorie 
unitaire d' Einstein/' Comptes Rendus Hebdomadaires des Stances de 
I'Acadtmie des Sciences, Paris, t. 239, 1954, pp. 1597-9. 

5. "Sur une nouvelle definition du courant et de la charge en th6orie uni- 
taire d'Einstein/ 1 Comptes Rendus Hedbomadaires des Stances de I'Aca- 
dtmie des Sciences, Paris, t. 240, 1955, pp. 404-6. 

6. "Choix de la metrique et du champ electromagnetique en th6orie uni- 
taire d'Einstein, Lien avec la th6orie de Born-Infeld," Le Journal de 
Physique et le Radium, (8) Vol. 16, 1955, pp. 482-8. 

7. "La solution g6n6rale des Equations d'Einstein g+-; p O/' Comptes 
Rendus Hebdomadaires des Stances de I'Acadtmie des Sciences, Paris, t. 
241, 1955, pp. 173-4. 

McCusKEY, S. W. - SHANKLAND, R. S. - LEONE, F. C. - KUERTI, G. 
1. See Shankland, McCuskey, Leone and Kuerti. 

MISHRA, R. S. 

1. "The field equations of Einstein's and Schrodinger's unified theory/' 
Tensor, New Series, Vol. 6, 1956, pp. 83-9. 

2. "Basic Principles of Unified Field Theory," // Nuovo Cimento, Serie X, 
Vol.4, 1956, pp. 907-16. 

MISHRA, R. S. - HUSAIN, S. I. 
1. See Husain and Mishra. 

MOFFAT, J. 

1. "The Foundations of a Generalization of Gravitation Theory," Pro- 
ceedings of the Cambridge Philosophical Society, Vol. 53, Part 2, 1957, 
pp. 473-88. 

2. "The Static Spherically Symmetric Solutions in a Unified Field Theory," 
Proceedings of the Cambridge Philosophical Society, Vol. 53, Part 2, 1957, 
pp. 489-93. 



330 BIBLIOGRAPHY 

Mo6R, A. - HoRvAiH, J. I. 
1. See Horvath and Mo6r. 

NARIAI, H. 

1. "Some Remarks on Jordan's Projective Relativity," The Science Reports 
of the Tohoku University. First Series, Physics, Chemistry, Astronomy, 
Vol. 37, 1953-54, pp. 423-30. 

NARLIKAR, V. V. 

1. "From General Relativity to a Unified Field Theory," Proceedings of 
the Fortieth Indian Science Congress, Lucknow, 1953, Part II, Section 
1, pp. 1-20, Indian Science Congress Association, Calcutta, 1953. 

NARLIKAR, V. V. - TIWARI, R. 

1. "On Einstein's Generalized Theory of Gravitation," Proceedings of 
the National Institute of Sciences of India, Delhi, Vol. 15, No. 3, 1949, pp. 
73-9. 

2. "On Einstein's Generalized Theory of Gravitation II," Proceedings 
of the National Institute of Sciences of India, Delhi, Vol. 15, No. 6, 1949, 
pp. 249-61. 

3. "A Particular Case in Einstein's Generalized Theory of Gravitation," 
The Physical Review, (2) Vol. 76, 1949, pp. 868-9. 

NARLIKAR, V. V. - RAO, B. R. 

1. "The Equations of Motion of Particles in the Unified Field Theory of 
Einstein (1953)" Proceedings of the National Institute of Sciences of 
India, Vol. 21, A, 1955, pp. 409-15. 

NARLIKAR, V. V. - VAIDYA, P. C. 

1. "Non-Static Electromagnetic Fields with Spherical Symmetry," 
Proceedings of the National Institute of Sciences of India, Delhi, Vol. 14, 
1948, p. 53. 

NEWMAN, B. - ROSEN, N. 
1. See Rosen and Newman. 

NIJENHUIS, A. 

1 . ' ' X n _ i-f orming sets of eigenvectors, ' ' Koninklijke Nederlandse A kademie 
van Wetenschappen, Proceedings, Series A, Vol. 54, No. 2, 1951, pp. 1-14. 

NlPHER, F. E. 

1. "Gravitational Repulsion," Transactions of the Academy of Science of 
St. Louis, Vol. 23, No. 5, November 8, 1917, pp. 177-92. 



BIBLIOGRAPHY 331 

2. "New Evidence of a Relation Between Gravitation and Electrical Action 
and of Local Changes in the Electrical Potential of the Earth/' Trans- 
actions of the Academy of Science of St. Louis, Vol. 23, No. 9, March 2, 
1920, pp. 383-7. 

NOVOBATZKY, K. F. 

1. "Einheitliche Feldtheorie in vier Dimensionen," Hungarica A eta 
Physica, Vol. 1, No. 5, 1949, pp. 1-6. 

PAPAPETROU, A. 

1. "The Question of Non-Singular Solutions in the Generalized Theory of 
Gravitation," The Physical Review, Vol. 73, No. 9, May 1, 1948, pp. 
1105-8. 

2. "Static Spherically Symmetric Solutions in the Unitary Field Theory," 
Proceedings of the Royal Irish Academy, Vol. 52, Section A, 1948, pp. 
69-86. 

3. "Einstein's Theory of Gravitation and Flat Space," Proceedings of the 
Royal Irish Academy, Vol. 52, Section A, 1948-49, pp. 11-23. 

PAPAPETROU, A. - SCHRODINGER, E. 

1. "The Point-Charge in the Non-Symmetric Field Theory," Nature, Lon- 
don, Vol. 168, No. 4262, July 7, 1951, pp. 40-1. 

PASTORI, M. 

1. "Sull'ufficio del tensore fondamentale neH'ultima teoria di Einstein," 
Istituto Lombardo di Scienze e Letter e. Rendiconti. Classe di Scienze 
Matematiche e Naturali, Vol. 84, 1951, pp. 509-18. 

2. "Sulle equazioni del campo elettromagnetico neirultima teoria di 
Einstein," Atti della Accademia Nazionale del Lincei. Rendiconti. Classe 
di Scienze Fisiche, Matematiche e Naturali, Serie 8, t. 12, 1952, pp. 302-7. 

3. "Sul tensore fondamentale neirultima teoria di Einstein," Atti del 4 
congresso dell'Unione Matematica Italiana t Taormina, 25-31 Ott. 1951, 
pp. 537-41. 

4. "Sullo spazio della recente teoria unitaria di Einstein," Convegno Inter- 
nazionale di Geometria Differenziale, Italia, 1953, pp. 107-13, Edizioni 
Cremonese, Roma, 1954. 

PINL, M. 

1. "Begriff und Ziel der einheitlichen Feldtheorien," Mathematisch- 
Physikalische Semesterberichte, Bd. IV, Heft 3/4, 1955, pp. 183-94. 



332 BIBLIOGRAPHY 

PlRANI, F. A. E. 

1. "On the Energy-momentum Tensor and the Creation of Matter in 
Relativistic Cosmology,' 1 Proceedings of the Royal Society, London, Series 
A, Mathematical and Physical Sciences, Vol. 228, 1955, pp. 455-62. 

POPOVICI, A. 

1 . "Sur les Equations unitaires de la gravitation et de I'electromagn^tisme," 
Comptes Rendus du Premier Congres des Mathematiciens Hongrois, 27 
Aout-2 Septembre 1950, pp. 665-72, Akademiai Kiado, Budapest, 
1952. 

RAO, B. R. - NARLIKAR, V. V. 
1 . See Narlikar and Rao. 

RlCKAYZEN, G. - KURSUNOGLU, B. 

1. "Unified Field Theory and Born-Infeld Electrodynamics," The Physical 
Review, Vol. 89, No. 2, January 15, 1953, pp. 522-3. 

ROSEN, N. - NEWMAN, B. 

1. "Schwarzschiid's Interior Solution," The Physical Review, Vol. 70, Nos. 
7 arid 8, October 1 and 15, 1946, pp. 565-6. 

SAENZ, A. W. 

1. "Elementare Herleitung der von Hlavat^ angegebenen kanonischen 
Formen fur den elektromagnetischen Tensor in der einheitlichen Feld- 
theorie," Zeitschrift fur Physik, Bd. 138, 1954, pp. 489-98. 

SAENZ, A. W. ~ HLAVATY, V. 
1. See Hlavat^ and Saenz. 

SANTAL6, L. A. 

1 . "La ultima teorfa del 'campo unico' de Einstein," Ciencia e Investigation, 
Tomo 9, No. 7, 1953, pp. 300-7. 

2. "Sobre unos tensores analogos al de curvatura en espacios de conexi6n 
afin no sim6trica," Universidad National de Tucumdn, Facultad de 
Ciencias Exactas y Tecnologia, Revista, Serie A, Matemdtica y Fisica 
Tebrica, Vol. 10, 1954, Nos. 1 and 2, Publication No. 665, pp. 19-26. 

3. "El problema de la unificaci6n de los campos," Mundo Atomico, Vol. 
4, No. 11, 1953. 



BIBLIOGRAPHY 333 

SCHAFFHAUSER-GRAF, E. 

I. "Versuch einer 4-dimensionalen einheitlichen Feldtheorie der Gravita- 
tion und des Elektromagnetismus," Journal of Rational Mechanics and 
Analysis, Bloomington, Indiana, Vol. 2, 1953, pp. 743-65. 

SCHERRER, W. 

1. "A propos des theories unitaires du champ," Comptes Rendus Hebdoma- 
daires des Stances de VAcademie des Sciences, Paris, t. 237, 1953, pp. 
554-5. 

2. "Grundlagen zu einer linearen Feldtheorie," Zeitschrift filr Physik, Bd. 
138, 1954, pp. 16-34. 

SCHOUTEN, J. A. 

1. Ricci Calculus. An Introduction to Tensor Analysis and Its Geometrical 
Applications, Berlin: Springer- Verlag, 1954 (2nd edition). 

SCHRODINGER,E. 

1 . "The Final Affine Field Laws I," Proceedings of the Royal Irish Academy, 
Section A, Vol. 51, No. 13, May, 1947, pp. 163-71. 

2. "The Final Affine Field Laws II," Proceedings of the Royal Irish Aca- 
demy, Section A, Vol. 51, 1945-48, pp. 205-16. 

3. "The Relation between Metric and Affinity," Proceedings of the Royal 
Irish Academy, Section A, Vol. 51, 1945-48, pp. 147-50. 

4. "The Final Affine Field Laws III," Proceedings of the Royal Irish 
Academy, Section A, Vol. 52, 1948-49, pp. 1-9. 

5. "Studies in the Non-Symmetric Generalization of the Theory of Gravi- 
tation I," Communications of the Dublin Institute for Advanced Studies, 
Series A, No. 6, 1951, i + 28 pp. 

6. "Electric Charge and Current Engendered by Combined Maxwell- 
Einstein Fields," Proceedings of the Royal Irish Academy, Section A, 
Vol. 56, 1954, pp. 13-21. 

SCHRODINGER, E. - HlTTMAIR, O. 

1. See Hittmair and Schrodinger. 

SCHRODINGER, E. - PAPAPETROU, A. 
1. See Papapetrou and Schrodinger. 

SHANKLAND, R. S. - McCusKEY, S. W. - LEONE, F. C. - KUERTI, G. 
1. "New Analysis of the Interferometer Observations of Dayton C. Miller," 
Reviews of Modern Physics, Vol. 27, No. 2, April, 1955, pp. 167-78. 



334 BIBLIOGRAPHY 

DE SlMONI, F. 

1. "Le soluzioni general! della statica a simmetria sf erica nell'ultima 
teoria unitaria di Einstein," Atti della Accademia Nazionale del Lincei. 
Rendiconti. Classe di Scienze Fisiche, Matematiche e Naturali, Serie VIII, 
Vol. 16, 1954, pp. 348-55. 

2. "Sulle equazioni di campo della teoria relativistica unitaria, 1 ' Atti della 
Accademia Nazionale dei Lincei. Rendiconti. Classe di Scienze Fisiche, 
Matematiche e Naturali, Serie VIII, Vol. 18, 1955, pp. 298-304. 

SINGH, K. D. 
1. "Subspaces of a space with torsion/' Tensor, Vol. 6, 1956, pp. 6-14. 

STEPHENSON, G. 

1. "Affine Field Structure of Gravitation and Electromagnetism," // 
Nuovo Cimento, Bologna, Vol. 10, No. 3, 1953, pp. 354-5. 

2. "Dirac's Electrodynamics and Einstein's Unified Field Theory," // 
Nuovo Cimento, Bologna, (9) Vol. 10, 1953, pp. 1595-6. 

3. "Some Properties of Non-Symmetric Unified Field Theories," // Nuovo 
Cimento, Bologna, (9) Vol. 12, 1954, pp. 279-84. 

4. "Non-Symmetric Unified Field Theories," Proceedings of the Unified 
Field Theory Seminars (edited by G. Stephenson), University of London, 
1954-55. 

STEPHENSON, G. - KILMISTER, C. W. 

1. "A Unified Field Theory of Gravitation and Electromagnetism," II 
Nuovo Cimento, Bologna, Vol. 10, No. 3, 1953, pp. 230-5. 

2. See Kilmister and Stephenson. 

STRAUS, E. G. 

1. "Some Results in Einstein's Unified Field Theory," Reviews of Modern 
Physics, Vol. 21, No. 3, July, 1949, pp. 414-20. 

STRAUS, E. G. - EINSTEIN, A. 
1. See Einstein and Straus. 

TAKENO,H. 

1. "Some Wave Solutions of Einstein's Generalized Theory of Gravi- 
tation," Tensor (New Series), Vol. 6, 1956, pp. 69-82. 

2. "On Some Spherical Wave Solutions of Non-symmetric Unified Field 
Theories," Tensor (New Series), Vol. 6, 1956, pp. 90-103. 

3. "On Some Generalized Plane Wave Solutions of Non-symmetric Uni- 
fied Field Theory," Tensor (New Series), Vol. 7, 1957, pp. 34-58. 



BIBLIOGRAPHY 335 

TAKENO, H. - IKEDA, M. - ABE, S. 

1. "On Solutions of New Field Equations of Einstein and Those of Schro- 
dinger," Progress of Theoretical Physics, Vol. 6, No. 5, September- 
October, 1951, pp. 837-48. 

TAUB, A. H. - VEBLEN, O. 
1. See Veblen and Taub. 

TAYLOR, N.W. 

1. "An Interpretation of the Field Tensor in the Unified Field Theory," 
Australian Journal of Physics, Melbourne, Vol. 7, 1954, pp. 1-4. 

THARRATS VIDAL, J. M. 

1. "Significado del Nuevo Campo de Einstein," Analesde la Real Sociedad 
Espanola de Fisica y Quimica, Serie A Fisica, Madrid, Tomo 49 (A) 
Nos. 11 and 12, 1953, pp. 303-10. 

TIWART, R. - NARLIKAR, V. V. 
1 . See Narlikar and Tiwari. 

TODESCHINI, B. 

1. "Sul potenziale elettromagnetico nella teoria unitaria di Einstein," 
A Hi della Accademia Nazionale dei Lincei. Rendiconti. Classe di Scienze 
Fisiche, Matematiche e Naturali, (8) Vol. 14, 1953, pp. 495-500. 

TONNELAT, M. A. 

1. "Th6orie unitaire du champ physique. 1. Les tenseurs fondamentaux 
et la connexion affine," Comptes Rendus Hebdomadaires des Stances 
de I'Acadtmie des Sciences, Paris, t. 228, 1949, pp. 368-70. 

2. "ThSorie unitaire affine. 2. Resolution rigoureuse de liquation fonda- 
mentale," Comptes Rendus Hebdomadaires des Stances de I' Academic des 
Sciences, Paris, t. 231, 1950, pp. 487-9. 

3. "Th6orie unitaire affine. 3. Les Equations du champ." Comptes Rendus 
Hebdomadaires des Stances de I'Acadtmie des Sciences, Paris, t. 231, 1950, 
pp. 512-14. 

4. "Thorie unitaire affine, 1. Choix des tenseurs de base et obtention de 
liquation fondamentale," Comptes Rendus Hebdomadaires des Stances 
de I'Acadtmie des Sciences, Paris, t. 231, 1950, pp. 470-2. 

5. "Validite de la solution g6n6rale des Equations, d'Einstein, g#-; p = 
dans le cas <p = 0," Comptes Rendus Hebdomadaires des Stances de I'Aca- 
dtmie des Sciences, Paris, t. 239, 1954, pp. 1468-70. 

6. "Les 6quations 61ectromagn6tiques d6duites d'une thdorie unitaire des 
champs," Comptes Rendus Hebdomadaires des Stances de I'Acadtmie des 
Sciences, Paris, t. 233, 1951, pp. 555-7. 



336 BIBLIOGRAPHY 

7. "Les Aquations du champ unitaire et leurs approximations/' Comptes 
Rendus Hebdomadaires des Stances de VAcademie des Sciences, Paris, 
t. 233, 1951, pp. 513-16. 

8. "Compatibility des Equations de la th^orie unitaire des champs/' Comptes 
Rendus Hebdomadaires des Stances de I'Acadtmie des Sciences, Paris, t. 
232, 1951, pp. 2407-9. 

9. "Complements a la The*orie Unitaire des Champs/' Le Journal de Phy- 
sique et le Radium, t. 13, N 4, 1952, pp. 177-85. 

10. "Application de la solution generate des equations g-;p = a la 
determination d'une connexion affine particuliere, " Comptes rendus Heb- 
domadaires des Stances de I'Academie des Sciences, Paris, t. 239, 1954, pp. 
231-3. 

11. "La solution generate des Equations d'Einstein g$~; p = 0," Le Journal 
de Physique et le Radium, t. 16, 1955, pp. 21-38. 

12. La Thdorie du Champ Unifie d'Einstein et Quelques-Une de ses Developpe- 
ments, Paris, Gauthier-Villars, 1955. 

13. "Sur les Equations approch^es de la thorie d'Einstein-Schrodinger," 
Comptes Rendus Hebdomadaires des Seances de I'Academie des Sciences, 
Paris, t. 241, 1955, pp. 168-70. 

14. "Theorie Unitaire Affine du Champ Physique," Le Journal de Physique 
et le Radium, t. 12, 1951, p. 81. 

15. "Les Equations approchees du la theorie du champ unifie d'Einstein- 
Schrodinger/' II Nuovo Cimento, (10) Vol. 3, 1956, pp. 902-20. 

TREDER, H. J. 

1. "Der Materietensor in der unsymmetrischen Feldtheorie Einsteins," 
Wissenschaftliche Zeitschrift der Humboldt-Universitat zu Berlin. Mathe- 
matisch-Naturwissenschaftliche Reihe, 4, 1955, pp. 9-10. 

UDESCHINI, P. 

1. "Le equazioni di prima approssimazione nella nuova teoria relativistica 
unitaria di Einstein," Atti della Accademia Nazionale dei Lincei. Rendi- 
conti. Classe di Scienze Fisiche .Matematiche e Naturali, (8) Vol. 9, 1950, 
pp. 256-61. 

2. "Le equazioni di seconda approssimazione nelle nuova teoria relativis- 
tica unitaria di Einstein. I," Atti della Accademia Nazionale dei Lincei. 
Rendiconti. Classe di Scienze Fisiche, Matematiche e Naturali, (8) Vol. 
10, 1951, pp. 21-4. 

3. "Le equazioni di seconda approssimazione nella nuova teoria relativis- 
tica unitaria di Einstein. II," Atti della Accademia Nazionale dei Lincei. 
Rendiconti. Classe di Scienze Fisiche, Matematiche e Naturali, (8) Vol. 10, 
1951, pp. 121-3. 



BIBLIOGRAPHY 337 

4. "Sopra un campo estendente quello elettromagnetico," Aiti delta Acca- 
demia Nazionale del Lincei. Rendiconti. Classe di Scienze Fisiche, Mate- 
matiche e Naturali, (8) Vol. 13, 1952, pp. 246-53. 

5. "Spostamento delle righe spettrali per effetto di un campo magnetico 
elementare nella nuova teoria relativistica unitariadi Einstein," Istituto 
Lombardo di Scienze e Letter e. Rendiconti. Classe di Scienze Matematiche e 
Naturali, Vol. 85, 1952, pp. 1-7. 

6. "Successiva linearizzazione delle ultime equazioni del campo unitaria 
Einsteiniano," Atti delta Accademia Nazionale del Lincei. Rendiconti. 
Classe di Scienze Fisiche, Matematiche e Naturali, (8) Vol. 15, 1953, pp. 
165-70. 

7. "Sulle mutue azioni fra campo gravitazionale e campo elettromagnetico," 
Atti della Accademia Nazionale dei Lincei. Rendiconti. Classe di Scienze 
Matematiche e Natumli, Vol. 10, 1951, pp. 390-4. 

8. "Sviluppi deH'ultima teoria unitaria di Einstein," Rendiconti Seminario 
Matematico e Fisico di Milano, 27, 1955-56, pp. 3-27. 

URBAH, V. Y. 

1. "Generalized theory of vector fields," Doklady Akademii Nauk SSSR t 
(Moscow), (N.S.), Vol. 101, 1955, pp. 1043-6 (Russian). . 

VAIDYA, P. C. 

1. "Spherically Symmetric Solutions in Nonsymmetrical Field Theories. 
I. The Skew Symmetric Tensor," The Physical Review, Vol. 90, No. 4, 
1953, pp. 695-8. 

2. "Spherically symmetric solutions in nonsymmetrical field theories. II," 
The Physical Review, Vol. 96, 1954, pp. 5-9. 

VAIDYA, P. C. - NARLIKAR, V. V. 
1 . See Narlikar and Vaidya. 

VEBLEN, O. 

1. "Geometry of Four-Component Spinors," Proceedings of the National 
Academy of Sciences, U.S.A., Vol. 19, 1933, pp. 503-17. 

VEBLEN, O. - HOFFMANN, B. 

1. "Projective Relativity," The Physical Review, Vol. 36, No. 3, September 
1, 1930, pp. 810-22. 

VEBLEN, O. - TAUB, A. H. 

1. "Projective Differentiation of Spinors," Proceedings of the National, 
Academy of Sciences, U.S.A., Vol. 20, January, 1934, pp. 85-92. 



338 BIBLIOGRAPHY 

VAN DER WAERDEN, B. L. 

1. Die gruppentheoretische Methode in der Quantenmechanik, Berlin: Julius 
Springer, 1932. 

VAN DER WAERDEN, B. L. - INFELD, L. 
1 . See Infeld and van der Waerden. 

WlNOGRADZKI, J. 

1. "Sur les g6od6siques de 1'Univers d'Einstein-Schrodinger," Comptes 
Rendus Hebdomadaires des Seances de VAcademie des Sciences, Paris, 
t. 238, 1954, pp. 996-8. 

2. "Sur les ^-transformations de la th^orie unitaire d'Einstein-Schrodin- 
ger," Comptes Rendus Hebdomadaires des Stances de VAcaddmie des 
Sciences, Paris, t. 239, 1954, pp. 1359-61. 

3. "Sur les 6quations du champ ge"n6ralis6 d'Einstein-Schrodinger,' 1 
Comptes Rendus Hebdomadaires des Stances de VAcadtmie des Sciences, 
Paris, t. 240, 1955, pp. 945-7. 

4. "Le Groupe Relativiste de la Th6orie Unitaire d'Einstein-Schrodinger," 
Le Journal de Physique et le Radium, t. 16, 1955, pp. 438-43. 

5. "Sur les identities de Bianchi' de la th6orie unitaire d'Einstein-Schro- 
dinger," Comptes Rendus Hebdomadaires des Stances de I'Academie des 
Sciences, Paris, t. 242, 1956, pp. 74-6. 

WREDE, R. C. 

1. "V Dimensional Considerations of Basic Principles A and B of the 
Unified Theory of Relativity," Doctoral Thesis Submitted to the Faculty 
of the Graduate School of Indiana University, August, 1956. 

WYMAN, M. 

1 . "Unified Field Theory," Canadian Journal of Mathematics, Ottawa, Vol. 
2, No. 4, 1950, pp. 427-39. 

ZANELLA, A. 

1. "Successive linearizzazioni in una recente teoria relativistica unitaria," 
Istituto Lombardo di Scienze e Letter e, Rendiconti. Classe di Scienze Mate- 
matiche e Naturali, (3) Vol. 18 (87), 1954, pp. 575-92. 



INDEX 



Absolute tensor. See Tensor, absolute. 
Admissible coordinate system, 189, 

192, 212. 
Anisotropic point, Representation of, 

239, 246, 256. 
Autoparallel lines, xxi, xxiv, 145, 187. 

Basic vectors, xi, xxiii, 11, 12; Basic 
scalars, 11, 72-75, 84, 105, 111; 
Construction of, 27; Degenerate 
cases, 114, 121, 123; First class, 
13-16; Second class, 16-19; Third 
class, 16-19; Transformation of, 
15, 23; X 2 forming, 117, 118, 122, 
125, 127. 

Bianchi identity, 129, 133. 

Biaxial involution, xxx, 256, 267, 
315, 316. 

Biaxial projectivity, 312-316. 

Cauchy's problem, 151. 

Celestial mechanics, xxii, 183. 

Christoffel symbols, xv, 48; Non-ho- 
lonomic components, 83, 94. 

Complexes, General, xii; Linear line, 
xii, 30-34, 241, 245; See Pencil of 
and Projective angle. 

Connection Ffa, unified, xiv, xv, 47, 
52-54, 57, 58, 60, 67, 86, 92-93, 
96, 106-107, 111, 131, 132, 144; 
Approximations, 68-71 ; Conform- 
ally invariant, 157; Definition, 
50; Non-holonomic components, 
83; Of spinor space, 268, 278-282; 
Local in 9* 3 , 270-278; Relation to 
gravitational theory, 48-49. 

Conformal change, 151. 

Conformally invariant connection. See 
Connection, unified. 

Conservation of momentum and ener- 
gy, Law of, 208-209. 

Continuity equation, 164, 176. 



Cosmological function, 182, 205. 

Covariant derivative D^, With respect 
to r/p, 47; V\ t With respect to the 
Christoffel symbols {/}, 47; Of 
determinants, 5, 6, 51. 

Current density vector, 169. 

Curvature. See Tensor of curvature. 

Determinant. Of coordinate trans- 
formation, 2. 

Dirac's equations, xxx-xxxi, 226, 
260, 263-268; In &>*, 289-294. 

Ez and M 2 , 113. 

Eigenvector, 11, 12; See Basic vec- 
tors, Eigenvalues, 1 1 ; See Basic 
scalars. 

Electric charge density, 176, 179. 

Electromagnetic field, xiii, xviii, 6 1 ; 
Electromagnetic field tensor, 140; 
Electromagnetic force vector, 192, 
193; Generating no gravitational 
field, 288; Interrelated with grav- 
itational field, 179, 180. 

Equations of motion, 182, 186, 210. 

Field equations, Unified theory, 110, 
131, 132, 135, 165-167; Algebraic 
solution, 146-151; Geometry of, 
128; Gravitational, xx, 135, 173, 
175, 178, 179, 205; Physical inter- 
pretation, 161, 196; Uniqueness 
Theorem, 136. 

Geodesic, 64, 174; Lines, 124, 125; 

Minimal, 65. 
Gravitational field equations. See Field 

equations, Gravitational. 
Gravitational function, 206. 
Gravitational law of inertia, 174. 
Gravitational theory, x, xiii, xviii, 

173, 177, 183, 192, 216, 281. 
Hyperbolic congruence, 33. 



340 



INDEX 



Indicators, 4-7, 295 ; Non-holonomic 
components of, 20, 21 ; Of local 
spinor space, 228. 

Inertia. Unified law of, See Unified 
law of inertia. 

I ntegr ability conditions, 145, 178. 

Intermediate components, 19, 21; 

Construction of, 24-29 ; Determinants 
of, 37. 

Isotropic points, Lineal element, 253 ; 
Mappings of, 224, 230-235; Vec- 
tors, 16. 

Lame's conditions, 135 

Light beam, Geometry of, 217. 

Lineal element, 252, 256; Mapping 

of, 251; Double, 267. 
Linear line complex, 302-305. 
Linear line congruence, 245, 311,312. 
Line geometry, xii, 29-34, 295-316. 

Mass density, 176. 

Maxwell equations, xviii, xxvii, 164, 

178, 184, 200, 208; Generalized, 

169, 171, 185, 202. 
Maxwell tensor field, 137, 139, 140. 
Michelson and M or ley's experiment, 

xxix, 217, 220, 221. 
Momentum energy tensor. See Tensor, 

Momentum energy. 
Newtonian laws, 183, 187, 190, 193, 

212. 

Non-Euclidean space, 246. 

Non-holonomic frame, xiii; First and 
second class, 19-22; Third class, 
35-40; Redundant, 223; Trans- 
formation, 24. 

Null vector, 11, 18. 

Path, 64, 174, 187; Minimal, 65. 

Physical spinor. See Spinor, Phy- 
sical. 

Planck's constant, 264. 

Pencil of complexes, 305-308; Of 
lines 300; Of planes, Non-Eu- 
clidean, 309. 



Plucker coordinates of aline, xii, 32, 

296-299. 
Polar plane, 303. 
Pole, 303. 
Postulates, Geometrical of unified 

theory, x, xiii, xvii. 
Product space, 111. 
Protective angle, 34; Of complexes, 

308-310. 

Protective transformation, 295. 
Projectivity, Biaxial, 261. 
Pseudo-Hermitian symmetry, 54-56. 
Pseudo, Scalar, 2; Tensor, 1; Vec- 
tor, 2. 

Radiation, Pure, 169, 170, 180, 202, 

207. 
Regulus of lines, 301. 

Scalar, 1. 

Schrodinger' s equations, xxx, 226, 260, 
263-268; In ^ 3 , 289-294. 

Schwarzschild, Diagonal form of, 
135; Solution, 183, 187. 

Special relativity, 289. 

Spinor, Algebra, xxix, 34, 222; Ana- 
lysis, 22, 34; Coordinate system, 
286; Coordinate transformations, 
235; Eigen or double, 261, 266; 
Mapping, 226; Of ^3 278 ; Physical, 
242, 257, 269; Point, 225. 

Tensor, Absolute, 244; 
Density, 1 ; 

El 27, 75, 86, 100 

x 

/A/x> xv iii> xxn 161, 169; Identified 
with the electromagnetic field, 
41-46, 136-140; 

AjLt , xi, 1, 2, 3, 58, 95, 132, 137, 
1 83 ; Physical interpretation, 1 75 
177; Skew symmetric part k^, 
2-4, 24, 72; Representative of a 
line complex, 30-34, 38, 41-46; 
Special form of, 99-102; Sym- 
metric part h^, As metric, 2, 3 ; 
Non-holonomic components of, 
20, 22, 38, 141. 



INDEX 



341 



*gV, xxiii, 7; 

Skew symmetric part *kfy, i, 9, 

61; 

Symmetric part */*V, 8, 9, 40-41; 
< p )J, 8, Non-holonomic compo- 

nents, 22, 23, 38; 
K X[JLV , xvi, 53, 163, 198, Non-holo- 
nomic components, 87, 94, 153, 

154; 

LU^, xxiv, 77, 97; 
Momentum energy, xx, xxvii, 173, 

175, 181, 205, 208, 209; 
Nfr*, xxv, 103-1 10, Non-holonomic 

components, 104; 
Of Curvature R^ xvii, xvi, 128- 

130; H^ associated with 

{/}, 133, 164; In ^3 282-289. 
Of Torsion Sj^, 52; 
xy 

P v 26, 86; 
xy 



26, 75, 86, 138; 
5 A/AV , xv, 47, 85, 88, 90-93, 163, 
1 98 ; Approximations, 68-7 1 , 78- 



8 1 ; Solutions in degenerate ca- 
ses, 114-127; Solutions in sin- 
gular cases, 103-110; 

Transformation rule, 1, 295; Of 
non-holonomic components, 24; 

U v ^, xv, 52, 62-68, 78-81, 85, 92- 

93, 163, 198; 

Vector of torsion S A , 110, 128; 
Transformed by conformal 
change, 155; 

T v 10- 
P 1V ^> 

54; Non-holonomic compo- 
nents, 73; 

, xxiv, 56, 57, 81-83, 89, 90; 
^ t 75; Non-holonomic compo- 
nents, 77. 

Theory of paths, See Path, xiv, 50, 
52, 57, 58, 59, 86, 107. 

Uni field law of inertia, xxi, 186, 187, 

209, 211. 
Unified field theory, x, xvii. Also 

see Field equations. 



